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Preface to the Second
Edition

This edition does not involve any major reorganization of the basic plan
of the book; however, there are still a substantial number of changes. The
inaccuracies and typos that were pointed out, or detected by us, and that
were previously posted on our web site, have been corrected. Here and
there, clarifying remarks have been added. Some new exercises have been
added, often to reflect a result we consider interesting that did not find its
way into the main body of the text. Some exercises have been dropped,
either because the new presentation covers them, or because they were too
difficult or unclear. The general principles of Chapter 4 have been updated
by the addition of Theorem 4.4.13 and Lemmas 4.1.23, 4.1.24, and 4.6.5.

More substantial changes have also been incorporated in the text.

1. A new section on concentration inequalities (Section 2.4) has been
added. It overviews techniques, ranging from martingale methods
to Talagrand’s inequalities, to obtain upper bound on exponentially
negligible events.

2. A new section dealing with a metric framework for large deviations
(Section 4.7) has been added.

3. A new section explaining the basic ingredients of a weak convergence
approach to large deviations (Section 6.6) has been added. This sec-
tion largely follows the recent text of Dupuis and Ellis, and provides
yet another approach to the proof of Sanov’s theorem.

4. A new subsection with refinements of the Gibbs conditioning principle
(Section 7.3.3) has been added.

5. Section 7.2 dealing with sampling without replacement has been com-
pletely rewritten. This is a much stronger version of the results, which

vii



viii PREFACE TO THE SECOND EDITION

also provides an alternative proof of Mogulskii’s theorem. This ad-
vance was possible by introducing an appropriate coupling.

The added material preserves the numbering of the first edition. In par-
ticular, theorems, lemmas and definitions in the first edition have retained
the same numbers, although some exercises may now be labeled differently.

Another change concerns the bibliography: The historical notes have
been rewritten with more than 100 entries added to the bibliography, both
to rectify some omissions in the first edition and to reflect some advances
that have been made since then. As in the first edition, no claim is being
made for completeness.

The web site http://www-ee.technion.ac.il/~ zeitouni/cor.ps will contain
corrections, additions, etc. related to this edition. Readers are strongly
encouraged to send us their corrections or suggestions.

We thank Tiefeng Jiang for a preprint of [Jia95], on which Section 4.7
is based. The help of Alex de Acosta, Peter Eichelsbacher, Ioannis Kon-
toyiannis, Stephen Turner, and Tim Zajic in suggesting improvements to
this edition is gratefully acknowledged. We conclude this preface by thank-
ing our editor, John Kimmel, and his staff at Springer for their help in
producing this edition.

STANFORD, CALIFORNIA AMIR DEMBO
HAIFA, ISRAEL OFER ZEITOUNI
DECEMBER 1997



Preface to the First
Edition

In recent years, there has been renewed interest in the (old) topic of large
deviations, namely, the asymptotic computation of small probabilities on an
exponential scale. (Although the term large deviations historically was also
used for asymptotic expositions off the CLT regime, we always take large
deviations to mean the evaluation of small probabilities on an exponential
scale). The reasons for this interest are twofold. On the one hand, starting
with Donsker and Varadhan, a general foundation was laid that allowed one
to point out several “general” tricks that seem to work in diverse situations.
On the other hand, large deviations estimates have proved to be the crucial
tool required to handle many questions in statistics, engineering, statistical
mechanics, and applied probability.

The field of large deviations is now developed enough to enable one
to expose the basic ideas and representative applications in a systematic
way. Indeed, such treatises exist; see, e.g., the books of Ellis and Deuschel—-
Stroock [El85, DeuS89b]. However, in view of the diversity of the applica-
tions, there is a wide range in the backgrounds of those who need to apply
the theory. This book is an attempt to provide a rigorous exposition of the
theory, which is geared towards such different audiences. We believe that a
field as technical as ours calls for a rigorous presentation. Running the risk
of satisfying nobody, we tried to expose large deviations in such a way that
the principles are first discussed in a relatively simple, finite dimensional
setting, and the abstraction that follows is motivated and based on it and
on real applications that make use of the “simple” estimates. This is also
the reason for our putting our emphasis on the projective limit approach,
which is the natural tool to pass from simple finite dimensional statements
to abstract ones.

With the recent explosion in the variety of problems in which large
deviations estimates have been used, it is only natural that the collection

ix



X PREFACE TO THE FIRST EDITION

of applications discussed in this book reflects our taste and interest, as well
as applications in which we have been involved. Obviously, it does not
represent the most important or the deepest possible ones.

The material in this book can serve as a basis for two types of courses:
The first, geared mainly towards the finite dimensional application, could be
centered around the material of Chapters 2 and 3 (excluding Section 2.1.3
and the proof of Lemma 2.3.12). A more extensive, semester-long course
would cover the first four chapters (possibly excluding Section 4.5.3) and
either Chapter 5 or Chapter 6, which are independent of each other. The
mathematical sophistication required from the reader runs from a senior
undergraduate level in mathematics/statistics/engineering (for Chapters 2
and 3) to advanced graduate level for the latter parts of the book.

FEach section ends with exercises. While some of those are routine appli-
cations of the material described in the section, most of them provide new
insight (in the form of related computations, counterexamples, or refine-
ments of the core material) or new applications, and thus form an integral
part of our exposition. Many “hinted” exercises are actually theorems with
a sketch of the proof.

Each chapter ends with historical notes and references. While a com-
plete bibliography of the large deviations literature would require a separate
volume, we have tried to give due credit to authors whose results are related
to our exposition. Although we were in no doubt that our efforts could not
be completely successful, we believe that an incomplete historical overview
of the field is better than no overview at all. We have not hesitated to ig-
nore references that deal with large deviations problems other than those we
deal with, and even for the latter, we provide an indication to the literature
rather than an exhaustive list. We apologize in advance to those authors
who are not given due credit.

Any reader of this book will recognize immediately the immense impact
of the Deuschel-Stroock book [DeuS89b] on our exposition. We are grateful
to Dan Stroock for teaching one of us (O.Z.) large deviations, for provid-
ing us with an early copy of [DeuS89b], and for his advice. O.Z. is also
indebted to Sanjoy Mitter for his hospitality at the Laboratory for Infor-
mation and Decision Systems at MIT, where this project was initiated. A
course based on preliminary drafts of this book was taught at Stanford and
at the Technion. The comments of people who attended these courses—in
particular, the comments and suggestions of Andrew Nobel, Yuval Peres,
and Tim Zajic—contributed much to correct mistakes and omissions. We
wish to thank Sam Karlin for motivating us to derive the results of Sections
3.2 and 5.5 by suggesting their application in molecular biology. We thank
Tom Cover and Joy Thomas for a preprint of [CT91], which influenced
our treatment of Sections 2.1.1 and 3.4. The help of Wlodek Bryc, Marty
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Day, Gerald Edgar, Alex Ioffe, Dima Ioffe, Sam Karlin, Eddy Mayer-Wollf,
and Adam Shwartz in suggesting improvements, clarifying omissions, and
correcting outright mistakes is gratefully acknowledged. We thank Alex de
Acosta, Richard Ellis, Richard Olshen, Zeev Schuss and Sandy Zabell for
helping us to put things in their correct historical perspective. Finally, we
were fortunate to benefit from the superb typing and editing job of Lesley
Price, who helped us with the intricacies of TEX and the English language.

STANFORD, CALIFORNIA AMIR DEMBO
HAIFA, ISRAEL OFER ZEITOUNI
AucusT 1992
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Chapter 1

Introduction

1.1 Rare Events and Large Deviations

This book is concerned with the study of the probabilities of very rare
events. To understand why rare events are important at all, one only has
to think of a lottery to be convinced that rare events (such as hitting the
jackpot) can have an enormous impact.

If any mathematics is to be involved, it must be quantified what is meant
by rare. Having done so, a theory of rare events should provide an analysis
of the rarity of these events. It is the scope of the theory of large deviations
to answer both these questions. Unfortunately, as Deuschel and Stroock
pointed out in the introduction of [DeuS89b], there is no real “theory” of
large deviations. Rather, besides the basic definitions that by now are stan-
dard, a variety of tools are available that allow analysis of small probability
events. Often, the same answer may be reached by using different paths
that seem completely unrelated. It is the goal of this book to explore some
of these tools and show their strength in a variety of applications. The
approach taken here emphasizes making probabilistic estimates in a finite
dimensional setting and using analytical considerations whenever necessary
to lift up these estimates to the particular situation of interest. In so do-
ing, a particular device, namely, the projective limit approach of Dawson
and Gértner, will play an important role in our presentation. Although the
reader is exposed to the beautiful convex analysis ideas that have been the
driving power behind the development of the large deviations theory, it is
the projective limit approach that often allows sharp results to be obtained
in general situations. To emphasize this point, derivations for many of the
large deviations theorems using this approach have been provided.

A. Dembo, O. Zeitouni, Large Deviations Techniques and Applications, 1
Stochastic Modelling and Applied Probability 38,

DOI 10.1007/978-3-642-03311-7_1,
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2 1. INTRODUCTION

The uninitiated reader must wonder, at this point, what exactly is meant
by large deviations. Although precise definitions and statements are post-
poned to the next section, a particular example is discussed here to pro-
vide both motivation and some insights as to what this book is about.
Let us begin with the most classical topic of probability theory, namely,
the behavior of the empirical mean of independent, identically distributed
random variables. Let X1, X5,...,X,, be a sequence of independent, stan-
dard Normal, real-valued random Varlableb and consider the empirical mean
Sn = l ZZ 1 X;. Since Sn is again a Normal random variable with zero
mean and variance 1 /n, it follows that for any 6 > 0,

(ISnl 2 0) ;=3 0, (1.1.1)
and, for any interval A,
P(v/nS, € A) — \/_/ e 2. (1.1.2)
Note now that
P(|S |>5):1_L/5f e 2dx
n Vor ) s ;
therefore,
1 5 52
- log P(|Sn| >0) —z - 5 (1.1.3)

Equation (1.1.3) is an example of a large deviations statement: The “typi-
cal” value of S, is, by (1.1.2), of the order 1/+/n, but with small probability
(of the order of e="9°/2), |8, | takes relatively large values.

Since both (1.1.1) and (1.1.2) remain valid as long as {X;} are indepen-
dent, identically distributed (i.i.d.) random variables of zero mean and unit
variance, it could be asked whether (1.1.3) also holds for non-Normal {X;}.
The answer is that while the limit of n='log P (|S,| > ) always exists,
its value depends on the distribution of X;. This is precisely the content of
Cramér’s theorem derived in Chapter 2.

The preceding analysis is not limited to the case of real-valued random
variables. With a somewhat more elaborate proof, a similar result holds
for d-dimensional, i.i.d. random vectors. Moreover, the independence as-
sumption can be replaced by appropriate notions of weak dependence. For
example, {X;} may be a realization of a Markov chain. This is discussed in
Chapter 2 and more generally in Chapter 6. However, some restriction on
the dependence must be made, for examples abound in which the rate of
convergence in the law of large numbers is not exponential.



1.1 RARE EVENTS AND LARGE DEVIATIONS 3

Once the asymptotic rate of convergence of the probabilities
P(|+ 3" X;| >6) is available for every distribution of X; satisfying
certain moment conditions, it may be computed in particular for
P (|2 " | f(Xi)| > 6), where f is an arbitrary bounded measurable func-
tion. Similarly, from the corresponding results in IRd, tight bounds may be
obtained on the asymptotic decay rate of

Z 6) )

P ( % > AKX % > falXi)
i=1 1=1

where f1,..., fq are arbitrary bounded and measurable functions. From
here, it is only a relatively small logical step to ask about the rate of con-
vergence of the empirical measure = " | dx,, where dx, denotes the (ran-
dom) measure concentrated at X;, to the distribution of X;. This is the
content of Sanov’s impressive theorem and its several extensions discussed
in Chapter 6. It should be noted here that Sanov’s theorem provides a
quite unexpected link between Large Deviations, Statistical Mechanics, and
Information Theory.

>9,...,

Another class of large deviations questions involves the sample path of
stochastic processes. Specifically, if X¢(¢) denotes a family of processes that
converge, as € — 0, to some deterministic limit, it may be asked what the
rate of this convergence is. This question, treated first by Mogulskii and
Schilder in the context, respectively, of a random walk and of the Brownian
motion, is explored in Chapter 5, which culminates in the Freidlin—Wentzell
theory for the analysis of dynamical systems. This theory has implications
to the study of partial differential equations with small parameters.

It is appropriate at this point to return to the applications part of the
title of this book, in the context of the simple example described before. As
a first application, suppose that the mean of the Normal random variables
X; is unknown and, based on the observation (X7, Xo,...,X,), one tries
to decide whether the mean is —1 or 1. A reasonable, and commonly used
decision rule is as follows: Decide that the mean is 1 whenever S‘n > 0. The
probability of error when using this rule is the probability that, when the
mean is —1, the empirical mean is nonnegative. This is exactly the compu-
tation encountered in the context of Cramér’s theorem. This application is
addressed in Chapters 3 and 7 along with its generalization to more than
two alternatives and to weakly dependent random variables.

Another important application concerns conditioning on rare events.
The best known example of such a conditioning is related to Gibbs condi-
tioning in statistical mechanics, which has found many applications in the
seemingly unrelated areas of image processing, computer vision, VLSI de-
sign, and nonlinear programming. To illustrate this application, we return
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to the example where {X;} are i.i.d. standard Normal random variables,
and assume that S'n > 1. To find the conditional distribution of X; given
this rare event, observe that it may be expressed as P(X;|X; > Y), where
Y =n-— Z?:g X; is independent of X; and has a Normal distribution with
mean n and variance (n — 1). By an asymptotic evaluation of the relevant
integrals, it can be deduced that as n — oo, the conditional distribution
converges to a Normal distribution of mean 1 and unit variance. When the
marginal distribution of the X; is not Normal, such a direct computation
becomes difficult, and it is reassuring to learn that the limiting behavior of
the conditional distribution may be found using large deviations bounds.
These results are first obtained in Chapter 3 for X; taking values in a finite
set, whereas the general case is presented in Chapter 7.

A good deal of the preliminary material required to be able to follow
the proofs in the book is provided in the Appendix section. These appen-
dices are not intended to replace textbooks on analysis, topology, measure
theory, or differential equations. Their inclusion is to allow readers needing
a reminder of basic results to find them in this book instead of having to
look elsewhere.

1.2 The Large Deviation Principle

The large deviation principle (LDP) characterizes the limiting behavior,
as € — 0, of a family of probability measures {yu.} on (X, B) in terms of
a rate function. This characterization is via asymptotic upper and lower
exponential bounds on the values that u. assigns to measurable subsets of
X. Throughout, X is a topological space so that open and closed subsets
of X are well-defined, and the simplest situation is when elements of By,
the Borel o-field on X, are of interest. To reduce possible measurability
questions, all probability spaces in this book are assumed to have been
completed, and, with some abuse of notations, By always denotes the thus
completed Borel o-field.

Definitions A rate function I is a lower semicontinuous mapping I : X —
[0,00] (such that for all a € [0,00), the level set Uy(a)2{z : I(z) < a} is
a closed subset of X ). A good rate function is a rate function for which all
the level sets Wy(a) are compact subsets of X. The effective domain of I,
denoted Dy, is the set of points in X of finite rate, namely, D;={x : I(z) <
oo}. When no confusion occurs, we refer to Dy as the domain of I.

Note that if X' is a metric space, the lower semicontinuity property may
be checked on sequences, i.e., I is lower semicontinuous if and only if
liminf, ., I(z,) > I(z) for all z € X. A consequence of a rate function
being good is that its infimum is achieved over closed sets.
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The following standard notation is used throughout this book. For any
set I', " denotes the closure of I', I'° the interior of I'; and I'® the complement
of I'. The infimum of a function over an empty set is interpreted as co.

Definition {u.} satisfies the large deviation principle with a rate function
I if, for ollT € B,

— inf I(z) <liminf elog p (T") < limsup elog p(I') < — inf I(z). (1.2.4)
zel? e—0 e—0 zel

The right- and left-hand sides of (1.2.4) are referred to as the upper and
lower bounds, respectively.

Remark: Note that in (1.2.4), B need not necessarily be the Borel o-field.
Thus, there can be a separation between the sets on which probability may
be assigned and the values of the bounds. In particular, (1.2.4) makes sense
even if some open sets are not measurable. Except for this section, we
always assume that By C B unless explicitly stated otherwise.

The sentence “u. satisfies the LDP” is used as shorthand for “{u.} satisfies
the large deviation principle with rate function I.” It is obvious that if .
satisfies the LDP and T" € B is such that

inf I(z)= inf I(x)éfp, (1.2.5)
zel zel
then
hH(l) elog u.(T')y=—Ir . (1.2.6)

A set T that satisfies (1.2.5) is called an I continuity set. In general, the
LDP implies a precise limit in (1.2.6) only for I continuity sets. Finer
results may well be derived on a case-by-case basis for specific families of
measures { .} and particular sets. While such results do not fall within our
definition of the LDP, a few illustrative examples are included in this book.
(See Sections 2.1 and 3.7.)

Some remarks on the definition now seem in order. Note first that in
any situation involving non-atomic measures, u.({z}) = 0 for every z in X.
Thus, if the lower bound of (1.2.4) was to hold with the infimum over T
instead of I'°; it would have to be concluded that I(z) = oo, contradicting
the upper bound of (1.2.4) because p.(X) = 1 for all e. Thus, some topo-
logical restrictions are necessary, and the definition of the LDP codifies a
particularly convenient way of stating asymptotic results that, on the one
hand, are accurate enough to be useful and, on the other hand, are loose
enough to be correct.

Since p(X) = 1 for all ¢, it is necessary that infyex I(x) = 0 for the
upper bound to hold. When I is a good rate function, this means that
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there exists at least one point « for which I(z) = 0. Next, the upper bound
trivially holds whenever inf _I(x) = 0, while the lower bound trivially
holds whenever inf,cr. I(x) = co. This leads to an alternative formulation
of the LDP which is actually more useful when proving it. Suppose [ is
a rate function and ¥y(«) its level set. Then (1.2.4) is equivalent to the
following bounds.
(a) (Upper bound) For every o < oo and every measurable set I' with
Tc \I’](Oz)c,

limsup elog p(T') < —a. (1.2.7)

e—0

(b) (Lower bound) For any € Dy and any measurable I with = € I'?,

limiglf elog u.(T) > —1I(x). (1.2.8)

Inequality (1.2.8) emphasizes the local nature of the lower bound.

In proving the upper bound, it is often convenient to avoid rate functions
whose range is unbounded.

Definition For any rate function I and any § > 0, the J-rate function 1is
defined as

I%(2) 2 min{I(z) — 4, %}. (1.2.9)

While in general I° is not a rate function, its usefulness stems from the fact
that for any set I,
lim inf I°(z) = inf I(z) . 1.2.10
sy Jaf I(x) = Inf 1) (1.210)
Consequently, the upper bound in (1.2.4) is equivalent to the statement that
for any § > 0 and for any measurable set I,

limsup elog e (T') < — inf I°(z). (1.2.11)
e—0 zel

When By C B, the LDP is equivalent to the following bounds:
(a) (Upper bound) For any closed set F' C X,

limsup elog p(F) < — inf I(x). (1.2.12)

e—0 zeF
(b) (Lower bound) For any open set G C X,

o > _ i . 9
llill)l(glf elog e (G) > anelg I(x) (1.2.13)

In many cases, a countable family of measures p, is considered (for
example, when u, is the law governing the empirical mean of n random
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variables). Then the LDP corresponds to the statement
— inf I(z) < liminf a,logu,(T) <limsup a, log u,(T)
xzel'° n—0o0 n— oo
< —inf I(x) (1.2.14)
zel
for some sequence a, — 0. Note that here a,, replaces e of (1.2.4) and
similarly, the statements (1.2.7)—(1.2.13) are appropriately modified. For
consistency, the convention a,, = 1/n is used throughout and p,, is renamed
accordingly to mean pi,-1(1/y), Where a~! denotes the inverse of n — a,.

Having defined what is meant by an LDP, the rest of this section is
devoted to proving two elementary properties related to the upper bound
that will be put to good use throughout this book.

Lemma 1.2.15 Let N be a fized integer. Then, for every a® > 0,

lim sup € log (Za > — max limsup elog a’ . (1.2.16)

e—0 i=1 e—0
i=1

Proof: First note that for all ¢,

0 < elog (Za) —maxeloga <elogN .

Since N is fixed, elog N — 0 as ¢ — 0 and

N ; N ;
3 7 s K3
limsup max eloga, = max limsupelogay . O
e—0 =1 i=1 e—0

Often, a natural approach to proving the large deviations upper bound
is to prove it first for compact sets. This motivates the following:

Definition Suppose that all the compact subsets of X belong to B. A family
of probability measures {c} is said to satisfy the weak LDP with the rate
function I if the upper bound (1.2.7) holds for every a < oo and all compact
subsets of Ur(a)®, and the lower bound (1.2.8) holds for all measurable sets.

It is important to realize that there are families of probability measures
that satisfy the weak LDP with a good rate function but do not satisfy the
full LDP. For example, let p. be the probability measures degenerate at
1/e. This family satisfies the weak LDP in IR with the good rate function
I(x) = oco. On the other hand, it is not hard to prove that . can not satisfy
the LDP with this or any other rate function.

In view of the preceding example, strengthening the weak LDP to a
full LDP requires a way of showing that most of the probability mass (at
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least on an exponential scale) is concentrated on compact sets. The tool
for doing that is described next. Here, and in the rest of this book, all
topological spaces are assumed to be Hausdorff.

Definition Suppose that all the compact subsets of X belong to B. A family
of probability measures {p.} on X is exponentially tight if for every a < oo,
there exists a compact set K, C X such that

limsup elog u.(K§) < —a. (1.2.17)

e—0

Remarks:

(a) Beware of the logical mistake that consists of identifying exponential
tightness and the goodness of the rate function: The measures {u.} need
not be exponentially tight in order to satisfy a LDP with a good rate func-
tion (you will see such an example in Exercise 6.2.24). In some situations,
however, and in particular whenever X is locally compact or, alternatively,
Polish, exponential tightness is implied by the goodness of the rate function.
For details, c.f. Exercises 1.2.19 and 4.1.10.

(b) Whenever it is stated that p. satisfies the weak LDP or p. is exponen-
tially tight, it will be implicitly assumed that all the compact subsets of X
belong to B.

(c) Obviously, for {uc} to be exponentially tight, it suffices to have pre-
compact K, for which (1.2.17) holds.

In the following lemma, exponential tightness is applied to strengthen a
weak LDP.

Lemma 1.2.18 Let {uc} be an exponentially tight famaly.

(a) If the upper bound (1.2.7) holds for some a < 0o and all compact subsets
of Ur()®, then it also holds for all measurable sets T with T C Wy (a)®. In
particular, if By C B and the upper bound (1.2.12) holds for all compact
sets, then it also holds for all closed sets.

(b) If the lower bound (1.2.8) (the lower bound (1.2.13) in case Bx C B)
holds for all measurable sets (all open sets), then I(-) is a good rate function.

Thus, when an exponentially tight family of probability measures satisfies
the weak LDP with a rate function I(-), then I is a good rate function and
the LDP holds.

Proof: We consider the general situation, the case where By C B being
included in it.

(a) To establish (1.2.7), fix a set I' € B and a < oo such that I' € ¥ (a)“.
Let K, be the compact set in (1.2.17), noting that both T' N K, € B and
K¢ € B. Clearly,

(1e(T) < pe(T N Ka) + pe(KS) -
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Note that T' N K, C ¥7(a)¢, so infxemea I(xz) > a. Combining the in-
equality (1.2.17), the upper bound (1.2.7) for the compact set I' N K, and
Lemma 1.2.15, results in limsup,_,, €log p (") < —a as claimed.

(b) Applying the lower bound (1.2.8) to the open set K € B, it is con-
cluded from (1.2.17) that inf e I(z) > a. Therefore, U;(a) C K, yields
the compactness of the closed level set ¥;(«). As this argument holds for
any a < 0o, it follows that I(-) is a good rate function. U

Exercise 1.2.19 Assume that X is a locally compact topological space, i.e.,
every point possesses a neighborhood whose closure is compact (a particularly
useful example is X = IR?). Prove that if {y.} satisfies the LDP with a good
rate function I, then {u.} is exponentially tight.

Hint: Cover a level set of I by the neighborhoods from the definition of local
compactness.

Exercise 1.2.20 Assume X is a metric space. Further assume that there ex-
ists a sequence of constants §,, — 0 and a point g € X such that p1,,(Bg, 5,) =
1, where B, s, denotes the ball of radius d,, and center zy. Prove that the
sequence {u,} satisfies the LDP with the good rate function I(x¢) = 0 and
I(x) = oo for z # xp.

Exercise 1.2.21 In the example following the definition of the weak LDP,
the probability measures p. do not even converge weakly. Modify this example
to yield a sequence of probability measures that converges weakly to the prob-
ability measure degenerate at 0, satisfies the weak LDP, but does not satisfy
the full LDP.

1.3 Historical Notes and References

While much of the credit for the modern theory of large deviations and
its various applications goes to Donsker and Varadhan (in the West) and
Freidlin and Wentzell (in the East), the topic is much older and may be
traced back to the early 1900s. General treatments, in book form, of various
aspects of the theory of large deviations have already appeared. Varadhan
provides a clear and concise description of the main results up to 1984
in his lecture notes [Var84]. Freidlin and Wentzell describe their theory
of small random perturbations of dynamical systems in [FW84] (originally
published, in Russian, in 1979). A systematic application of large deviations
to statistical mechanics and an introduction to the theory may be found in
Ellis’s [ElI85]. An introduction to the theory of large deviations together
with a thorough treatment of the relation between empirical measure LDP
and analytical properties of Markov semigroups may be found in [St84].
The latter was expanded in [DeuS89b] and forms the basis for the theory as
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presented in this book. Finally, engineering applications and a description
of the basic results of large deviations theory may be found in [Buc90].

It seems that the general abstract framework for the LDP was pro-
posed by Varadhan [Var66]. Earlier work was mainly concerned with the
exponential decay of specific events (for example, the probability of an ap-
propriately normalized random walk to lie in a tube, as in [Mog76]) and
did not emphasize the topological structure of the LDP and the different
bounds for open and closed sets. (See however [Lan73] and [Var66] where
limits of the form of the general theory appear.) It should be noted that
many authors use the term LDP only when the rate function is good. (See
[FW84, Var84, ElI85].) Our definition follows [DeuS89b]. The term expo-
nential tightness was coined in [DeuS89b], although it was implicitly used,
in conjunction with the goodness of the rate function, in almost all early
work on the LDP. See also [LyS87] for a version of Lemma 1.2.18. Many,
but not all, of the results stated in this book for Borel measures carry over
to situations where By ¢ B. For a treatment of such a situation, see for
example [deA94b, EicS96].

One may find in the literature results more precise than the LDP. Al-
though the case may be made that the LDP provides only some rough
information on the asymptotic probabilities, its scope and ease of applica-
tion have made it a popular tool. For more refined results, see Wentzell
[Wen90] and the historical notes of Chapter 3.



Chapter 2

LDP for Finite
Dimensional Spaces

This chapter is devoted to the study of the LDP in a framework that is
not yet encumbered with technical details. The main example studied is
the empirical mean of a sequence of random variables taking values in RY.
The concreteness of this situation enables the LDP to be obtained under
conditions that are much weaker than those that will be imposed in the
“general” theory. Many of the results presented here have counterparts in
the infinite dimensional context dealt with later, starting in Chapter 4.

2.1 Combinatorial Techniques for Finite
Alphabets

Throughout this section, all random variables assume values in a finite set
Y = {a1,aq9,...,an}; X, which is also called the underlying alphabet, sat-
isfies |X| = N, where for any set A, |A| denotes its cardinality, or size.
Combinatorial methods are then applicable for deriving LDPs for the em-
pirical measures of ¥-valued processes (Sections 2.1.1 and 2.1.3), and for the
corresponding empirical means (Section 2.1.2). While the scope of these
methods is limited to finite alphabets, they illustrate the results one can
hope to obtain for more abstract alphabets. It will be seen that some of
the latter are actually direct consequences of the LDP derived next via the
combinatorial method. Unlike other approaches, this method for deriving
the LDP is based on point estimates and thus yields more information than
the LDP statement.

A. Dembo, O. Zeitouni, Large Deviations Techniques and Applications, 11
Stochastic Modelling and Applied Probability 38,
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12 2. LDP FoOR FINITE DIMENSIONAL SPACES
2.1.1 The Method of Types and Sanov’s Theorem

Throughout, M;(3) denotes the space of all probability measures (laws)
on the alphabet ¥. Here M;(X) is identified with the standard probability
simplex in IRI¥!, i.e., the set of all |2]-dimensional real vectors with nonneg-
ative components that sum to 1. Open sets in M;(X) are obviously induced
by the open sets in R

Let Y7,Y5,...,Y, be a sequence of random variables that are indepen-
dent and identically distributed according to the law p € M;(3). Let X,
denote the support of the law p, i.e., ¥, = {a; : p(a;) > 0}. In general,
¥, could be a strict subset of ¥; When considering a single measure p, it
may be assumed, without loss of generality, that 3, = ¥ by ignoring those
symbols that appear with zero probability. For example, this is assumed
throughout Section 2.1.2, while in Section 2.1.3 as well as Section 3.5, one
has to keep track of various support sets of the form of X,,.

Definition 2.1.1 The type L of a finite sequence y = (y1,...,Yn) € X"
is the empirical measure (law) induced by this sequence. Explicitly, LY =
(Ly(a1),...,LY(a)s))) is the element of Mi(X) where

1< )
L¥(a;) = ngaz ,i=1,...,]3,
j=1
i.e., L¥(a;) is the fraction of occurrences of a; in the sequence yi,...,Yn.

Let £,, denote the set of all possible types of sequences of length n. Thus,
L.2{v : v = L¥ for some y} C IR"*!, and the empirical measure LY as-
sociated with the sequence Y2(Y7,...,Y,,) is a random element of the set
L,. These concepts are useful for finite alphabets because of the following
volume and approximation distance estimates.

Lemma 2.1.2 (a) |£,] < (n+ 1)l
(b) For any probability vector v € My(%),

dy (v, L )— inf dy (v, V) < ? , (2.1.3)

v'ELy n

where dy (v, )2 sup g5 [V(A) — V' (A)] is the variational distance between
the measures v and v'.

Proof: Note that every component of the vector LY belongs to the set

%, %7 ..., 2}, whose cardinality is (n 4 1). Part (a) of the lemma follows,

since the vector LY is specified by at most |3| such quantities.
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To prove part (b), observe that £,, contains all probability vectors com-

posed of |X| coordinates from the set {%, %, ..., »}. Thus, for any v €
M (X)), there exists a v/ € L, with |v(a;) —v'(a;)| < 1/nfori=1,...,|3|.
The bound of (2.1.3) now follows, since for finite X,
1 1=
dv(v,v') = 3 ; lv(ai) —v'(a:)] - 0

Remarks:

(a) Since LY is a probability vector, at most |X| — 1 of its components need
to be specified and so |£,,| < (n + 1)*I-1.

(b) Lemma 2.1.2 states that the cardinality of £,,, the support of the random
empirical measures LY, grows polynomially in n and further that for large
enough n, the sets £,, approximate uniformly and arbitrarily well (in the
sense of variational distance) any measure in M;(X). Both properties fail
to hold when |X| = oo.

Definition 2.1.4 The type class T,,(v) of a probability law v € L,, is the
set Tp(v) ={y € ¥" : L} =v}.

Note that a type class consists of all permutations of a given vector in this
set. In the definitions to follow, 0log 020 and 01og(0/0)=0.

Definition 2.1.5 (a) The entropy of a probability vector v is

=]

=3 v(ar) logv(ar).

i=1

H(v)

(b) The relative entropy of a probability vector v with respect to another
probability vector p is

1=

14 é via;) 10 V(ai)
HO)R Y vion) log 125

Remark: By applying Jensen’s inequality to the convex function xlog x,
it follows that the function H(-|u) is nonnegative. Note that H(-|u) is finite
and continuous on the compact set {v € M7(X) : £, C X}, because zlog =
is continuous for 0 < z < 1. Moreover, H(-|u) = oo outside this set, and
hence H(-|u) is a good rate function.

The probabilities of the events {LY = v}, v € L,,, are estimated in the
following three lemmas. First, it is shown that outcomes belonging to the
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v(a,) ulay) i v(a,)

Figure 2.1.1: H(v) and H (v|u) for |X| = 2.

same type class are equally likely, and then the exponential growth rate of
each type class is estimated.

Let P, denote the probability law pu%+ associated with an infinite se-
quence of i.i.d. random variables {Y;} distributed following p € M;(X).

Lemma 2.1.6 Ify € T,,(v) for v € L,,, then

Pu((Yh,...,Ya) = y) = e M HOIFHE]

Proof: The random empirical measure LY concentrates on types v € L,
for which ¥, C ¥, ie., H(v|u) < oo. Therefore, assume without loss of
generality that LY = v and X, € ¥,,. Then

]
PH((Yia AR Yn) = y) = H M(ai)nu(ai) = e_"[H(”)""H(V‘#)] ,
i=1

where the last equality follows by the identity

[
H(v) + Hlp) = =Y v(a;) log u(ay). O

i=1
In particular, since H (u|p) = 0, it follows that for all u € £,, and y € T,,(u),
P.((Y1,...,Y,) =y) = "HW, (2.1.7)
Lemma 2.1.8 For every v € L,
(n+1)"Flen ) < |7, (1) < enHW)
Remark: Since |T5,(v)| = n!/(nv(ay))!--- (nv(a)x)))!, a good estimate of

|T:.(v)| can be obtained from Stirling’s approximation. (See [Fel71, page
48].) Here, a different route, with an information theory flavor, is taken.
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Proof: Under P,, any type class has probability one at most and all its
realizations are of equal probability. Therefore, for every v € L,,, by (2.1.7),

1> P, (LY =v) =P, ((V,....Yy) € Tu(v)) = e "H)|T,(v)]

and the upper bound on |7}, (v)| follows.

Turning now to prove the lower bound, let v/ € £, be such that 3, C
¥, and for convenience of notations, reduce X so that ¥, = . Then

|2

| V nu(al
PV(L?L{ =v) o H
P,(LY =v) =

|HV nu(al

[
- M v(a; nv(a;)—nv'(a;)
= U Gty @ |

. ¢
This last expression is a product of terms of the form Z‘—!! (%) ™. Con-

sidering separately the cases m > ¢ and m < /¢, it is easy to verify that
m! /0 > 0"=0 for every m,{ € Z, . Hence, the preceding equality yields

|Z‘ , =] ’ 1=
V/)) > H n (ai)—nv(ai) _ " [Zi:l v (‘“)*Zizl V(ai)] =1.

i=1

S

P, (L
P, (L

s

Note that P, (LY = /) > 0 only when X,, C ¥, and v/ € £,,. Therefore,
the preceding implies that, for all v, v’ € L,

P, (LY =v)>P, (LY =V).

Thus,
1= > P, LY =V) < |La| Pu(LY =v)
v'eLy,
= ‘£n|€7nH(V) T (V)]
and the lower bound on |T,,(v)| follows by part (a) of Lemma 2.1.2. (I

Lemma 2.1.9 (Large deviations probabilities) For any v € L,

(n+ 1)—|Z\ e tHIW) < PM<L§ =)< e~ nHW|L)
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Proof: By Lemma 2.1.6,

PuLY =v) = L) Pu((Vi- V) =y, I =)
T, (V)] e PHWTH (L))

The proof is completed by applying Lemma 2.1.8. U

Combining Lemmas 2.1.2 and 2.1.9, Sanov’s theorem is proved for the
finite alphabet context.

Theorem 2.1.10 (Sanov) For every set T of probability vectors in M1 (X),

1
— inf H(v|p) < liminf —logP,(LY €T) (2.1.11)
vel'e n

n—oo

IN

1
limsup —logP,(LY €T) < — inf H(v|p),
n

n— 00 vel

where T'° is the interior of I' considered as a subset of Mi(X).

Remark: Comparing (2.1.11) and (1.2.14), it follows that Sanov’s theorem
states that the family of laws P, (LY € -) satisfies the LDP with the rate
function H(-|u). Moreover, in the case of a finite alphabet X, there is no
need for a closure operation in the upper bound. For a few other improve-
ments that are specific to this case, see Exercises 2.1.16, 2.1.18, and 2.1.19.
Note that there are closed sets for which the upper and lower bounds of
(2.1.11) are distinct. Moreover, there are closed sets I' for which the limit
of L1og P, (LY €T does not exist. (See Exercises 2.1.20 and 2.1.21.)

Proof: First, from Lemma 2.1.9, upper and lower bounds for all finite n
are deduced. By the upper bound of Lemma 2.1.9,

PLY€T) = > PuLY=v)< Y e
vel'NL, vel'nL,
|F N £n|e—n infoerne, H(v|p)

<
< (n41)Pl e infrernc, Hvin) (2.1.12)

The accompanying lower bound is

PLYE€T) = > PuLY=v)> > (n+1)Hemim
vel’NL, velNL,
> (n+ 1)l emn mivernc, Hivln) (2.1.13)
Since limnﬁoo% log(n + 1)*I = 0, the normalized logarithmic limits of

(2.1.12) and (2.1.13) yield

1
limsup — log P, (LY €T) = —liminf { inf H(v|u)} (2.1.14)
n S n

n—00 n—oo vel'nl
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and

lim inf E log P, (LY €T) = —limsup { inf H(v|w)}. (2.1.15)
ve

n—oo n n— 00 L,

The upper bound of (2.1.11) follows, since I' N £,, C T for all n.

Turning now to complete the proof of the lower bound of (2.1.11), fix an
arbitrary point v in the interior of I' such that ¥, C X,,. Then, for some
d > 0 small enough, {v' : dy(v,v) < ¢} is contained in I'. Thus, by part
(b) of Lemma 2.1.2, there exists a sequence v, € I' N L, such that v, — v
as n — oco. Moreover, without loss of generality, it may be assumed that
Y., € X, and hence

—limsu inf
p{u’ cerrnt

n—oo n

H(/|u)} > — lim_ H(valu) = —H(v|p)

Recall that H(v|u) = oo whenever, for some i € {1,2,...,|3|}, v(a;) > 0
while u(a;) = 0. Therefore, by the preceding inequality,

_limsup{yeirrrlwfﬁ H(vjp)} > - Vienlfo H(v|u) ,

n—00 n

and the lower bound of (2.1.11) follows by (2.1.15). U

Exercise 2.1.16 Prove that for every open set I,

1
— lim { inf H@|p)} = lim — log P, (LY €T)

n—oo vel'nl, n—oo n

= —inf HWw2 —Ir . (2.1.17)
ve

Exercise 2.1.18 (a) Extend the conclusions of Exercise 2.1.16 to any subset
I' of {v € My(X): X, CX,} that is contained in the closure of its interior.
(b) Prove that for any such set, Ir < oo and It = H(v*|u) for some v* € T'°,
Hint: Use the continuity of H(:|u) on the compact set T°.

Exercise 2.1.19 Assume ¥, = ¥ and that I' is a convex subset of M;(X)
of non-empty interior. Prove that all the conclusions of Exercise 2.1.18 apply.
Moreover, prove that It = H(v*|u) for a unique v* € T'°.

Hint: If v € T’ and ¢/ € I'°, then the entire line segment between v and v/ is
in T'°, except perhaps the end point v. Deduce that I' C I'°, and prove that
H(-|p) is a strictly convex function on M;(X).

Exercise 2.1.20 Find a closed set I" for which the two limits in (2.1.17) do
not exist.
Hint: Any set I = {v}, where v € £,, for some n and ¥, C X, will do.
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Exercise 2.1.21 Find a closed set I' such that inf,er H(v|p) < oo and
I' =T while inf,cro H(v|p) = oo.

Hint: For this construction, you need 3, # X. Try I' = M;(X), where |X| = 2
and p(a1) = 0.

Exercise 2.1.22 Let G be an open subset of M;(X) and suppose that p is
chosen at random, uniformly on G. Let Y7,....Y,, be i.i.d. random variables
taking values in the finite set ¥, distributed according to the law p. Prove that
the LDP holds for the sequence of empirical measures LY with the good rate
function I(v) = inf,cq H(v|p).

Hint: Show that v, — v, p, — u, and H(vy|pn) < « imply that H(v|p) <
a. Prove that H(v|-) is a continuous function for every fixed v € M;(X), and
use it for proving the large deviations lower bound and the lower semicontinuity
of the rate function I(-).

2.1.2 Cramér’s Theorem for Finite Alphabets in IR

As an application of Sanov’s theorem, a version of Cramér’s theorem about
the large deviations of the empirical mean of i.i.d. random variables is
proved. Specifically, throughout this section the sequence of empirical
means S’,ﬁ% 23;1 X is considered, where X; = f(Y}), f: ¥ — IR, and
Y; € ¥ are i.i.d. with law u as in Section 2.1.1. Without loss of generality,
it is further assumed that ¥ = X, and that f(a1) < f(a2) <--- < f(ayx))-
Cramér’s theorem deals with the LDP associated with the real-valued ran-
dom variables S,,. Sections 2.2 and 2.3 are devoted to successive generaliza-
tions of this result, first to IR? (Section 2.2), and then to weakly dependent

random vectors in IR? (Section 2.3).

Note that in the case considered here, the random variables S’,k as-
sume values in the compact interval K=[f(a1), f(ajx|)]. Moreover, S, =

ZE1 f(a;) LY (a;)2(f, LY), where f2(f(a1),. .., f(ays))). Therefore, for ev-
ery set A and every integer n,
S,eA & LYe{v: (fv)ec AET. (2.1.23)

Thus, the following version of Cramér’s theorem is a direct consequence of
Sanov’s theorem (Theorem 2.1.10).

Theorem 2.1.24 (Cramér’s theorem for finite subsets of IR) For
any set A C IR,

1 ~
— inf I(z) < liminf —logP,(S, € A) (2.1.25)

rEA° n—oo n

1 ~
< limsup - logP, (S, € A) < — inf I(z),

n—oo r€A
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where A° is the interior of A and I(x)=infy,.(¢ )=z} H(v|p). The rate
function I(x) is continuous at x € K and satisfies there

I(z) = ig]% {Ar — AN}, (2.1.26)

where
|2

= log Z Af ai)

Remark: Since the rate function /(-) is continuous on K, it follows from
(2.1.25) that whenever A C A° C K,

lim — log P,(S, € A)=— ing I(z) .
n— 00 rEe
v(az)

<f,v>

V(a1)

v(a3)
Figure 2.1.2: M7(X) and (f,v) for |X| = 3.
Proof: When the set A is open, so is the set I of (2.1.23), and the bounds

of (2.1.25) are simply the bounds of (2.1.11) for I". By Jensen’s inequality,
for every v € M;(X) and every A € IR,

|15 1=

a; )‘f(al)
A()\) _ logz )\f(a)>z al logu()(a)
i=1 g
= )‘<fvl/> - (V‘:u‘) )
with equality for vy (a;)2u(a;)e? (@) =2 Thus, for all A and all z,
Az —A(N) < . <f1nf>’ , Hv|p) =I(z), (2.1.27)

with equality when = = (f,v,). The function A()) is differentiable with
A'(N) = (f,v)). Therefore, (2.1.26) holds for all x € {A’(\) : A € R}.
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Observe that A’(-) is strictly increasing, since A(:) is strictly convex, and
moreover, f(ai) = infy A’(A) and f(as) = supy A’(A). Hence, (2.1.26)
holds for all x € K°. Consider now the end point x = f(a;) of K, and let
v*(a1) = 1 so that (f,v*) = . Then

—logu(ar) = H(W |p) = I(z) = sgp{kw = AN}

>  lim [Az—A(N)] = —logu(ay) .

The proof for the other end point of K, i.e., x = f(ay|), is similar. The
continuity of I(x) for x € K is a direct consequence of the continuity of the
relative entropy H(-|u). O

It is interesting to note that Cramér’s theorem was derived from Sanov’s
theorem following a pattern that will be useful in the sequel and that is
referred to as the contraction principle. In this perspective, the random
variables S, are represented via a continuous map of LY, and the LDP for
S”n follows from the LDP for Lz.

Exercise 2.1.28 Construct an example for which n=! log PH(S’H = z) has no
limit as n — oo.

Hint: Note that for |%| = 2, the empirical mean (S,,) uniquely determines the
empirical measure (LY). Use this observation and Exercise 2.1.20 to construct
the example.

Exercise 2.1.29 (a) Prove that I(z) = 0 if and only if z = E(X;). Explain
why this should have been anticipated in view of the weak law of large numbers.
(b) Check that H(v|px) = 0 if and only if v = p, and interpret this result.
(c) Prove the strong law of large numbers by showing that, for all € > 0,

(o)

> P(I5, — E(X1)| > €) < 0.

n=1
Exercise 2.1.30 Guess the value of lim, .. P, (X1 = f(a;)|S, > q) for
q € (E(X1), f(ayx))). Try to justify your guess, at least heuristically.
Exercise 2.1.31 Extend Theorem 2.1.24 to the empirical means of X; =

f(Y;), where f: ¥ — IR¢, d > 1. In particular, determine the shape of the set
K and find the appropriate extension of the formula (2.1.26).

2.1.3 Large Deviations for Sampling Without
Replacement

The scope of the method of types is not limited to the large deviations
of the empirical measure of i.i.d. random variables. For example, con-
sider the setup of sampling without replacement, a common procedure in
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many statistical problems. From an initial deterministic pool of m distinct
items, y=(y1, ..., Ym), an n-tuple Y=(y;,, Yi,, - -, ¥, ) is sampled without
replacement, namely, the indices {iy,142,13,...,i,} are chosen at random,
such that each subset of n distinct elements of {1,2,...,m} is equally likely.

Suppose that for all m, (yY”) - .,yfﬂ@) are elements of the finite set
¥ = {a1,...,as}. Moreover, suppose that m = m(n) and as n — oo,
the deterministic relative frequency vectors LY, = (LY, (a1),..., L, (a)g|))

converge to a probability measure u € M7(3). Recall that

m
S @™y, i=1,..,03] .

Jj=1

LY (a;) =

SIH

Suppose further that Y is a random vector obtained by the sampling with-
out replacement of n out of m elements as described before. An investigation
is made next of the LDP for the random empirical measures LY associated
with the vectors Y. In particular, the analog of Theorem 2.1.10, is estab-
lished for m = m(n) and lim,_, (n/m(n)) = 5, 0 < § < 1. To this end,
consider the following candidate rate function

H(v|u) + %H (Mliﬁﬁu

,u) if p(a;) > pr(a;) for all 4

1>

I(v|B,p)
00 otherwise.

(2.1.32)

Observe that as § — 0, the function I(-|8, u) approaches H(:|u), while as

B — 1, the domain of v for which I(v|3, u) < oo coalesces to a single measure

v = p. This reflects the reduction in the amount of “randomness” as (3

increases. Note that LY belongs to the set £,, whose size grows polynomially

in n by Lemma 2.1.2. Further, the following estimates of large deviations
probabilities for LY are obtained by elementary combinatorics.

Lemma 2.1.33 For every probability vector v € L,,:
(a) If I(v| =, LY,) < oo, then

1
—logP(LY =v)+I(v| 2, L%,)
n

<22 +1) (W) . (2.1.34)

(b) If I(v] 2, LY,) = oo, then P(LY =v) =0.

Proof: (a) Under sampling without replacement, the probability of the
event {LY = v} for v € L, is exactly the number of n-tuples i; # iy #
- # i, resulting in type v, compared to the overall number of n-tuples,



22 2. LDP rFor FINITE DIMENSIONAL SPACES

V(as)

Figure 2.1.3: Domain of I(-|3, ) for § = 2 and p = (

W=
W=
~—

)

W=

that is,

1 (M)
_ H( nv(a;) > '
(%)

An application of Lemma 2.1.8 for |X| = 2, where |T,,(v)| = ( 7 ) when

(2.1.35)

v(a1) = k/n, v(az) =1 — k/n, results in the estimate

max
0<k<n

log < Z > —nH <S)‘ < 2log(n+1), (2.1.36)

where A

H(p)=—plogp— (1 —p) log(L —p).
Alternatively, (2.1.36) follows by Stirling’s formula. (See [Fel71, page 48].)
Combining the exact expression (2.1.35) and the bound (2.1.36) results in

Logp(cy =) -y P g (e y )
<28+ 1) <W) . (2.1.37)

The inequality (2.1.34) follows by rearranging the left side of (2.1.37).

(b) Note that I(v| =, LY,) = oo if and only if nv(a;) > mLY,(a;) for some
a; € X. It is then impossible, in sampling without replacement, to have
LY = v, since nLY (a;) < mLY,(a;) for every a; € 3. O
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As in the proof of Theorem 2.1.10, the preceding point estimates give
the analogs of (2.1.14) and (2.1.15).

Corollary 2.1.38 With m = m(n),

1
limsup — log P(LY €T) = —liminf { inf I(v|2,1¥)}, (2.1.39)

n—o0 n—oo vel'Nnl,

and

1
liminf — log P(LY € T) = — limsup { irnf/; I(v|2,LY)}. (2.1.40)
vel'NLy,

n—oo 1 n—oo

The proof of Corollary 2.1.38 is left as Exercise 2.1.46.

The following is the desired analog of Sanov’s theorem (Theorem 2.1.10).

Theorem 2.1.41 Suppose LY, converges to p and n/m — (3 € (0,1) as
n — oo. Then the random empirical measures LY satisfy the LDP with the
good rate function I(v|5, 1). Explicitly, for every set T' of probability vectors
in My(x) c R,

= inlf Iv|B,p) < liminfllogP(Lg el (2.1.42)
vele

n—oo n

1
< limsup—logP(LZ el) < —inf I(v|B,p) .

n—oo M ver

Remark: Note that the upper bound of (2.1.42) is weaker than the upper
bound of (2.1.11) in the sense that the infimum of the rate function is taken
over the closure of I'. See Exercise 2.1.47 for examples of sets I where the
above lower and upper bounds coincide.

The following lemma is needed for the proof of Theorem 2.1.41.

Lemma 2.1.43 Let 8, € (0,1), pn,vn € Mi(X) be such that 8, — 3 €
(0,1) and p, — p as n — oo.
(a) If vy, = v and I(vn|Bn, in) < 00 for all n large enough, then

nlLHOlo I(Vn|6n7 Nn) = I(I/|/8, ,LL) :
(b) If I(v|B, ) < oo, then there exists a sequence {v,} such that v, € L,,

v, — Vv, and
n—oo
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Proof: (a) Since I(vy|58n, pin) < oo for all n large enough, it follows that
tn(a;) > Bnvn(a;) for every a; € X. Hence, by rearranging (2.1.32),

I(Vn‘ﬁﬂm/f/n) = ﬂl_nH(Mn) _ H(Vn) _ 1 ;nﬁn ,unl—_%:Vn) :
and I(Vn‘ﬂruﬂn) — I(l/|ﬂ,u), since H() is continuous on Ml(Z) and {5n}

is bounded away from 0 and 1.
(b) Consider first v € M7 (%) for which

H(

gleiré{u(ai) —Bv(a;)} > 0. (2.1.44)

By part (b) of Lemma 2.1.2, there exist v, € L, such that v, — v as
n — oo. Thus, the strict inequality (2.1.44) implies that for all n large,

;Illé%{:un(%) = Bavn(ai)} > 0.

Consequently, I(vp|Bn, pin) < oo for all n large enough and the desired
conclusion follows by part (a).

Suppose now that ¥, = X, but possibly (2.1.44) does not hold. Then,
since 8 < 1 and I(v|3, ) < 0o, there exist v, — v such that (2.1.44) holds
for all k. By the preceding argument, there exist {vy ;}o2; such that for
all k, v 1 € Ly, Un .k — Vi and

nILH;o I(Vn,k|ﬂnuu'n) = I(Vk|/67,u) .

By the standard Cantor diagonalization argument, there exist v,, € L,, such
that v,, — v and

nlggoj(yn|ﬂna/in) = kli{gol(yk‘ﬂa /u') = I(”'ﬂa :u') )

where the last equality is due to part (a) of the lemma.

Finally, even if ¥,, # ¥, it still holds that ¥, C ¥,,, since I(v|6, ) < oo.
Hence, by repeating the preceding argument with X, instead of X, there
exist v, € L,, such that ¥,,, C ¥, v, — v, and I(vy|5,, ttn) < oo for all n

large enough. The proof is completed by applying part (a) of the lemma.
Ul

Proof of Theorem 2.1.41: It follows from part (a) of Lemma 2.1.43
that I(v|3, u) is lower semicontinuous jointly in 8 € (0, 1), u, and v. Since
it is a nonnegative function, and the probability simplex is a compact set,
I(-|3, 1) is a good rate function.
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Turning now to prove the upper bound of (2.1.42), first deduce from
(2.1.39) that for some infinite subsequence ny, there exists a sequence
{vi} C T such that

2

1 ng
li Zlog P(LY €)= — lim (v —, LY — I 2.1.45
imsup - log P(LY € T) = = lim I(m| "5, 13,)= ~ 1", (21.45)

n—oo

where possibly I* = co. The sequence {vi} has a limit point v* in the com-
pact set T'. Passing to a convergent subsequence, the lower semicontinuity
of I jointly in 8, u, and v implies that

I* > 1|8, 1) = inf 1(v]B, p)
vel

The upper bound follows by combining this inequality and (2.1.45).

Finally, in order to prove the lower bound, consider an arbitrary v € I'°
such that I(v|3, ) < co. Then, by part (b) of Lemma 2.1.43, there exist
v, € L, such that v, — v and

i T(vn| 5, LY,) = 1|6, 1) -

n—oo

Since for all n large enough, v, € I'N £,,, it follows that
—limsup { inf I(V/[2,LY)} >—-1(v|B,u).

n—00 v'el'nL,
Combining the preceding inequality with (2.1.40), one concludes that for
each such v,

lim inf 1 logP(LY €T) > —I(v|3, ).

n—oo N

The proof of the theorem is now complete in view of the formulation (1.2.8)
of the large deviations lower bound. O

Exercise 2.1.46 Prove Corollary 2.1.38.
Exercise 2.1.47 Let Ir=inf,cro I(v|3, 11). Prove that when I' C Dy and T

is contained in the closure of its interior, then

1
Ir = lim —logP(LY €T).

n—oo n

Hint: Use Exercise 2.1.18 and the continuity of I(-|3, i) on its level sets.
Exercise 2.1.48 Prove that the rate function I(-|3, i) is convex.

Exercise 2.1.49 Prove that the LDP of Theorem 2.1.41 holds for § = 0 with
the good rate function I(-|0, )= H (-|p).

Hint: First prove that the left side of (2.1.37) goes to zero as n — oo (i.e.,
even when n~!log(m + 1) — o0). Then, show that Lemma 2.1.43 holds for
B, >0and 8=0.
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2.2 Cramér’s Theorem

Cramér’s theorem about the large deviations associated with the empirical
mean of i.i.d. random variables taking values in a finite set is presented in
Section 2.1.2 as an application of the method of types. However, a direct
application of the method of types is limited to finite alphabets. In this
section, Theorem 2.1.24 is extended to the case of i.i.d. random variables
taking values in RY.

Specifically, consider the empirical means 5’,@% 2?21 Xj, for iid., d-
dimensional random vectors X1, ..., X,,..., with X; distributed according
to the probability law p € M;(IR?). The logarithmic moment generating
function associated with the law p is defined as

ANE log M(N)2 log E[e™X1)] | (2.2.1)

where (), x)é Z?zl M7 is the usual scalar product in IR?, and z7 the jth
coordinate of z. Another common name for A(-) is the cumulant generating
function. In what follows, |z|2./(z, ), is the usual Euclidean norm. Note
that A(0) = 0, and while A(A) > —oo for all A, it is possible to have
A(X) = co. Let p, denote the law of S, and Z2E[X,]. When T exists and

e _ 5 Prob _ .
is finite, and E[|X; — Z|?] < oo, then S,, — T, since
n—oo

n—00

A 1 & 1
E“Sn—ﬂﬂ ZEZEHXJ_EP] :EEHXl_E‘z] —. 0.
J=1

Hence, in this situation, p,,(F) —z 0 for any closed set F such that 7 ¢ F.
Cramér’s theorem characterizes the logarithmic rate of this convergence by
the following (rate) function.

Definition 2.2.2 The Fenchel-Legendre transform of A(X\) is

A*(@)= sup {(A,x) — AV} .
AeIR4

It is instructive to consider first the case d = 1, followed by the additional
work necessary for handling the general case.
2.2.1 Cramér’s Theorem in R

Let DA2{X: A(\) < 0o} and Dp-2{x : A*(z) < co}. Cramér’s theorem in
IR, which is stated next, is applicable even when T does not exist.
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_A‘ () >\ A
Ax>=c

Figure 2.2.1: Geometrical interpretation of A*.

AQ\)

Theorem 2.2.3 (Cramér) When X; € IR, the sequence of measures { i, }
satisfies the LDP with the convex rate function A*(-), namely:
(a) For any closed set F C R,

1
lim sup — log p, (F) < — inf A*(z) . (2.2.4)
n

n— oo zEF
(b) For any open set G C IR,

lim inf S log i (G) > — inf A*(z) .
n

n—oo zeG

Remarks:

(a) The definition of the Fenchel-Legendre transform for (topological) vector
spaces and some of its properties are presented in Section 4.5. It is also
shown there that the Fenchel-Legendre transform is a natural candidate for
the rate function, since the upper bound (2.2.4) holds for compact sets in a
general setup.

(b) As follows from part (b) of Lemma 2.2.5 below, A* need not in general
be a good rate function.

(¢) A close inspection of the proof reveals that, actually, (2.2.4) may be
strengthened to the statement that, for all n,

ﬂn(F) < 2e—ninfzgp A (z) )

The following lemma states the properties of A*(-) and A(-) that are
needed for proving Theorem 2.2.3.

Lemma 2.2.5 (a) A is a convex function and A* is a convex rate function.
(b) If Dy = {0}, then A* is identically zero. If A(X\) < oo for some A > 0,
then T < oo (possibly T = —o0), and for all x > T,

A(x) = ig%[)\m — AN (2.2.6)
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is, for x > T, a nondecreasing function. Similarly, if A(\) < oo for some
A <0, then T > —o0 (possibly T = o), and for all x < T,

A (z) = ili%[)\z —A(N)] (2.2.7)

is, for x < T, a nonincreasing function.
When T is finite, A*(T) =0, and always,

wlélIfRA (r)=0. (2.2.8)

(c) A(-) is differentiable in DY with

"(n) = WE[XP?"XI] (2.2.9)

and
Nmn)=y = AN(y)=ny—An). (2.2.10)

Proof: (a) The convexity of A follows by Holder’s inequality, since

AOAL + (1 — 0)\2) = log E[(e*X1)0 (X2 X1)(1=0)]
< log{E[eMX1])P E[e*X1](1=0) = gA(A;) + (1 — )A(Ns)

for any 8 € [0,1]. The convexity of A* follows from its definition, since

OAN* (z1) + (1 — O)A* (22)
= sup{fAxy — OA(N)} + sup{(1 — @) za — (1 — O)A(N)}
AeR AeR
> iu]%{(ﬂxl + (1 =0z )A = AN} = A" (021 + (1 — 0)xa).
€

Recall that A(0) = log E[1] = 0, so A*(x) > 0z — A(0) = 0 is nonnegative.
In order to establish that A* is lower semicontinuous and hence a rate
function, fix a sequence x, — x. Then, for every A € IR,

liminf A*(z,) > liminf[Az,, — A(N)] = Az — A(N).

Thus,

liminf A*(z,) > sup Az — A(N)] = A*(z) .

In—T AeR
(b) If Dy = {0}, then A*(x) = A(0) = 0 for all z € R. If A(\) =
log M(\) < oo for some A > 0, then [;°adu < M(A)/A < oo, implying
that T < oo (possibly T = —00). Now, for all A € IR, by Jensen’s inequality,

A(N) = log E[e**1] > Eflog e ] = )7 .
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Figure 2.2.2: Pairs of A and A*.

If T = —oo, then A(\) = oo for A negative, and (2.2.6) trivially holds. When
T is finite, it follows from the preceding inequality that A*(Z) = 0. In this
case, for every x > T and every A < 0,

A — AN < AT — AN < A*(T) =0,

and (2.2.6) follows. Observe that (2.2.6) implies the monotonicity of A*(x)
on (T, 00), since for every A > 0, the function Az — A(\) is nondecreasing as
a function of z.

When A(M) < oo for some A < 0, then both (2.2.7) and the monotonicity
of A* on (—o0,Z) follow by considering the logarithmic moment generating
function of —X, for which the preceding proof applies.

It remains to prove that inf,cr A*(z) = 0. This is already established
for Dy = {0}, in which case A* = 0, and when T is finite, in which case,
as shown before, A*(Z) = 0. Now, consider the case when T = —oo while
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A(X) < oo for some A > 0. Then, by Chebycheff’s inequality and (2.2.6),

log p([z,00)) < inf log F [e)‘(le"”)} = —sup{Az — A(\)} = —A"(z).
A>0 A>0

Hence,
tim A*(@) < _lim_{~logp([r.5¢))} =0,

and (2.2.8) follows. The last remaining case, that of T = oo while A(A) < 0o
for some A < 0, is settled by considering the logarithmic moment generating
function of —X.
(c) The identity (2.2.9) follows by interchanging the order of differentiation
and integration. This is justified by the dominated convergence theorem,
since fo(z) = (e(T9)* — e17) /e converge pointwise to ze™ as e — 0, and
|fo(z)| < em®(e®l —1)/62h(x) for every € € (—6,0), while E[|h(X1)|] < oo
for 6 > 0 small enough.

Let A’(n) = y and consider the function g(A\)=\y — A()\). Since g(-) is
a concave function and ¢'(n) = 0, it follows that g(n) = sup,cr g(\), and
(2.2.10) is established. O

Proof of Theorem 2.2.3: (a) Let F' be a non-empty closed set. Note that
(2.2.4) trivially holds when Ir = inf,cp A*(x) = 0. Assume that Ir > 0. It
follows from part (b) of Lemma 2.2.5 that T exists, possibly as an extended
real number. For all  and every A > 0, an application of Chebycheff’s
inequality yields

pn([z,00)) = E[1§nﬂ20]gE[e"*(Sn—¢>} (2.2.11)

_ e—n/\w ﬁ E [ekXi,] — e—n[kl'_/\()‘)] .
i=1

Therefore, if T < 0o, then by (2.2.6), for every x > T,
pin ([2,00)) < e (@) (2.2.12)
By a similar argument, if ¥ > —oco and x < T, then

fin ((—00, z]) < e (@) (2.2.13)

First, consider the case of Z finite. Then A*(Z) = 0, and because by as-
sumption Ir > 0, T must be contained in the open set F°. Let (z_,x,)
be the union of all the open intervals (a,b) € F° that contain T. Note that
r_ < z, and that either x_ or x, must be finite since F' is non-empty.
If x_ is finite, then z_ € F, and consequently A*(x_) > Ir. Likewise,
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_Z

Figure 2.2.3: Chebycheff’s bound.

A*(z,) > Ir whenever z, is finite. Applying (2.2.12) for = z, and
(2.2.13) for x = x_, the union of events bound ensures that

fin(F) < pn((—00, 2-]) + pin ([, 00)) < 2¢7"Ir )

and the upper bound follows when the normalized logarithmic limit as
n — oo is considered.

Suppose now that T = —oo. Then, since A* is nondecreasing, it follows
from (2.2.8) that lim;_,_ o, A*(z) = 0, and hence x, = inf{z : € F} is
finite for otherwise Ir = 0. Since F'is a closed set, . € F and consequently
A*(xy) > Ip. Moreover, F' C [z,,00) and, therefore, the large deviations
upper bound follows by applying (2.2.12) for z = z,.

The case of T = oo is handled analogously.
(b) We prove next that for every ¢ > 0 and every marginal law p € M; (IR),

1
im inf — — > i = —A* . 2.
liminf =~ log un((=4,8)) = inf A(A) = —A"(0) (2.2.14)
Since the transformation Y = X — x results with Ay (A) = A(X) — Az, and
hence with A} (-) = A*(- + z), it follows from the preceding inequality that
for every x and every § > 0,

1
liminf — log pn((x — 0,2+ 9)) > —A*(z) . (2.2.15)
n—oo N
For any open set G, any « € G, and any 0 > 0 small enough, (x —d,z+0) C
G. Thus, the large deviations lower bound follows from (2.2.15).

Turning to the proof of the key inequality (2.2.14), first suppose that
1((—00,0)) > 0, u((0,00)) > 0, and that p is supported on a bounded
subset of IR. By the former assumption, A(A\) — oo as |A| — oo, and
by the latter assumption, A(-) is finite everywhere. Accordingly, A(:) is a



32 2. LDP rFor FINITE DIMENSIONAL SPACES

continuous, differentiable function (see part (c) of Lemma 2.2.5), and hence
there exists a finite n such that

A(n) = inf A() and N(p) =

Define a new probability measure f in terms of u via
d“( ) = ene—Am)
du ’

and observe that [ is a probability measure because

1
dﬂz—/ edy = 1.
/IR M(n) Jw

Let fi,, be the law governing S, when X; are i.i.d. random variables of law
it. Note that for every e > 0,

in((—6€)) = /| - p(day) - pu(da)

o1 zi\<n5

> 67"6‘"‘/ exp(n sz (dzq) - p(dzy,)
\ijla:i|<ne

i=1
= e ellenAM g ((—ee)) . (2.2.16)

By (2.2.9) and the choice of 7,

Ep[X1] = ﬁ /]Rxe"mdu =N(n) =

Hence, by the law of large numbers,

lm fin((—€,€)) =1. (2.2.17)

n—oo

It now follows from (2.2.16) that for every 0 < e < 4,

1
hmlnf— log pn((=9,0)) 2 liminf — log p1n((—e€,€)) = A(n) = eln] ,

n—oo

and (2.2.14) follows by considering the limit € — 0.

Suppose now that u is of unbounded support, while both u((—o00,0)) > 0
and 1((0,00)) > 0. Fix M large enough such that u([—M,0)) > 0 as well
as u((0, M]) > 0, and let

M
Ap(N) = log/ eMdu .

—-M
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Let v denote the law of X conditioned on {|X;| < M}, and let v, be the
law of S, conditioned on {|X;| < M,i = 1,...,n}. Then, for all n and
every 6 > 0,

pin((=0,0)) = vn((=0,0))u([=M, M])™ .

Observe that by the preceding proof, (2.2.14) holds for v,,. Therefore, with
the logarithmic moment generating function associated with v being merely
Ap(A) — log pu([—MM, M]),

1
liminf — log i, ((—6,0)) >

n—oo N

log pu([—M, M]) +liminfl log v, ((—6,0)) > gnIfRAM()\).
€

n—oo 1

With Iny = —infaer Ay (A) and I* = limsup,;_, o Iar, it follows that

timinf - log o ((~6,6)) > 1" (2.2.18)
Note that Aps(-) is nondecreasing in M, and thus so is —Ip;. Moreover,
—In < Ap(0) < A(0) = 0, and hence —I* < 0. Now, since —Ij; is finite
for all M large enough, —I* > —oo. Therefore, the level sets {A: Apr(A) <
—I*} are non-empty, compact sets that are nested with respect to M, and
hence there exists at least one point, denoted Ag, in their intersection. By
Lesbegue’s monotone convergence theorem, A(A\g) = limps— o0 Anr(Ag) <
—I*, and consequently the bound (2.2.18) yields (2.2.14), now for p of
unbounded support.

The proof of (2.2.14) for an arbitrary probability law p is completed
by observing that if either p((—o00,0)) = 0 or p((0,00)) = 0, then A(-) is
a monotone function with infyem A(A) = log 1({0}). Hence, in this case,
(2.2.14) follows from

pin((=0,6)) = pn({0}) = n({0})" - u

Remarks:

(a) The crucial step in the proof of the upper bound is based on Cheby-
cheff’s inequality, combined with the independence assumption. For weakly
dependent random variables, a similar approach is to use the logarithmic
limit of the right side of (2.2.11), instead of the logarithmic moment gen-
erating function for a single random variable. This is further explored in
Sections 2.3 and 4.5.

(b) The essential step in the proof of the lower bound is the exponential
change of measure that is used to define fi. This is particularly well-suited
to problems where, even if the random variables involved are not directly
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independent, some form of underlying independence exists, e.g., when as in
Exercise 5.2.11, a Girsanov-type formula is used.

In the preceding proof, the change of measure is coupled with the law of
large numbers to obtain the lower bound. One may obtain tighter bounds
for semi-infinite intervals by using the Central Limit Theorem (CLT), as
the next corollary demonstrates. (See also Exercise 2.2.25 for extensions.)

Corollary 2.2.19 For any y € R,

1
lim — log p,([y,0)) = — inf A*(z) .

n—oo 1 z2y
Proof: Since [z,z + §) C [y, 00) for all z > y and all § > 0, it follows that

1 1
liminf = log u, ([y, 00)) > supliminf — log p,, ([z,z + 9)) .
n n

n— o0 >y n—oo

The corollary is thus a consequence of the following strengthened version
of (2.2.15):

1
liminf — log pn ([z, 2z 4+ 0)) > —A™(x) .
n—oo N
The proof paraphrases the proof of (2.2.15), where it is sufficient to consider
x = 0, and everywhere [0,0) and [0, €) replace (—4,6) and (—¢,€), respec-
tively. This is possible, since (2.2.17) is replaced by the CLT statement

lim jin([0, €)) = % . 0

n—oo

Another strengthening of Cramér’s theorem (Theorem 2.2.3) is related to
the goodness of the rate function.

Lemma 2.2.20 If 0 € D} then A* is a good rate function. Moreover, if
Dx = 1R, then
lim A*(z)/|z] = co. (2.2.21)

|z]— o0

Proof: As 0 € DY, there exist A_ < 0 and Ay > 0 that are both in Djy.
Since for any A € IR,

A(z) > Asign(z) — AR )
|z |z
it follows that It
Y G S U S
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In particular, A*(x) — oo as |z| — oo, and its level sets are closed and
bounded, hence compact. Thus, A* is a good rate function. Note that
(2.2.21) follows for Dy = IR by considering —A_ = Ay — oc. U

Exercise 2.2.22 Prove by an application of Fatou's lemma that A(-) is lower
semicontinuous.

Exercise 2.2.23 Show that:

(a) For X; ~ Poisson(#), A*(z) = 0 — x + xlog(x/0) for nonnegative z, and
A*(z) = oo otherwise.

(b) For Xy ~ Bernoulli(p), A*(z) = zlog(%) + (1 — ) log(1=%) for z € [0, 1]
and A*(z) = oo otherwise. Note that Dy = IR, but A*(-) is discontinuous.
(c) For X; ~ Exponential(d), A*(z) = 0z — 1 — log(fx) for z > 0 and
A*(x) = oo otherwise.

(d) For X; ~ Normal(0,02), A*(z) = 22 /202

Exercise 2.2.24 Prove that A()\) is C™ in D} and that A*(z) is strictly
convex, and C* in the interior of the set F={A’(\) : A € D} }.

Hint: Use (2.2.9) to show that x = A’(n) € F° implies that A”(n) > 0 and
then apply (2.2.10).

Exercise 2.2.25 (a) Suppose A is a Borel measurable set such that [y, z) C
A C [y, 00) for some y < z and either Dy = {0} or T < z. Prove that

1
lim = log u,(A) = — inf A*(z).
71,1—>n;o n 08 K ( ) xuelA (.13)
(b) Use Exercise 2.2.24 to prove that the conclusion of Corollary 2.2.19 holds
for A= (y,00) when y € F° and y > T.
Hint: [y 4 6,00) C A C [y, 00) while A* is continuous at y.

Exercise 2.2.26 Suppose for some a < b, T € [a,b] and any A € R,

h—m 7
Tepap T80 (2.2.27)

M(N) <
()_b—a b—a

(a) Show that then for any a < x <'b,

r—a

b—a

A*(x)>H< —

T a) : (2.2.28)

where H (p|po)=p log(p/po) + (1 — p)log((1 = p)/(1 — po))-
(b) Find a distribution of X;, with support on [a,b], for which equality is

achieved in (2.2.27) and (2.2.28).

Remark: See also Corollary 2.4.5 to appreciate the significance of this result.
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Exercise 2.2.29 Suppose that for some b > Z, ¢ > 0 and any A > 0,

AT b-7)* ez o? Ab—T

Show that A* () > H (p|p), for p.= (b = 7)(z —7) + 0?) / (0 — 7)* + 0?)
and T < x <b.

Remark: See also Lemma 2.4.1 to appreciate the significance of this result.

2.2.2 Cramér’s Theorem in IR?

Cramér’s theorem (Theorem 2.2.3) possesses a multivariate counterpart
dealing with the large deviations of the empirical means of i.i.d. random
vectors in IR?. Our analysis emphasizes the new points in which the proof
for RY differs from the proof for IR, with an eye towards infinite dimensional
extensions. An interesting consequence is Sanov’s theorem for finite alpha-
bets. (See Corollary 2.2.35 and Exercise 2.2.36.) To ease the proofs, it is

assumed throughout that Dy = IRd, ie,, A(A\) < oo for all A. In particular,

E()X1]?) < 0o and S, =2 7.

n—oo

The following theorem is the counterpart of Theorem 2.2.3 for IR%, d > 1.

Theorem 2.2.30 (Cramér ) Assume Dy = R?. Then {u,} satisfies the
LDP on R? with the good convex rate function A*(-).

Remarks:

(a) A stronger version of this theorem is proved in Section 6.1 via a more so-
phisticated sub-additivity argument. In particular, it is shown in Corollary
6.1.6 that the assumption 0 € D} suffices for the conclusion of Theorem
2.2.30. Even without this assumption, for every open convex A C R,

1
lim — logu,(A) = — inf A*(x).
Jm o n(4) = — I A°(2)
(b) For the extension of Theorem 2.2.30 to dependent random vectors that
do not necessarily satisfy the condition Dy = IR?, see Section 2.3.

The following lemma summarizes the properties of A(-) and A*(-) that
are needed to prove Theorem 2.2.30.

Lemma 2.2.31 (a) A(+) is convex and differentiable everywhere, and A*(-)
s a good convex rate function.

(b) y=VAmn) = A(y) =ny —An).
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Proof: (a) The convexity of A follows by Hélder’s inequality. Its differen-
tiability follows by dominated convergence. (See the proof of Lemma 2.2.5.)
Convexity and lower semicontinuity of A* follow from Definition 2.2.2 by an
argument similar to the proof of part (a) of Lemma 2.2.5. Since A(0) = 0,
A* is nonnegative, and hence it is a rate function. Observe that for all
zeR? and all p > 0,

A (z) = plz| - sup {AN)}-

In particular, all level sets of A* are bounded and A* is a good rate function.
(b) Let y = VA(7). Fix an arbitrary point A € IR? and let

A
g(@=a(d =ny) — A+ aA—n)+ (n,y), acl01].
Since A is convex and A(n) is finite, g(-) is concave, and |g(0)| < oo. Thus,

(@) — 9(0)

... 09
1) —g(0) <1 f =({\— — VA =0
9(1) = g(0) < limin o (A=n.y () =0,
where the last equality follows by the assumed identity y = VA(n). There-
fore, for all A\,

g(1) =[(Ny) —AN)] < g(0) =[(ny) —An) ] <A*(y).

The conclusion follows by taking the supremum over A in the preceding
inequality. O

Proof of Theorem 2.2.30: The first step of the proof is to establish
the large deviations upper bound. In IRY, the monotonicity of A* stated in
part (b) of Lemma 2.2.5 is somewhat lost. Thus, the method of containing
each closed set F' by two half-spaces is not as useful as it is in IR. Instead,
upper bounds on the probabilities that {p,} assign to balls are deduced by
Chebycheff’s inequality. Compact sets are then covered by an appropriate
finite collection of small enough balls and the upper bound for compact sets
follows by the union of events bound.

As mentioned in Section 1.2, establishing the upper bound is equivalent
to proving that for every § > 0 and every closed set F C IRY,

1
limsup — log u,(F) <6 — inf I°(z), (2.2.32)
n

n— 00 zEF

where I° is the d-rate function (as defined in (1.2.9)) associated with A*.
Fix a compact set I' ¢ R%. For every g € I', choose A\, € R¢ for which

Agr@) — A(Ng) = I(q).
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This is feasible on account of the definitions of A* and I°. For each g,
choose p, > 0 such that p,|\,| < J, and let B, , = {z : | —q| < pg} be
the ball with center at ¢ and radius p,. Observe for every n, A € R, and
measurable G C IRY, that

(6 = E [15,c6] < B [ex (080 mt {0 00}) |

In particular, for each n and ¢ € T,

pin(Bgp,) < E [exp(n()\q,gn»} exp (— inf {n()\q,x>}> .

meB(Iu”q
Also, for any g € T,
— inf </\qax> < pq|>‘q| - <>‘q7Q> <o-— <)‘an> )

zqu,pq

and therefore,

1 .

— log in(Bq,p,) < — inf (Ag,z) + A(Ag) <6 = (Ag, @) + A(Ag) .
n IGBq)pq

Since T' is compact, one may extract from the open covering Uger By, of I’

a finite covering that consists of N = N(T',d) < oo such balls with centers

q1,---,qn in I'. By the union of events bound and the preceding inequality,

1 1
- <= —  mi Lq) — Y.
—logun(l) < — log N 46— min {{Ag;,¢:) — A(Ag,)}

PR

Hence, by our choice of A,

1
lim sup - log pn(T) <0 — IlninN I°(q;) -

n—oo i=1,...,
Since ¢; € T', the upper bound (2.2.32) is established for all compact sets.

The large deviations upper bound is extended to all closed subsets of IR¢
by showing that s, is an exponentially tight family of probability measures
and applying Lemma 1.2.18. Let H,%[—p, p]%. Since HS = U?Zl{x et| >

p}, the union of events bound yields

d
pn(HE) <Y pih([p,00)) + Y pih((—o0, —p]) (2.2.33)

j=1 j=1
where wh, 4 =1,...,d are the laws of the coordinates of the random vec-

tor S,, namely, the laws governing % > Xf By applying (2.2.12) and
(2.2.13), one has for any p > |7|,

11 (=00, —p]) < e ™0 i ([p, 00)) < e NP
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where A;f denote the Fenchel-Legendre transform of log E[e*X f], ji=1,...,
d. As shown in Lemma 2.2.20, Aj(z) — oo when |x| — oco. Therefore, by
combining the preceding bounds with (2.2.33) and considering the limits,
first as n — oo and then as p — oo, one obtains the identity

lim limsup — logpn(HC) =—00 .

p—00 N—00
Consequently, {u,} is an exponentially tight sequence of probability mea-
sures, since the hypercubes H, are compact.

The large deviations lower bound is next established. To this end, it
suffices to prove that for every y € Dp~ and every § > 0,

1
liminf — log pn(Bys) > —A*(y) . (2.2.34)
n

n—oo

Suppose first that y = VA(n) for some 7 € R?. Define the probability
measure fi via

dpi (m,2)—A(n)
du( z)=e

)

and let fi,, denote the law of Sn when X; are i.i.d. with law . Then

1 1 ) -
w08 in(Bys) = AG) ()4 log [ e (a2)

z€By 5
1 -
= A(m) = (ny) = nlo + — log fin(By,s) -

Note that by the dominated convergence theorem,

1
Eup(X1) = ) /]Rd 2" dp = VA(n) =y,

and by the weak law of large numbers, lim,, oo fin(By,s) = 1 for all § > 0.
Moreover, since A(n) — (n,y) > —A*(y), the preceding inequality implies
the lower bound

hmlnf— log fin(By,s) > —A*(y) — [n|d.

n—oo n -

Hence,

1 1
liminf — log pn(By,s) > liminf liminf — log p,(By.s5) > —A"(y).

n—oo N 5—0 n—oo N

To extend the lower bound (2.2.34) to also cover y € Dp« such that
y ¢ {VA(N) : A € R?}, we now regularize u by adding to each X; a small
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Normal random variable. Specifically, fix M < oo and let v denote the
marginal law of the i.i.d. random vectors YjﬁXj —&—Vj/\/M, where V1,...,V,
are i.i.d. standard multivariate Normal random variables independent of
X1,...,X,. Let Ap() denote the logarithmic moment generating function

of Y1, while v,, denotes the law governing S,(LME% Z?Zl Y;.

Since the logarithmic moment generating function of a standard multi-
variate Normal is [A|?/2, it follows that

Aur(0) = A + 512 > A,

and hence

A (y) = ;‘euﬂlgd{<>\,y> - AN} = Aseungd{</\,y> — A (N}

By assumption, T = E(X7) is finite; thus, Jensen’s inequality implies that
A(N) > (A, T) for all A € RY. Hence, the finite and differentiable function

=

gN)=(A ) — A (D)

satisfies

lim sup g(\) = —oc0.

p—00 |A|>p
Consequently, the supremum of g(-) over IR? is obtained at some finite 1,
for which

0=Vyg(n) =y—VAu(n)),

namely, y = VAu(n). Thus, by the preceding proof, the large deviations
lower bound (2.2.34) applies for {v,} yielding for all § > 0,

1
liminf — log v, (Bys) > —A*(y) > —00.

n—oo N

Observe that 55" possesses the same distribution as S, + V//Mn, where
V ~ Normal(0, I) and is independent of S,,. Therefore,

a(By25) = va(By.s) — P(V] = VMnd).

Finally, since V is a standard multivariate Normal random vector,

1 Mé?
limsup — log P(|V| > vV Mnd) < -
n

n—oo

The proof of (2.2.34) is now completed by combining the preceding three
inequalities and considering first n — oo and then M — oo. U
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Remark: An inspection of the last proof reveals that the upper bound
for compact sets holds with no assumptions on D,. The condition 0 €
D{ suffices to ensure that A* is a good rate function and that {u,} is
exponentially tight. However, the proof of the lower bound is based on the
strong assumption that Dy = R4

Sanov’s theorem for finite alphabets, Theorem 2.1.10, may be deduced as
a consequence of Cramér’s theorem in IR?. Indeed, note that the empirical
mean of the random vectors X;=[1,, (Y;), 14,(Y7), - .-, Loy, (Y;)] equals LY,
the empirical measure of the i.i.d. random variables Y7,...,Y,, that take
values in the finite alphabet ¥. Moreover, as X; are bounded, Dy = ]R‘El,
and the following corollary of Cramér’s theorem is obtained.

Corollary 2.2.35 For any set I' of probability vectors in IR‘Zl,

1
— inf A*(v) < liminf — log P, (LY €T)
n

vele n— oo

1
< limsup — log P, (LY €T) < — inf A*(v),
n

n— o0 vel

where A* is the Fenchel-Legendre transform of the logarithmic moment gen-
erating function

||
AN =log B (e™X)) =log > eMp(as)
=1

with A = (A1, A, - .., Ajgp) € RIZL

Remark: Comparing this corollary to Theorem 2.1.10, it is tempting to
conjecture that, on the probability simplex M;(X), A*(-) = H(-|p). Indeed,
this is proved in Exercise 2.2.36. Actually, as shown in Section 4.1, the rate
function controlling an LDP in RY is always unique.

Exercise 2.2.36 For the function A*(-) defined in Corollary 2.2.35, show that
A*(x) = H(alp).

Hint: Prove that Dy« = M;(X). Show that for v € M;(X), the value of A*(v)
is obtained by taking \; = log[v(a;)/u(a;)] when v(a;) > 0, and \; — —o0
when v(a;) = 0.

Exercise 2.2.37 [From [GOR79], Example 5.1]. Corollary 2.2.19 implies that
for {X;} i.i.d. d-dimensional random vectors with finite logarithmic moment
generating function A, the laws pu,, of .S, satisfy

lim 1 log pn (F) = — inf A*(x)

n—oo N zEF
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for every closed half-space F'. Find a quadrant F' = [a, 00) x [b,00) for which
the preceding identity is false.

Hint: Consider a = b = 0.5 and p which is supported on the points (0, 1)
and (1,0).

Exercise 2.2.38 Let u,, denote the law of Sn the empirical mean of the i.i.d.
random vectors X; € IR, and A(+) denote the logarithmic moment generating
function associated with the law of X;. Do not assume that Dy~ = R%.

(a) Use Chebycheff’s inequality to prove that for any measurable C' ¢ R, any
n, and any A € RY,

1
| < — inf AN .
- og in (C) < ;gCM,yH (N

(b) Recall the following version of the min—max theorem: Let g(0,y) be convex
and lower semicontinuous in g, concave and upper semicontinuous in 6. Let
C c IR? be convex and compact. Then

inf 0,y) = inf g(0
Jnf Sgpg( 'Y) St;pylgcg( 'Y)
(c.f. [ETT6, page 174].) Apply this theorem to justify the upper bound

1 log i, (C) < — sup inf [(A,y) — A(N)] = — inf A*(y)
n AcRd yeC yeC

for every n and every convex, compact set C'.

(c) Show that the preceding upper bound holds for every n and every convez,
closed set C' by considering the convex, compact sets C'N[—p, p]? with p — oo.
(d) Use this bound to show that the large deviations upper bound holds for all
compact sets (with the rate function A*).

Exercise 2.2.39 In this exercise, you examine the conditions needed for
A*(x) < oo when z belongs to the support of the law .

(a) Suppose that . € M; (IR?) possesses a density f(-) with respect to Lebesgue
measure, that f(x) > 0, and that f(-) is continuous at x. Prove that under
these conditions, A*(z) < oo.

Hint: Without loss of generality, you may consider only £ = 0. Then the
preceding conditions imply that f(-) > € > 0 in some small ball around the
origin. As a result, the moment generating function at A is bounded below by
esinh(|A|a)/(|]A|a) for some a, ¢ > 0.

(b) Suppose that i € M;(IR) possesses the density f(z) = z for x € [0,1],
f(z) =2 —x for x € [1,2], and zero otherwise. Prove that for this measure,
A*(0) = oo while p((—9,0)) > 0 for all § > 0.

Exercise 2.2.40 Let (wy,,...,ws,) be samples of a Brownian motion at the
fixed times tq,...,tq; so {thl - wtj} are zero-mean, independent Normal
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random variables of variances {t;;1 — t;}, respectively. Find the rate function
for the empirical mean S, of X;=(wj ,...,w} ), where w@y i=1,...,n are
samples of independent Brownian motions at time instances ;.

Remark: Note that the law of S, is the same as that of (1/1/n) (wy, , . .., wy,),
and compare your result with Theorem 5.2.3.

2.3 The Gartner—Ellis Theorem

Cramér’s theorem (Theorem 2.2.30) is limited to the i.i.d. case. However,
a glance at the proof should be enough to convince the reader that some
extension to the non-i.i.d. case is possible. It is the goal of this section to
present such an extension. As a by-product, a somewhat stronger version
of Theorem 2.2.30 follows. (See Exercise 2.3.16.) Simple applications are
left as Exercises 2.3.19 and 2.3.23, whereas Section 3.1 is devoted to a class
of important applications, the large deviations of the empirical measure for
finite state Markov chains.

Consider a sequence of random vectors Z,, € IRd, where Z,, possesses
the law p,, and logarithmic moment generating function

An(N)Z2 log E [e70)]. (2.3.1)

The existence of a limit of properly scaled logarithmic moment gen-
erating functions indicates that w, may satisfy the LDP. Specifically, the
following assumption is imposed throughout this section.

Assumption 2.3.2 For each A € RY, the logarithmic moment generating
function, defined as the limit

1
2 lim — An(n))

n—oo N

A(N)

ezists as an extended real number. Further, the origin belongs to the interior
of DAZ{A € R*: A()\) < o0}.

In particular, if p, is the law governing the empirical mean S, of iid.
random vectors X; € IR, then for every n € Z,,

1 An(n)) = A(A)élog E[e<A’X1>] ,
n

and Assumption 2.3.2 holds whenever 0 € Dg.

Let A*(-) be the Fenchel-Legendre transform of A(-), with Dp- = {z €
R? : A*(x) < oo}. Motivated by Theorem 2.2.30, it is our goal to state
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conditions under which the sequence u, satisfies the LDP with the rate
function A*.

Definition 2.3.3 y € R is an exposed point of A* if for some A € IR?
and all x # vy,
Ay) = A (y) > (A z) — A (2) . (2.3.4)

Ain (2.3.4) is called an exposing hyperplane.

Definition 2.3.5 A convex function A : RY — (—o0,c] is essentially
smooth if:

(a) DY is non-empty.

(b) A(-) is differentiable throughout DY.

(c) A(-) is steep, namely, lim, .o |[VA(N,)| = co whenever {\,} is a se-
quence in DY converging to a boundary point of DY .

The following theorem is the main result of this section.

Theorem 2.3.6 (Géartner—Ellis) Let Assumption 2.3.2 hold.
(a) For any closed set F,

1
lim sup - log pn(F) < — inf A*(z). (2.3.7)

n—oo zel

(b) For any open set G,

lim inf 1 log pn(G) > — inf A*(x), (2.3.8)
n

n—00 - zeGnF

where F is the set of exposed points of A* whose exposing hyperplane belongs
to DY.
(c) If A is an essentially smooth, lower semicontinuous function, then the

LDP holds with the good rate function A*().

Remarks:

(a) All results developed in this section are valid, as in the statement (1.2.14)
of the LDP, when 1/n is replaced by a sequence of constants a, — 0, or
even when a continuous parameter family {x.} is considered, with Assump-
tion 2.3.2 properly modified.

(b) The essential ingredients for the proof of parts (a) and (b) of the
Gértner—Ellis theorem are those presented in the course of proving Cramér’s
theorem in IR%; namely, Chebycheff’s inequality is applied for deriving the
upper bound and an exponential change of measure is used for deriving the
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AN y

Figure 2.3.1: A1 — A3 are steep; A4 is not.

A

lower bound. However, since the law of large numbers is no longer available
a priori, the large deviations upper bound is used in order to prove the lower
bound.

(¢) The proof of part (c) of the Gértner—Ellis theorem depends on rather in-
tricate convex analysis considerations that are summarized in Lemma 2.3.12.
A proof of this part for the case of Dy = IRY, which avoids these convex
analysis considerations, is outlined in Exercise 2.3.20. This proof, which is
similar to the proof of Cramér’s theorem in IR?, is based on a regulariza-
tion of the random variables Z,, by adding asymptotically negligible Normal
random variables.

(d) Although the Gartner—Ellis theorem is quite general in its scope, it does
not cover all IR? cases in which an LDP exists. As an illustrative example,
consider Z,, ~ Exponential(n). Assumption 2.3.2 then holds with A(A) =0
for A < 1 and A(M\) = oo otherwise. Moreover, the law of Z,, possesses the
density ne™"*1jg o) (), and consequently the LDP holds with the good rate
function I(z) = z for x > 0 and I(x) = oo otherwise. A direct computation
reveals that I(-) = A*(-). Hence, F = {0} while Dy~ = [0,00), and there-
fore the Gértner—Ellis theorem yields a trivial lower bound for sets that do
not contain the origin. A non-trivial example of the same phenomenon is
presented in Exercise 2.3.24, motivated by the problem of non-coherent de-
tection in digital communication. In that exercise, the Géartner—Ellis method
is refined, and by using a change of measure that depends on n, the LDP
is proved. See also [DeZ95] for a more general exposition of this approach
and [BryD97] for its application to quadratic forms of stationary Gaussian
processes.

(e) Assumption 2.3.2 implies that A*(z) < liminf, . A (z) for A% (z) =
sup\{(\,z) — n7'A,(n)\)}. However, pointwise convergence of A*(z) to
A*(z) is not guaranteed. For example, when P(Z, = n~!) = 1, we have
An,(A) = A/n — 0 = A()), while A%(0) = oo and A*(0) = 0. This phe-
nomenon is relevant when trying to go beyond the Gértner—Ellis theorem,
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as for example in [Zab92, DeZ95]. See also Exercise 4.5.5 for another moti-
vation.

Before bringing the proof of Theorem 2.3.6, two auxiliary lemmas are
stated and proved. Lemma 2.3.9 presents the elementary properties of A
and A*, which are needed for proving parts (a) and (b) of the theorem, and
moreover highlights the relation between exposed points and differentiability
properties.

Lemma 2.3.9 Let Assumption 2.3.2 hold.

(a) A(N\) is a convex function, A(N\) > —oo everywhere, and A*(x) is a good
convex rate function.

(b) Suppose that y = VA(n) for some n € D. Then

A (y) = (n,y) — An). (2.3.10)

Moreover y € F, with n being the exposing hyperplane for y.

Proof: (a) Since A,, are convex functions (see the proof of part (a) of
Lemma 2.2.5), so are A, (n-)/n, and their limit A(-) is convex as well. More-
over, A, (0) = 0 and, therefore, A(0) = 0, implying that A* is nonnegative.

If A(\) = —oo for some A € IR?, then by convexity A(a)) = —oo for all
a € (0,1]. Since A(0) = 0, it follows by convexity that A(—a)) = oo for
all a € (0,1], contradicting the assumption that 0 € D{. Thus, A > —oo
everywhere.

Since 0 € Dg, it follows that §075 C D{ for some 6 > 0, and ¢ =
SUD)\ B, , A(M\) < oo because the convex function A is continuous in Dg.

(See Appendix A.) Therefore,
A(@) = sup {{Ax) = AN}

\EBo,s
>  sup (A\zx)— sup A(N) =dlz|—c. (2.3.11)
)\GEO‘(; )\GEQJ

Thus, for every a < 0o, the level set {x : A*(z) < a} is bounded. The func-
tion A* is both convex and lower semicontinuous, by an argument similar
to the proof of part (a) of Lemma 2.2.5. Hence, A* is indeed a good convex
rate function.

(b) The proof of (2.3.10) is a repeat of the proof of part (b) of Lemma
2.2.31. Suppose now that for some z € IR%,

A(n) = (n,y) = A"(y) < (n.2) — A" () .
Then, for every 8 € RY,

(0,2) < A(n+0) — An).
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In particular,

1
(0,2) < lim © [A(y +e0) — A(n)] = (0, VA())
Since this inequality holds for all § € IRY, necessarily z = VA(n) = y.
Hence, y is an exposed point of A*, with exposing hyperplane n € D{. [

For every non-empty convex set C, the relative interior of C, denoted
ri C, is defined as the set

riCé{yGC: x€C = y—e(x—y) e C for some € > 0}.

Various properties of the relative interiors of convex sets are collected in
Appendix A.

The following lemma, which is Corollary 26.4.1 of [Roc70], is needed for
proving part (c) of the Gartner—Ellis theorem.

Lemma 2.3.12 (Rockafellar) If A : IR — (—o0, 00| is an essentially
smooth, lower semicontinuous, conver function, then i Da+ C F.

Proof: The proof is based on the results of Appendix A. Note first that
there is nothing to prove if D+ is empty. Hence, it is assumed hereafter
that Dp« is non-empty. Fix a point x € ri Dy« and define the function

AN *
FO=AQ) = (A z) + A% (2)
If f(A) = 0, then clearly A belongs to the subdifferential of A*(-) at x.
(Recall that for any convex function g(z), the subdifferential at « is just the
set {\: g(y) > g(x) + (\,y — z) Yy € R?}.) The proof that = € F is based
on showing that such a X exists and that it belongs to Dg.

Observe that f : R? — [0,00] is a convex, lower semicontinuous func-
tion, and infycrae f(A) = 0. It is easy to check that the Fenchel-Legendre
transform of f(-) is f*(-) = A*(- + ) — A*(x). Therefore, with € ri Dy~
it follows that 0 € riDy«. By Lemma A.2, there exists an n € Dy such
that f(n) = 0. Let A(-) = A(- + 1) — A(n). By our assumptions, A(-) is an
essentially smooth, convex function and /~X(O) = 0. Moreover, it is easy to
check that A*(z) = f(n) = 0. Consequently, by Lemma A.5, A(-) is finite
in a neighborhood of the origin. Hence, n € D{ and by our assumptions
f(-) is differentiable at n. Moreover, f(n) = infycgae f(A), implying that
Vf(n)=0,ie., z=VA(n). It now follows by part (b) of Lemma 2.3.9 that
x € F. Since this holds true for every = € ri Dp~, the proof of the lemma is
complete. O
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*
A(x)
DA* = (—a, b)
ri 'DA* =5 (——a, b)
{ F= (_a1 b)
/.|~ exposing hyperplane
-a A/ b X
*

+ \ A(x) + 0
'DAt = (—a, b}
ri Dp» = (—a,b)
F = (—a,c)

-a c b x

Figure 2.3.2: Dp~, ri Dp~, and F.

Proof of the Giartner—Ellis theorem: (a) The upper bound (2.3.7)
for compact sets is established by the same argument as in the proof of
Cramér’s theorem in IR?. The details are omitted, as they are presented
for a more general setup in the course of the proof of Theorem 4.5.3. The
extension to all closed sets follows by proving that the sequence of measures
{pn} is exponentially tight. To this end, let u; denote the jth unit vector
in IRY for j = 1,...,d. Since 0 € Dg, there exist §; > 0, n; > 0 such
that A(fju;) < oo and A(—n;u;) < oo for j = 1,...,d. Therefore, by
Chebycheft’s inequality,

13, (=00, —p]) < exp(—nm;p + Ap(—nmyuy)),
(19, 5<)) < exp(—nfip + An(nbyuy)), j=1,....d,
where p/, j =1,...,d are the laws of the coordinates of the random vector

Z,. Hence, for j =1,...,d,

1 .
lim limsup — log p/,((—o0, —p]) = —o0,
n

p—00 N—00

1 )
lim limsup o log i, ([p, 00)) = —o0 .

p—00 N—00
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Consequently, by the union of events bound, and Lemma 1.2.15, lim,_, o
limsup,,_, % log jin, (([—p, p]?)¢) = —o0, i.e., {t, } is an exponentially tight
sequence of probability measures.

(b) In order to establish the lower bound (2.3.8) for every open set, it suffices
to prove that for all y € F,

1

;H% liminf — log pn(By,s) > —A*(y). (2.3.13)
—0 n—oo N

Fix y € F and let n € D{ denote an exposing hyperplane for y. Then, for

all n large enough, A, (nn) < oo and the associated probability measures

i, are well-defined via

dfin
G (2) = eplnfi,2) = An(n)].

After some calculations,

1 1 1 ) e

o log in(Bya) = 3 A~ ()4 log [ e, )

n n n 2€B,s

1 1 .
2 — Ay (nn) = (n,y) — Inlo + — log fin(By,s) -

Therefore,

1
lim lim inf — log pn(By,s)

d—0 n—oo N

1
> An) — (n,y) + lim lim inf - log fin(By.s)

> —A*(y) + hné lim 1nf — log un(B% ), (2.3.14)
0—0 n—oo N
where the second inequality follows by the definition of A* (and actually
holds with equality due to (2.3.10)).

Here, a new obstacle stems from the removal of the independence assump-
tion, since the weak law of large numbers no longer applies. Our strategy
is to use the upper bound proved in part (a). For that purpose, it is first
verified that fi,, satisfies Assumption 2.3.2 with the limiting logarithmic mo-
ment generating function A(-)2A(- +n) — A(n). Indeed, A(0) = 0, and since
n € DY, it follows that A(\) < oo for all |A| small enough. Let A,,(-) denote
the logarithmic moment generating function corresponding to the law fi,.
Then for every A\ € RY,

Ralh) & Siog| [ e a2
— % An(n(X+1)) — % An(nm) — A(N)

S|
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because A, (nn) < oo for all n large enough. Define

A*(x)g)\seuﬂgd{@, x) — /~\()\)} =A(z) — (n,z) + A(n) . (2.3.15)

Since Assumption 2.3.2 also holds for fi,, it follows by applying Lemma
2.3.9 to A that A* is a good rate function. Moreover, by part (a) earlier, a
large deviations upper bound of the form of (2.3.7) holds for the sequence
of measures fi,, and with the good rate function A*. In particular, for the

closed set By 5, it yields

1 ~ -
lim sup - log fin (Bys) < — inf A"(z) = —A"(z0)

n—oo wEB;,é

for some xg # y, where the equality follows from the goodness of A*(-). Re-
call that y is an exposed point of A*, with 1 being the exposing hyperplane.
Hence, since A*(y) = [(n,y) — A(n)], and o # ¥,

A (o) = [A" (o) — (n,20)] — [A*(y) — (n,)] > 0.

Thus, for every § > 0,

. 1 ~ e
llv?isolip - log fin(By 5) < 0.
This inequality implies that fi,(B; ;) — 0 and hence fi,,(B,,s) — 1 for all
0 > 0. In particular,

ST | .

lim liminf > log fin(By,6) =0,
and the lower bound (2.3.13) follows by (2.3.14).
(¢) In view of parts (a) and (b) and Lemma 2.3.12, it suffices to show that
for any open set G,

inf  A%(z) < inf A%(x).
€GN Dy« z€G

There is nothing to prove if G N Dy~ = @. Thus, we may, and will, assume
that Dp~ is non-empty, which implies that there exists some z € ri Dj-~.
Fix y € G N Dp«. Then, for all sufficiently small a > 0,

az+ (1 —a)y € GNriDy-.
Hence,

inf  A%(2) < lim A*(az+ (1 —a)y) < A*(y).
zEGNI1 Dy« aN\0



2.3 THE GARTNER-ELLIS THEOREM 51

(Consult Appendix A for the preceding convex analysis results.) The arbi-
trariness of y completes the proof. |

Remark: As shown in Chapter 4, the preceding proof actually extends
under certain restrictions to general topological vector spaces. However,
two points of caution are that the exponential tightness has to be proved
on a case-by-case basis, and that in infinite dimensional spaces, the convex
analysis issues are more subtle.

Exercise 2.3.16 (a) Prove by an application of Fatou's lemma that any log-
arithmic moment generating function is lower semicontinuous.

(b) Prove that the conclusions of Theorem 2.2.30 hold whenever the logarith-
mic moment generating function A(-) of (2.2.1) is a steep function that is finite
in some ball centered at the origin.

Hint: Assumption 2.3.2 holds with A(-) being the logarithmic moment gen-
erating function of (2.2.1). This function is lower semicontinuous by part (a).
Check that it is differentiable in D and apply the Gartner—Ellis theorem.

Exercise 2.3.17 (a) Find a non-steep logarithmic moment generating func-
tion for which 0 € Dg.

Hint: Try a distribution with density g(z) = Ce~1*l /(1 + |2[9+2).

(b) Find a logarithmic moment generating function for which F = By, for
some a < 00 while Dy« = R

Hint: Show that for the density g(x), A(\) depends only on |A| and Dy =
Bo,. Hence, the limit of [VA()\)| as |[A| /' 1, denoted by a, is finite, while
A (z) = || — A(1) for all x ¢ By 4.

Exercise 2.3.18 (a) Prove that if A(-) is a steep logarithmic moment gener-
ating function, then exp(A(:)) — 1 is also a steep function.

Hint: Recall that A is lower semicontinuous.

(b) Let X be IR%valued i.i.d. random variables with a steep logarithmic mo-
ment generating function A such that 0 € D}. Let N(¢) be a Poisson process
of unit rate that is independent of the X variables, and consider the random

variables
N(n)

X;.

Jj=1

[1>
S|

S

Let p,, denote the law of S’n and prove that p,, satisfies the LDP, with the rate
function being the Fenchel-Legendre transform of eA) — 1.

Hint: You can apply part (b) of Exercise 2.3.16 as N(n) = >°7_, Nj, where
N; are i.i.d. Poisson(1) random variables.

Exercise 2.3.19 Let N(n) be a sequence of nonnegative integer-valued ran-
dom variables such that the limit A(A) = lim,, o 2 log E[e*"(™)] exists, and

0 € D}. Let X; be IR%valued i.i.d. random variables, independent of {N(n)},
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with finite logarithmic moment generating function Ax. Let u, denote the law

of
N(n)

1
Zné; 3 X
j=1

(a) Prove that if the convex function A(:) is essentially smooth and lower
semicontinuous, then so is A(Ax(+)), and moreover, A(Ax(+)) is finite in some
ball around the origin.

Hint: Show that either Dy = (—o00,a] or Dy = (—00,a) for some a > 0.
Moreover, if a < 0o and Ax(-) < a in some ball around A, then Ax()\) < a.
(b) Deduce that {p,,} then satisfies the LDP with the rate function being the
Fenchel-Legendre transform of A(Ax(-)).

Exercise 2.3.20 Suppose that Assumption 2.3.2 holds for Z,, and that A(-)
is finite and differentiable everywhere. For all § > 0, let Z,, s = Z,, + \/0/nV,
where V is a standard multivariate Normal random variable independent of Z,,.
(a) Check that Assumption 2.3.2 holds for Z,, 5 with the finite and differentiable
limiting logarithmic moment generating function As(\) = A()\) + §|A2/2.

(b) Show that for any x € IR?, the value of the Fenchel-Legendre transform of
As does not exceed A*(x).

(c) Observe that the upper bound (2.3.7) for F = IR® implies that Dy~ is
non-empty, and deduce that every = € R is an exposed point of the Fenchel—-
Legendre transform of As(-).

(d) By applying part (b) of the Gartner—Ellis theorem for Z,, 5 and (a)—(c) of
this exercise, deduce that for any x € R? and any € > 0,

1
liminf — log P(Zp5 € By c2) > —A* (). (2.3.21)
n—oo N
(e) Prove that
. 1 €
limsup — log P (\/6/n|V| > 6/2) <o (2.3.22)

(f) By combining (2.3.21) and (2.3.22), prove that the large deviations lower
bound holds for the laws p,, corresponding to Z,.

(g) Deduce now by part (a) of the Gartner—Ellis theorem that {u,} satisfies
the LDP with rate function A*.

Remark: This derivation of the LDP when D, = IR? avoids Rockafellar’s
lemma (Lemma 2.3.12).

Exercise 2.3.23 Let X1,...,X,,,... be a real-valued, zero mean, stationary
Gaussian process with covariance sequence R;2E(X,, X, ;). Suppose the pro-
cess has a finite power P defined via PZ£ lim,, o > . R; (1 - %) Let

14, be the law of the empirical mean S,, of the first n samples of this process.
Prove that {,,} satisfy the LDP with the good rate function A*(z) = 22 /2P.
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Exercise 2.3.24 [Suggested by Y. Kofman]. This exercise presents yet an-
other example of an LDP in IR that is not covered by the Gartner—Ellis theorem,
but that may be proved by perturbing the change of measure arguments, al-
lowing the change of measure parameter to depend on n.

The motivation for the exercise comes from the problem of non-coherent
detection in digital communication. The optimal receiver for the detection of
orthogonal signals in Gaussian white noise forms from the signal received the

random variable
N2 (N /VE+ Jen)?
n

n =

where Ny, Ny are independent standard Normal random variables (quadrature
noise), ¢ (signal) is some deterministic positive constant, and n is related to the
signal-to-noise ratio. (See [Pro83, section 4.3.1, pages 205-209].) The optimal
receiver then makes the decision “signal is present” if Z,, < 0.

The error probability, in this situation, is the probability P(Z,, > 0). More
generally, the probabilities P(Z,, > z) are of interest.
(a) Show that

Le=Aen/(EX) if X € (-1,1)

E(e"7r) = { Vieaz

00 otherwise,
Ac :
A()\){ EEESY |f)\€(71,1)
o0 otherwise,

and

A*(x) _ { (\/E_\/__x)2 RS _0/4

(x+¢/2) , x> —c/4.

Thus, Dy~ = IR while F = (—o0, —c/4).
(b) Check that the Gartner—Ellis theorem yields both the large deviations upper
bound for arbitrary sets and the correct lower bound for open sets G C F.
(c) Generalize the lower bound to arbitrary open sets. To this end, fix z > —c/4
and define the measures fi,, as in the proof of the Gartner—Ellis theorem, ex-
cept that instead of a fixed 7 consider 1, = 1 — 1/[2n(z + ¢/4 + r,,)], where
r, — 0 is a sequence of positive constants for which nr,, — oco. Show that
n~llog E (exp(nn,Z,)) — —c/2 and that under ji,,, N1/\/n ( and No/\/n)
are independent Normal random variables with mean —y/c/2 + o(r,,) (respec-
tively, 0) and variance o(r,,) (respectively, 2(z + ¢/4 + r,)). Use this fact to
show that for any 6,

fn(z— 06,24+ 9)
> o (M0 € (VT =572~ VB, VeI 73 - V)
“fin (Ng/\/T_LE <\/2z+c/2—6,\/2z+c/2+5>> >c,
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where ¢1 is a constant that depends on ¢ and ¢ but does not depend on n.
Deduce that for every § > 0, liminf,, . fin((z — 9,2+ 9)) > 0, and complete
the construction of the lower bound.

Remarks:
(a) By a direct computation (c.f. [Pro83]),

P(Zy > 0) = 22(Ven)(1 = (ven)),

where ®(z) = (1/v2m) [*_ e=9°/249.
(b) The lower bound derived here completes the upper bounds of [SOSL85,
page 208] and may be extended to M-ary channels.

Exercise 2.3.25 Suppose that 0 € DY for A(A\) = limsup,,_,., n 1A, (n)).
(a) Show that Lemma 2.3.9 and part (a) of the Girtner—Ellis theorem hold
under this weaker form of Assumption 2.3.2.

(b) Show that if z = VA(0) then P(|Z,, — z| > ) — 0 exponentially in n for
any fixed § > 0 (sometimes called the exponential convergence of Z, to z).
Hint: Check that A*(z) > A*(z) = 0 for all z # z.

Exercise 2.3.26 Let Z, = > I lnzn)Yf, where Y; are real-valued i.i.d.
random variables an > > e 2> 2 are non-
N(0,1) rand bles and {n{™ > 73" e >0

random such that the real-valued sequence {771 )} converges to M < oo and
the empirical measuren™t Y"1 | § () converges in law to a probability measure
w. Define A(0) = —0.5 [ log( 1 - 2977) (dn) for 8 < 1/(2M) and A(0) = 0
otherwise.

(a) Check that the logarithmic moment generating functions A,, of Z,, satisfy
n~1A,(nd) — A(0) for any 0 # 1/(2M).

(b) Let 2o = limg 1 /(20r) A'(€). Check that the Gartner—Ellis theorem yields
for Z, and the good rate function A*(-) both the large deviations upper
bound for arbitrary sets and the lower bound for any open set intersect-
ing F = (—o00,xp). Show that, moreover, the same lower bounds apply to
T = Zn —n MY,

(c) Verify that A*( ) = A*(x9) + (x — x0)/(2M) for any = > xo.

(d) Complete the large deviations lower bound for G = (z,00), any = > xq,
and conclude that Z,, satisfies the LDP with the good rate function A*(-).
Hint: P(n~'Z, > 2) > P(n"'Z, > 20 — 6)P(n~ '\ Y2 > z — 29 + 6) for
all 6 > 0.

Remark: Let X;,...,X,,... be a real-valued, zero mean, stationary Gaus-
sian process with covariance E(X, X, +r) = (27)~ f% e'*s f(s)ds for some
f:0, 27r] — [0, M]. Then, Z, =n~'>_"" | X? is of the form considered here

with nl m) being the eigenvalues of the n-dimensional covariance Toeplitz ma-
trix associated with the process {X;}. By the limiting distribution of Toeplitz
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matrices (see [GS58]) we have u(T') = (27)~! f{s:f(s)er} ds with the corre-
sponding LDP for Z,, (c.f. [BGR97]).

Exercise 2.3.27 Let X; be IR%valued i.i.d. random variables with an ev-
erywhere finite logarithmic moment generating function A and a; an abso-
lutely summable sequence of real numbers such that Y ;° __a; = 1. Consider
the normalized partial sums Z, = n~! Z?zl Y; of the moving average pro-
cess Y; = Zfi_oo a;j+;X;. Show that Assumption 2.3.2 holds, hence by the
Gartner—Ellis theorem Z,, satisfy the LDP with good rate function A*.

Hint: Show that n=' >0 ¢(> 717, a;) — ¢(1) for any ¢ : R — R
continuously differentiable with ¢(0) = 0.

2.4 Concentration Inequalities

The precise large deviations estimates presented in this chapter are all re-
lated to rather simple functionals of an independent sequence of random
variables, namely to empirical means of such a sequence. We digress in this
section from this theme by, while still keeping the independence structure,
allowing for more complicated functionals. In such a situation, it is often
hopeless to have a full LDP, and one is content with the rough concen-
tration properties of the random variables under investigation. While such
concentration properties have diverse applications in computer science, com-
binatorics, operations research and geometry, only a few simple examples
are presented here. See the historical notes for partial references to the
extensive literature dealing with such results and their applications.

In Section 2.4.1, we present concentration inequalities for discrete time
martingales of bounded differences and show how these may apply for cer-
tain functionals of independent variables. Section 2.4.2 is devoted to Tala-
grand’s far reaching extensions of this idea, extensions whose root can be
traced back to isoperimetric inequalities for product measures.

In order not to be distracted by measureability concerns, we assume
throughout this section that ¥ is a Polish space, that is, a complete separable
metric space. To understand the main ideas, suffices to take ¥ = {0,1}. In
applications, ¥ is often either a finite set or a subset of IR.

2.4.1 Inequalities for Bounded Martingale Differences

Our starting point is a bound on the moment generating function of a ran-
dom variable in terms of its maximal possible value and first two moments.
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Lemma 2.4.1 (Bennett) Suppose X < b is a real-valued random variable
with T = E(X) and E[(X —7)?] < 02 for some o > 0. Then, for any A > 0,

(b—7)%  _as? o?

AXY\ o AT — A(b—T)
E(e)<e {(b—x)2+026 b —|—(b_f)2+0_26 } (2.4.2)

Proof: In case b = 7, it follows that X = T almost surely and (2.4.2)
trivially holds with equality for any o > 0. Similarly, (2.4.2) trivially holds
with equality when A = 0. Turning to deal with the general case of b > T
and A > 0, let YEXN(X — T), noting that Y < A(b— Z)2m is of zero mean
and EY? < \2022¢. Thus, (2.4.2) amounts to showing that

2 v

Y m —v/m m o__ Yo
E(e )§m2—|—ve / +m2+ve = E(e'), (2.4.3)

for any random variable Y < m of zero mean and E(Y2) < v, where
the random variable Y, takes values in {—v/m,m}, with P(Y, = m) =
v/(m? +v). To this end, fix m,v > 0 and let ¢(-) be the (unique) quadratic
function such that f(y)2é(y) — e is zero at y = m, and f(y) = f'(y) =0
at y = —v/m. Note that f”(y) = 0 at exactly one value of y, say yo. Since
f(=v/m) = f(m) and f(-) is not constant on [—v/m,m|, it follows that
f'(y) =0 at some y; € (—v/m,m). By the same argument, now applied to
() on [—v/m, 1], also yo € (—v/m,y1). With f(-) convex on (—o0,yo],
minimal at —v/m, and f(-) concave on [y, c0), maximal at yi, it follows
that f(y) > 0 for any y € (—oo,m|. Thus, E(f(Y)) > 0 for any random
variable Y < m, that is,

E(eY) < E(o(Y)), (2.4.4)
with equality whenever P(Y € {— v/m m}) 1. Since f(y) > 0 for y —
—o0, it follows that ¢”(0) = ¢"”(y) > 0 (recall that ¢(-) is a quadratic
function). Hence, for Y of zero mean, E (¢(Y)), which depends only upon

E(Y?), is a non-decreasing function of E(Y?). It is not hard to check that
Y,, taking values in {—v/m,m}, is of zero mean and such that E(Y?) =
v > 0. So, (2.4.4) implies that

E(eY) < B(¢(Y)) < BE(#(Y,)) = E(e™) .
establishing (2.4.3), as needed. O

Specializing Lemma 2.4.1 we next bound the moment generating func-
tion of a random variable in terms of its mean and support.

Corollary 2.4.5 Fix a < b. Suppose that a < X < b is a real-valued
random variable with T = E(X). Then, for any A\ € R,

;;e : (2.4.6)
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Proof: Set 02 = (b—7)(T—a). If ¢ = 0 then either X = 7 = a almost surely
or X =T = b almost surely, with (2.4.6) trivially holding with equality in
both cases. Assuming hereafter that o > 0, since 22 — (a + b)x + ab < 0
for any x € [a,b], integrating with respect to the law of X we conclude
that E[(X —7)?] < (b—17)(T — a) = o2. Setting this value of 02 in (2.4.2)
we recover (2.4.6) for any A > 0. In case A < 0 we apply (2.4.6) for
—A > 0 and the random variable —X € [—b, —a] of mean —7 for which also
E[(X —7)%] <o O

As we see next, Lemma 2.4.1 readily provides concentration inequalities

for discrete time martingales of bounded differences, null at 0.

Corollary 2.4.7 Suppose v > 0 and the real valued random variables {Y,, :
n=1,2,...} are such that both Y, <1 almost surely, and E[Y,|S,-1] =0,
E[Y?2|S,-1] < v for S,2 ZJ 1Y, So =0. Then, for any A > 0,

—vA A
—l—Ue n
E [erSn <(76 ) ) 2.4.8
[e ] — 1 v ( )

Moreover, for all z > 0,

P(n™'S, > ) < exp(an a: tv )

1+vw 1—|—U

where H (p|po)=plog(p/po) + (1 — p)log((1 — p)/(1 — po)) for p € [0,1] and
H(p|po) = oo otherwise. Finally, for all y >0,

(2.4.9)

P(nfl/QSn > y> < 6*2y2/(1+”)2 . (2410)

Proof: Applying Lemma 2.4.1 for the conditional law of Y} given Si_q,
k=1,2,..., for whichZ =0, b= 1 and 02 = v, it follows that almost surely

efv)\ + ve)‘

E(eM*|S,_1) <
(e Sk-1) < o

(2.4.11)

In particular, Sy = 0 is non-random and hence (2.4.11) yields (2.4.8) in case
of k = n = 1. Multiplying (2.4.11) by e***~1 and taking its expectation,
results with

e—v>\ + ,Ue)\
1+v

Tterating (2.4.12) from k& = n to k = 1, establishes (2.4.8).
Applying Chebychefl’s inequality we get by (2.4.8) that for any =, A > 0,

B[eX) = Ble*-1 B[ |S,1] < BleS-] (24.12)

—vA
+vet\ "
P(n1S, > z) < e MeE [X50] < —W(ei) . (2413
(n >z)<e [e}n] <e 7o ( )
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For € [0,1) the inequality (2.4.9) follows when considering A = (1 4+
v)"tlog((z+v)/v(1—x)) in (2.4.13). The case of x = 1 in (2.4.9) is similar,
now considering A — oo in (2.4.13). Since n~1S,, < 1 almost surely, (2.4.9)
trivially holds for any = > 1.

Note that H (po|po) = 0 and dH (p|po)/dp = log(p(1—po))—log(po(1—p))
is zero for p = pg, whereas d*>H (p|po)/dp?> = 1/(p(1 — p)) > 4 for any
p.po € (0,1). Consequently, H(p|po) > 2(p — po)? for any p,po € [0,1], and
setting = n~1/2y, (2.4.10) directly follows from (2.4.9). O

A typical application of Corollary 2.4.7 is as follows.

Corollary 2.4.14 Let Z,, = gn(X1,...,Xy) for independent X-valued ran-
dom wvariables {X;} and real-valued, measurable g,(-). Let {X;} be an in-
dependent copy of {X;}. Suppose that for k=1,...,n,

lgn (X1, .. Xn) — gn(X1, oo Xmt, Xy Xog1s -, X)) <1, (2.4.15)

almost surely. Then, for all x > 0,

1,1
P(n™H(Zn — EZ,) > x) < eXp(—nH(x;_ 5)) , (2.4.16)
and for all y > 0,
P(nV2(Z, — EZ,) > y) < eV /2. (2.4.17)

Proof: For k = 1,...,n let Sy2E[Z,|X1,...,Xx] — EZ, with Sy20. In
particular, S, = Z,, — EZ,, and Y25 — Si_1 is such that

E[Yy|Sk—1] = E[E[Y3] X1, ..., Xk—1][Sk—1] = 0.

Moreover, integrating (2.4.15) with respect to Xi, Xit1s -, X, results
with

|Elgn(X1,. ., X0) — gn(X1, ., Xy oo, X)) | X0, X <1, (2.4.18)

almost surely. The mutual independence of {X;} and X implies in partic-
ular that

Elgn(X1, .., X)) | X1, .., Xt FEgn (X1, Xy, X)) | X, Xl
=FElgn(X1, .y Xiey oo o, Xn)| X1,y oo, Xi]
and hence |Y;| < 1 almost surely by (2.4.18). Clearly, then E[Y}2[Sk_1] <

1, with (2.4.16) and (2.4.17) established by applying Corollary 2.4.7 (for
v=1). O
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Remark: It is instructive to note that a slightly stronger version of (2.4.17)
can be obtained while bypassing Bennett’s lemma (Lemma 2.4.1). See Ex-
ercise 2.4.22 for more details about this derivation, starting with a direct
proof of (2.4.6).

We conclude this section with a representative example for the applica-
tion of Corollary 2.4.14. It arises in the context of bin-packing problems in
computer science and operations research (See also Exercise 2.4.44 for an
improvement using Talagrand’s inequalities). To this end, let

Bu(x) = min{N :3{i}q, {5;"}_, such that
N N ié iz
Stiv=n,J YU =1 nh Y ap <1},
(=1 {=1m=1 m=1

denote the minimal number of unit size bins (intervals) needed to store
x = {zp : 1 < k < n}, and E,2E(B,(X)) for {X;} independent [0, 1]-
valued random variables.

Corollary 2.4.19 For any n,t > 0,
P(|Bn(X) - En| Z t) S 2€Xp(7t2/2n) .

Proof: Clearly, |B,(x) — B,(x')] < 1 when x and x’ differ only in one
coordinate. It follows that B, (X) satisfies (2.4.15). The claim follows by
an application of (2.4.17), first for Z, = B,(X), y = n~'/?t, then for
Z, = —B,(X). O

Exercise 2.4.20 Check that the conclusions of Corollary 2.4.14 apply for
Zy = |22)_, €jaj| where {¢;} are i.id. such that P(e; = 1) = P(e; = —1) =
1/2 and {x;} are non-random vectors in the unit ball of a normed space (X, |-]).
Hint: Verify that |E[Z,|€1,...,ex] — E[Z,]e1, ..., ex-1]] < 1.

Exercise 2.4.21 Let B(u)22u=2[(1 + u)log(1 + u) — u] for u > 0.

(a) Show that for any z,v > 0,

H(ilen) 2 50 ()
1+vll+4w 2v v

hence (2.4.9) implies that for any z > 0,

P(S, > z) <ex (—Z—ZB (E))
n= %)= OXp 2nv v/’

(b) Suppose that (S, ;) is a discrete time martingale such that Sy = 0 and
Y28y, — Sk—1 < 1 almost surely. Let Q,=)°" ; E[Y?|F;_1] and show that
for any z,7 > 0,

2

P(Su 2 2Qu <) <exp(~2-B(2)).
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Hint: exp(\S, —0Q,) is an F,, super-martingale for § = e* — X\ —1 > \%/2
and any A > 0.

Exercise 2.4.22 Suppose in the setting of Corollary 2.4.14 that assumption
(2.4.15) is replaced by

190 (X150, Xn) = gn (X1, Xio1, Xiy Xigr, -, X)) < e

forsome ¢y, >0, k=1,...,n.
(a) Applying Corollary 2.4.5, show that for any A € R,

E[EAY’C|S/€_1] < eAzci/S ]

Hint: Check that for any a < b and T € [a, ],

T — ae,\b + b— xexa < AT (0-a)?/8

b—a b—a
Note that given {X1,..., Xx_1}, the martingale difference Y} as a function of
X, is of zero mean and supported on [ay, ai +cx] for some ag (X1, ..., Xk—1).

(b) Deduce from part (a), along the line of proof of Corollary 2.4.7, that for
any z > 0,

P(Zy — EZy > 2) < e 2/ 2k

Remark: Even when ¢, = 1 for all k, this is an improvement upon (2.4.17)
by a factor of 4 in the exponent. Moreover, both are sharper than what follows
by setting r = Y __, ¢ in Exercise 2.4.21 (as B(-) > 1).

2.4.2 Talagrand’s Concentration Inequalities

The Azuma-Hoeffding-Bennett inequalities of Corollary 2.4.14 apply for co-
ordinate wise Lipschitz functions of independent random variables. Tala-
grand’s concentration inequalities to which this section is devoted, also rely
on the product structure of the underlying probability space, but allow for
a much wider class of functions to be considered. As such, they are ex-
tremely useful in combinatorial applications such as Corollary 2.4.36, in
statistical physics applications such as the study of spin glass models, and
in areas touching upon functional analysis such as probability in Banach
spaces (for details and references see the historical notes at the end of this
chapter).

For any n € Z,, let (y,x) = (y1,-.-,Yn,Z1,...,2,) denote a generic
point in (¥")2. Let M, (Q,P) denote the set of all probability measures
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n (¥")? whose marginals are the prescribed probability measures Q and
P on X". That is, if Y,X € X" are such that (Y,X) has the joint law
T € M,(Q,P), then Q is the law of Y and P is the law of X.

For any @ > 0 let ¢, : [0,00) — [0, 00) be such that

1+az)

do(r) = azxlogz — (1 —|—ocx)log( s

Consider the “coupling distance”

w@P)= it S o (e = P,

nkl

between probability measures Q and P on ¥". Here and throughout, for
2= (Yiys--»YinLTjys---5Lj,), 7°(-) denotes the regular conditional prob-
ability distribution of 7 given the o-field generated by the restriction of
()2 to the coordinates specified by z. (Such a conditional probability
exists because (X")? is Polish; c.f. Appendix D.) We also use the notations
k& kAo

ve(y1, ..., uk) and x"2(xy, ..., 28), k=1,...,n

Define the relative entropy of the probability measure v with respect to
we M(X") as

Hvly ) Jsn flog fdu if éd—” exists
o0 otherW1se7

where dv/dp stands for the Radon-Nikodym derivative of v with respect
to p when it exists. As already hinted in Section 2.1.2; the relative en-
tropy plays a crucial role in large deviations theory. See Section 6.5.3 and
Appendix D.3 for some of its properties.

The next theorem, the proof of which is deferred to the end of this
section, provides an upper bound on d,(+,-) in terms of H(-|-).

Theorem 2.4.23 Suppose R =[], Ry is a product probability measure on
3", Then, for any a > 0 and any probability measures P,Q on X",

do(Q,P) < HP|R) + aH(Q|R). (2.4.24)
For a« > 0 and A € Bx» consider the function

4
{I/EMl(

fa(Aa X) 1} Z ¢a {y Yk = xk})) (2'4'25)

For any J C {1,...,n} let pj(A) = {z € ¥" : Jy € A, such that y; = 2z
for all k € J}, noting that p;(A) € Bgn for any such J (since X is Polish,
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see Theorem D.4). As the value of f,(A4,-) is uniquely determined by the
finite length binary sequence {1,,4)(-) : J C {1,...,n}}, it follows that
fa(A,-) is Borel measureable. See also Exercise 2.4.43 for an alternative
representation of f, (A, x).

We next show that concentration inequalities for f,(-,-) are a direct
consequence of Theorem 2.4.23.

Corollary 2.4.26 For any product probability measure R on ¥™, any a >
0,t>0 and A € Bgn,

R({x: fu(A,x) > t})e g/ e R (x) < R(A)™“. (2.4.27)

n

Proof: Fix a product probability measure R, &« > 0 and A € Bgn. The
right inequality in (2.4.27) trivially holds when R(A) = 0. When R(A4) > 0,
set Q(-) = R(-N A)/R(A) for which H(Q|R) = —logR(A4), and P such
that

dP efa(A)
dR [, efs(A9dR(x)’
for which
HPR)= | fu(A x)dP(x)—log / el (A R (x) . (2.4.28)
Zn n

Since (A x {x}) =1 for any 7 € M,,(Q,P) and P almost every x € 7,
it follows that
fa(A,x)dP(x) < do(Q,P) . (2.4.29)
En
Combining (2.4.24) with (2.4.28) and (2.4.29) gives the right inequality in
(2.4.27). For any t > 0, the left inequality in (2.4.27) is a direct application
of Chebycheff’s inequality. O

We next deduce concentration inequalities for

2

g(4,x) sup inf Zﬂklyk#ﬂk , (2.4.30)

(B:181<1} yeA [T
where 8 = (f1,...,0,) € R", out of those for f,(-,-). The function g(A4,-)

is Borel measurable by an argument similar to the one leading to the mea-
surability of f, (A4, ).

Corollary 2.4.31 For any product probability measure R on X", A € Byn,
and any u > 0,

R({x: g(A x) > u})R(A) < e /4. (2.4.32)
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IfR(A) >0 and u > /21og(1/R(A)), then also
R({x: g(A,x) > u}) < exp( —%(u— 2log(1/R(A)))*) . (2.4.33)

Remarks:
(a) For any A € By» and x € X", the choice of S =n~ Y2, k=1,...,n,in
(2.4.30), leads to g(A,x) > n~/2h(A,x), where

n
A
X):;gg ;lyk#xk :

Inequalities similar to (2.4.33) can be derived for n=/2h(-, ) directly out of
Corollary 2.4.14. However, Corollary 2.4.36 and Exercise 2.4.44 demonstrate
the advantage of using g(-,-) over n~/2h(-,-) in certain applications.

(b) By the Cauchy-Schwartz inequality, g(A,x) < y/h(A,x) for any A €
Bs» and any x € X™. It is however shown in Exercise 2.4.45 that inequalities
such as (2.4.33) do not hold in general for \/h(, ).

Proof: Note first that

1y, 4 = inf Ly 2o s
{V€M1(E")V(A) 1} /n Zﬁk wan) V(4Y) vea ,;ﬁk ykF

hence,

g(A,x) = sup inf Zﬁkv {y :ue # z}) -

{(BIBI<1} {reMi(Sm)w(A)=1} =)

By the Cauchy-Schwartz inequality,

g(A,x)? < Zu {y :yp # x1})%. (2.4.34)

{yeMl(E" y(A) 1} P

Since ¢pa(1) = 0, ¢,(1) = 0 and ¢ () = ;afam = 1iq for z € [0,1], it
follows that ¢, (z) > ﬁ(l —1)? for any @ > 0 and any x € [0, 1]. Hence,

by (2.4.25) and (2.4.34), for any a > 0, A € By and x € X7,

2(1+a)

Set t = 5555 )u in (2.4.27) and apply (2.4.35) to get (2.4.32) by choosing
a = 1. For R(A) < 1, the inequality (2.4.33) is similarly obtained by

choosing o = u/+/21og(1/R(A)) — 1 € (0, 00), whereas it trivially holds for
R(A) =1. O

9(A, %)% < fa(A,x) . (2.4.35)
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The next example demonstrates how concentration inequalities for g(-, -)
are typically applied. To this end, let

Zn(x)émax{m:nc;Cl <o <amp, forsome 1<k <---<ky,<n},

m

denote the length of the longest increasing subsequence of x = {z; : 1 <
k <n}, and M, = Median (Z, (X)) for { X} independent random variables,
each distributed uniformly on [0, 1].

Corollary 2.4.36 For anyv € Z,,

2

P(Z,(X) > M, +v) < Qexp(—m) : (2.4.37)
2
P(Zn(X) < M, — ) < 26Xp(— 45\4 ) . (2.4.38)

Proof: Fix v € Z,, and let ¥ = [0,1], with A(j)2{y : Z.(y) < j} C
™ for j € {1,2,...,n}. Suppose x € X" is such that Z,(x) > j + v,
so there exist 1 < k1 < ko < kjio < n with @, < Tpy - < Tp,,-

Hence, Y2717 Ly, #2,,, > v for any y € A(j). Thus, setting By, = 1/V/j +v
for i = 1,...,5+v and B = 0 for k ¢ {ki1,...,kj4o}, it follows that
9(A(j),x) > v/+/j + v. To establish (2.4.37) apply (2.4.32) for A = A(M,,)
and R being Lebesgue’s measure, so that R(A) = P(Z,(X) < M,,) > 1/2,
while

P(Z,(X) > M, +v) <R({x:g9(4,x) >v/\/ M, +v}).
Noting that R(A) = P(Z,(X) < M,,—v) for A = A(M,, —v), and moreover,

5 < P(Za(X) > My) < R({x: g(A, %) > v/ VL))

we establish (2.4.38) by applying (2.4.32), this time for A = A(M,, —v). O

The following lemma, which is of independent interest, is key to the
proof of Theorem 2.4.23.

Lemma 2.4.39 For any a > 0 and probability measures P,Q on %, let
d
AQ(Q,P)é/ go (min{ 22 1})aP |
D) dP

where 3 is such that P(%°) =0 and g—g exists on 3.
(a) There exists 1 € M1(Q, P) such that

/E bo (7" ({y = 2}))dP(z) = A(Q, P) . (2.4.40)



2.4 CONCENTRATION INEQUALITIES 65

(b) For any probability measure R on %,
AL(Q,P) < H(P|R)+ aH(Q|R) . (2.4.41)

Proof: (a) Let (P — Q)+ denote the positive part of the finite (signed)
measure P—(Q while QA P denotes the positive measure P—(P—Q)4+ = Q—
(Q—P)y. Let ¢ = (P—-Q), (X) = (Q — P), (¥). Suppose ¢ € (0,1) and
enlarging the probability space if needed, define the independent random
variables Wy, Wy and Z with Wy ~ (1—¢)"' (QAP), Wa ~ ¢~ (P - Q)
and Z ~ ¢~'(Q— P),. Let I € {1,2} be chosen independently of these
variables such that I = 2 with probability ¢. Set X =Y = W; when
I =1, whereas X = Wy # Y = Z otherwise. If ¢ = 1 then we do not
need the variable W; for the construction of Y, X, whereas for ¢ = 0 we
never use Z and Ws. This coupling (Y, X) ~ m € M;(Q, P) is such that
7({(y,z) :y =z,z € -}) = (Q A P)(-). Hence, by the definition of regular
conditional probability distribution (see Appendix D.3), for every I' € By,
rcx,

/ ({y = 2})P(dx) = / 7 ({(y,7) : y = 2}) P(da)
T I
(UL 2) v = 2})

zel’

d P
anr) = [ 5

implying that 7*({y = z}) = d(Q A P)/dP = min{i—g,l} for P-almost
every z € ¥. With P(X¢) = 0, (2.4.40) follows.

(b) Suffices to consider R such that f = dP/dR and g = dQ/dR exist. Let
Ry = (P+aQ)/(1+ a) so that dR,/dR=h = (f + ag)/(1 + «). Thus,

(x) P(d),

H(P|R)+aH(Q|R) = /E[flogf + aglog g]ldR

> /[flogi—i—ozglogg dR, (2.4.42)
5 h h

since [;,hloghdR = H(R4|R) > 0. Let p2dQ/dP on ¥. Then, on X,
f/h =1+ a)/(1+ ap) and g/f = p, whereas P(%¢) = 0 implying that
g/h = (14 «)/a on 3°. Hence, the inequality (2.4.42) implies that

H(P|R) + aH(Q|R) > / 60 (p)AP + Q) 0n

for vaéalog((l + a)/a) > 0. With ¢4(x) > ¢o(1) = 0 for all > 0, we
thus obtain (2.4.41). ]
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Proof of Theorem 2.4.23: Fixa >0,P, Qand R =[][;_, Ry. For k =

1,...,n,let P,i‘ki1 () denote the regular conditional probability distribution
induced by P on the k-th coordinate given the o-field generated by the

restriction of X" to the first (k — 1) coordinates. Similarly, let Q%kil(-)
be the corresponding regular conditional probability distribution induced
by Q. By part (a) of Lemma 2.4.39, for any kK = 1,...,n there exists a

-1 k-1 k—

T = ﬂ,f e My(QY, 1,P,3‘k71) such that

1 k—1 k—1

/E ba(mi({y = 2})APE " (2) = An(@) L PET)

(recall that 77 denotes the regular conditional probability distribution of 7
given the o-field generated by the = coordinate). Let 7 € M;(%%") denote
the surgery of the mp, k= 1,...,n, that is, for any I' € By2x,

/2 / Ly xyer m1(dyy, dxy) T (dyz,dfw) ynil’xnil(dymdxn)
D)

k—1 k—1

Note that 7 € M,,(Q,P). Moreover, for k =1,...,n, since m, =m,
k— o
e M1(QF ' , P,;‘A 1), the restriction of the regular conditional probability

distribution Wykfl’xn(-) to the coordinates (yx,z)) coincides with that of
wykq*xk(), ie., with m*. Consequently, with E denoting expectations

with respect to 7, the convexity of ¢, () implies that

Ebo(m*({ye = 21}) < E¢a(r¥ X({ye =m}))
= Epa(@¥ X ({y = 21}))
= BEga(m* ({ye = 11}))
= BALQY L PXT.

Hence, for any n, by (2.4.41),

d,(Q,P) < zn:EAa( Yo pETh

k=1
< E[zn:H “Ry) ] +aE[zn:H Y 1|Rk)}
k=1 k=1

Apply Theorem D.13 successively (n — 1) times, to obtain the so-called
chain-rule for relative entropies,

H(PIR) =Y EH(PYX|Ry) .
k=1
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The corresponding identity holds for H(Q|R), hence the inequality (2.4.24)
follows. 0

Exercise 2.4.43 Fix @ > 0 and A € Bgn. For any x € X" let V4(x) denote
the closed convex hull of {(1y,=z,,--;1ly,=s,) Yy € A} C[0,1]". Show that
the measurable function f, (A, ) of (2.4.25) can be represented also as

fa(A4,%x) inf Zgba (sk)

sEVA(x

Exercise 2.4.44 [From [Tal95], Section 6]
In this exercise you improve upon Corollary 2.4.19 in case v2EX? is small by
applying Talagrand's concentration inequalities.
(a) Let A(j)2{y : Bn(y) < j}. Check that B, (x) < 2> }_,zx + 1, and
hence that
Bn(x) < j +2[[x]|29(A(7),%) + 1,
where ||x|[22(325_, 27)"/.
(b) Check that E(exp ||X]|3) < exp(2nv) and hence

P(IX]|> = 2v/0) < exp(~2nv).
(c) Conclude from Corollary 2.4.31 that for any u > 0
P(B,(X) < j)P(Bp(X) > j 4 4uy/nv + 1) < exp(—u?/4) + exp(—2nv).
(d) Deduce from part (c) that, for M,,2Median(B, (X)) and t € (0, 8nv),

P(|Bp(X) — M,| >t +1) < 8exp(—t?/(64nv)) .

Exercise 2.4.45 [From [Tal95], Section 4]
In this exercise you check the sharpness of Corollary 2.4.31.
(a) Let X = {0,1}, and for j € Z., let A(j)2{y : |lyll < j}, where
|[x||2>"_, z. Check that then h(A(j),x) = max{||x||—3j,0} and g(A(j), x)

x)/V/1[x][-
(b) Suppose {Xj} are i.i.d. Bernoulli(j/n) random variables and j,n —
oo such that j/n — p € (0,1). Check that P(X € A(j)) — 1/2 and
P(h(A(j),X) > u) — 1/2 for any fixed u > 0. Conclude that inequalities
such as (2.4.33) do not hold in this case for \/h(, ).
(c) Check that

PUANX) 20— 5 [ el
27 Ju/vi=p
Conclude that for p > 0 arbitrarily small, the coefficient 1/2 in the exponent in
the right side of (2.4.33) is optimal.
Hint: n~'||X|| — p in probability and (np)~1/2(||X|| — j) converges in dis-
tribution to a Normal(0, 1 — p) variable.
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2.5 Historical Notes and References

The early development of large deviation bounds did not follow the order
of our presentation. Statisticians, starting with Khinchin [Khi29], have an-
alyzed various forms of Cramér’s theorem for special random variables. See
[Smi33], [Lin61], and [Pet75] for additional references on this early work.
It should be mentioned in this context that in the early literature, partic-
ularly in the Russian literature, the term large deviations often refers to
refinements of the CLT when an expansion is made not at the mean but
at some other point. For representative examples, see [BoR65], the survey
article by Nagaev [Nag79] and the references there, and the historical notes
of Chapter 3.

Although Stirling’s formula, which is at the heart of the combinatorial
estimates of Section 2.1, dates back at least to the 19th century, the no-
tion of types and bounds of the form of Lemmas 2.1.2-2.1.9 had to wait
until information theorists discovered that they are useful tools for ana-
lyzing the efficiency of codes. For early references, see the excellent book
by Gallager [Ga68], while an extensive use of combinatorial estimates in
the context of information theory may be found in [CsK81]. An excellent
source of applications of exponential inequalities to discrete mathematics
is [AS91]. Non-asymptotic computations of moments and some exponen-
tial upper bounds for the problem of sampling without replacement can be
found in [Kem?73].

The first statement of Cramér’s theorem for distributions on IR pos-
sessing densities is due, of course, to Cramér [Cra38], who introduced the
change of measure argument to this context. An extension to general dis-
tributions was done by Chernoff [Che52], who introduced the upper bound
that was to carry his name. Bahadur [Bah71] was apparently the first
to use the truncation argument to prove Cramér’s theorem in IR with no
exponential moments conditions. That some finite exponential moments
condition is necessary for Cramér’s theorem in IRd, d > 3, is amply demon-
strated in the counterexamples of [Din91], building upon the I continuity
sets examples of [Sla88]. Even in the absence of any finite moment, the
large deviations bounds of Cramér’s theorem may apply to certain subsets
of IR?, as demonstrated in [DeS98]. Finally, the IR? case admits a sharp
result, due to Bahadur and Zabell [BaZ79], which is described in Corol-
lary 6.1.6.

The credit for the extension of Cramér’s theorem to the dependent case
goes to Plachky and Steinebach [PS75], who considered the one-dimensional
case, and to Gértner [G&ar77], who considered Dy = RY. Ellis [ElI84] ex-
tended this result to the steep setup. Section 2.3 is an embellishment of
his results. Sharper results in the i.i.d. case are presented in [Ney83]. In
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the one-dimensional, zero mean case, [Bry93] shows that the existence of
limiting logarithmic moment generating function in a centered disk of the
complex plane implies the CLT.

Exercise 2.3.24 uses the same methods as [MWZ93, DeZ95], and is based
on a detection scheme described in [Pro83]. Related computations and ex-
tensions may be found in [K092]. The same approach is applied by [BryD97]
to study quadratic forms of stationary Gaussian processes. Exercise 2.3.26

provides an alternative method to deal with the latter objects, borrowed
from [BGR97].

Exercise 2.3.27 is taken from [BD90]. See also [JIWR92, JIRW95] for the
LDP in different scales and the extension to Banach space valued moving
average processes.

For more references to the literature dealing with the dependent case,
see the historical notes of Chapter 6.

Hoeffding, in [Hoe63], derives Corollary 2.4.5 and the tail estimates of
Corollary 2.4.7 in the case of sums of independent variables. For the same
purpose, Bennett derives Lemma 2.4.1 in [Benn62]. Both Lemma 2.4.1 and
Corollary 2.4.5 are special cases of the theory of Chebycheff systems; see, for
example, Section 2 of Chapter XIT of [KaS66]. Azuma, in [Azu67], extends
Hoeffding’s tail estimates to the more general context of bounded martingale
differences as in Corollary 2.4.7. For other variants of Corollary 2.4.7 and
more applications along the lines of Corollary 2.4.14, see [McD89]. See also
[AS91], Chapter 7, for applications in the study of random graphs, and
[MiS86] for applications in the local theory of Banach spaces. The bound
of Exercise 2.4.21 goes back at least to [Frd75]. For more on the relation
between moderate deviations of a martingale of bounded jumps (possibly
in continuous time), and its quadratic variation, see [Puk94b, Dem96] and
the references therein.

The concentration inequalities of Corollaries 2.4.26 and 2.4.31 are taken
from Talagrand’s monograph [Tal95]. The latter contains references to ear-
lier works as well as other concentration inequalities and a variety of ap-
plications, including that of Corollary 2.4.36. Talagrand proves these con-
centration inequalities and those of [Tal96a] by a clever induction on the
dimension n of the product space. Our proof, via the entropy bounds of
Theorem 2.4.23, is taken from [Dem97], where other concentration inequal-
ities are proved by the same approach. See also [DeZ96¢, Mar96a, Mar96b,
Tal96b] for similar results and extensions to a certain class of Markov chains.
For a proof of such concentration inequalities starting from log-Sobolev or
Poincaré’s inequalities, see [Led96, BoL97].

The problem of the longest increasing subsequence presented in Corol-
lary 2.4.36 is the same as Ulam’s problem of finding the longest increasing
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subsequence of a random permutation, with deep connections to combina-
torics and group theory. See [LoS77, VK77, AD95] for more information
and references. It is interesting to note that a naive application of bounded
martingale differences in this problem yields only poor results, and to get
meaningful results by this approach requires some ingenuity. See [BB92] for
details. Finally, for some full LDPs for this problem, see [Sep97, DeuZ98|.



Chapter 3

Applications—The Finite
Dimensional Case

This chapter consists of applications of the theory presented in Chapter 2.
The LDPs associated with finite state irreducible Markov chains are de-
rived in Section 3.1 as a corollary of the Gartner—Ellis theorem. Varadhan’s
characterization of the spectral radius of nonnegative irreducible matrices
is derived along the way. (See Exercise 3.1.19.) The asymptotic size of long
rare segments in random walks is found by combining, in Section 3.2, the ba-
sic large deviations estimates of Cramér’s theorem with the Borel-Cantelli
lemma. The Gibbs conditioning principle is of fundamental importance in
statistical mechanics. It is derived in Section 3.3, for finite alphabet, as
a direct result of Sanov’s theorem. The asymptotics of the probability of
error in hypothesis testing problems are analyzed in Sections 3.4 and 3.5
for testing between two a priori known product measures and for universal
testing, respectively. Shannon’s source coding theorem is proved in Sec-
tion 3.6 by combining the classical random coding argument with the large
deviations lower bound of the Gartner—Ellis theorem. Finally, Section 3.7 is
devoted to refinements of Cramér’s theorem in IR. Specifically, it is shown
that for 8 € (0,1/2), {n”S,} satisfies the LDP with a Normal-like rate
function, and the pre-exponent associated with P(S'n > q) is computed for
appropriate values of q.

A. Dembo, O. Zeitouni, Large Deviations Techniques and Applications, 71
Stochastic Modelling and Applied Probability 38,

DOI 10.1007/978-3-642-03311-7_3,

(© Springer-Verlag Berlin Heidelberg 1998, corrected printing 2010
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3.1 Large Deviations for Finite State
Markov Chains

The results of Section 2.1 are extended in this section to Markov chains
Y1,...,Y,,... taking values in a finite alphabet ¥, where without loss of
generality ¥ is identified with the set {1,..., N} and |X| = N. Although
these results may be derived by the method of types presented in Section
2.1, the combinatorial arguments involved are quite elaborate. (See Exer-
cise 3.1.21.) An alternative derivation of these results via an application of
the Gértner—Ellis theorem is given here.

Let II = {x (s, j)}” 1 be a stochastic matrix (i.e., a matrix whose ele-
ments are nonnegative and such that each row—sum is one). Let PT denote
the Markov probability measure associated with the transition probability
IT and with the initial state o € X, i.e.,

Pr(Yi=y1,....Yn =yn) =7(0, 1) H m(Yi» Yit1)

Expectations with respect to PT are denoted by E7(-).

Let B™ denote the mth power of the matrix B. A matrix B with
nonnegative entries is called irreducible, if for any pair of indices 7, j there
exists an m = m(i, j) such that B™(i,j) > 0. Irreducibility is equivalent to
the condition that one may find for each i, j a sequence of indices i1, ..., %,
such that i1 = 4, 4,, = j and B(ig,ix+1) >0 for all k =1,...,m — 1. The
following theorem describes some properties of irreducible matrices.

Theorem 3.1.1 (Perron—Frobenius) Let B = {B(i, ])}” 1 be an ir-
reducible matriz. Then B possesses an eigenvalue p (called the Perron—
Frobenius eigenvalue) such that:

(a) p > 0 is real.

(b) For any eigenvalue A of B, || < p.

(c¢) There exist left and right eigenvectors corresponding to the eigenvalue p
that have strictly positive coordinates.

(d) The left and right eigenvectors p,d corresponding to the eigenvalue p
are unique up to a constant multiple.

(e) For every i € ¥ and every ¢ = (¢1,...,Px|) such that ¢; > 0 for all j,

1=

1
1 _ n
nergon log ZB (4,7) @;
j=1
1 IZ]
Jim = log | > ¢ B"(j,i)| =log p

j=1
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Proof: The proofs of parts (a)—(d) can be found in [Sen81], Theorem
1.5. To prove part (e), let a=sup,;d;, 3=inf; ¥; > 0, fyﬁsupj ¢, and
§2inf; ¢; > 0, where o is the right eigenvector corresponding to p as before.
Then, for all i,j € 3,

. g [
an(Zvj)ﬂsz (Z7j)¢JZaB (Z,]){ﬁj

&4
Therefore,
1 1= 1 1=
T noa g | - e L nes oo
Jim =log 1} B (i) 5 Jim —log | > B(i,j) ¥
j=1 Jj=1
1
= lim — log(p"¥;) = logp .
n—oo N,

A similar argument leads to

]
1
lim — log Z ¢;B"(j,1)| =logp.

n—oo n,
Jj=1

O

Throughout this section, ¢ > 0 denotes strictly positive vectors, i.e., ¢; > 0
for all j € X.

3.1.1 LDP for Additive Functionals of Markov Chains

The subject of this section is the large deviations of the empirical means

1
Zn:ﬁ];Xky

where X = f(Yy) and f: ¥ — R? is a given deterministic function; for
an extension to random functions, see Exercise 3.1.4. If the random vari-
ables Y, and hence X, are independent, it follows from Cramér’s theorem
that the Fenchel-Legendre transform of the logarithmic moment generating
function of X; is the rate function for the LDP associated with {Z,,}. The
Gértner—Ellis theorem hints that the rate function may still be expressed
in terms of a Fenchel-Legendre transform, even when the random variables
Y} obey a Markov dependence.
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To find an alternative representation for the logarithmic moment gener-
ating function A()), associate with every \ € IR¢ a nonnegative matrix IT},
whose elements are

(i, §) = m(5,5) eM ) i jex .

Because the quantities e{*/()) are always positive, 7y is irreducible as soon
as m is. For each A € RY, let p(IT) denote the Perron-Frobenius eigenvalue
of the matrix IT). It will be shown next that log p(IIy) plays the role of
the logarithmic moment generating function A(\).

Theorem 3.1.2 Let {Y;} be a finite state Markov chain possessing an ir-
reducible transition matriz IL. For every z € RY, define

I(2)2 sup {{\,2) —log p(T1y)} .
A€IR4

Then the empirical mean Z, satisfies the LDP with the convex, good rate
function I(-). Explicitly, for any set T C RY, and any wnitial state o € X,

1
- ian I(z) < liminf— logP) (Z, €T) (3.1.3)
zel'e n—oo N
1
< limsup — log P7(Z, € T') < —inf I(2).
n—oo N zel

Proof: Define
An()\)élog ET {eO"Z")} .

In view of the Géartner—Ellis theorem (Theorem 2.3.6), it is enough to check
that the limit

1 1
A()\)é lim —A,(n)\) = lim —logE7] [e”<)"Z"L>]

n—oo n n—oo N

exists for every A € IRY, that A(-) is finite and differentiable everywhere in
R?, and that A()\) = log p(IT,). To begin, note that

log E7 {e</\’22:1 qu

An(n))

log Z PPYi=w,...,Y, = yn)He(/\’f(yk»
k=1

Y15--5Yn

log Z (o, y1) e W) (g gy )e DT )
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Since ITy is irreducible, part (e) of the Perron—Frobenius theorem yields
(with ¢ = (1,...,1))

1
A(N) = lim — A, (nA) =log p (ITy) .
n—oo M
Moreover, since || is finite, p(II), being an isolated root of the character-
istic equation for the matrix IT,, is positive, finite and differentiable with
respect to A. (See [Lanc69], Theorem 7.7.1.) U

Remarks:

(a) The preceding proof relies on two properties of the Markov chain—
namely, part (e) of the Perron—Frobenius theorem and the differentiability
of p(IT,) with respect to A\. Thus, the theorem holds as long as the Markov
chain possesses these two properties. In particular, the finiteness of ¥ is
not crucial; the LDP for the general Markov chain setup is presented in
Sections 6.3 and 6.5.

(b) The good rate function I(-) in the LDP of Theorem 3.1.2 is convex
and does not depend on the initial state ¢ € X. Both properties might
be lost when the transition matrix II is reducible, even when Z,, satisfy
the law of large numbers (and the central limit theorem). For an example
with dependence on the initial state, consider ¥ = {1,2}, with IT such that
m(2,1) = 7(2,2) = 1/2, w(1,1) = 1 and f(j) = 12(j). Then, p(II,) =
exp(max{\ — log2,0}) and Z, = LY(2) — 0 almost surely. For o = 1,
obviously Y = 1 for all k£, hence Z,, = 0 for all n satisfies the LDP with the
convex good rate function I(0) = 0 and I(z) = oo for z # 0. In contrast,
the good rate function in Theorem 3.1.2 is I(z) = zlog2 for z € [0, 1] and
I(z) = oo otherwise. Indeed, this is the rate function for the LDP in case
of o = 2, for which P (Z, = k/n) = 2=+ (1 4+ 1,,(k)). For an example
with a non-convex rate function, add to this chain the states {3,4} with
m(4,3) =7(4,2) = (3,3) = 7(3,1) = 1/2. Consider the initial state o = 4
and f(5) = (11(4),12(5), 13(j)) € R? so that Z, — (1,0,0) almost surely.
Computing directly P (Z,, € -), it is not hard to verify that Z,, satisfies the
LDP with the non-convex, good rate function I(1—2z,2,0) = I(1—2,0,2) =
zlog2 for z € [0,1], and I(-) = oo otherwise.

Exercise 3.1.4 Assume that Y7,...,Y,, are distributed according to the joint
law PT determined by the irreducible stochastic matrix II. Let the condi-
tional law of {X} for each realization {Y; = ji}}_, be the product of the
measures [i;, € Ml(IRd); i.e., the variables X} are conditionally indepen-
dent. Suppose that the logarithmic moment generating functions A; associ-
ated with y; are finite everywhere (for all j € ). Consider the empirical mean
Ly = %Zzlek, and prove that Theorem 3.1.2 holds for Borel measurable
sets I with
(i, )2 (i, 5) eM™, ijex .
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3.1.2 Sanov’s Theorem for the Empirical Measure of
Markov Chains

A particularly important application of Theorem 3.1.2 yields the LDP sat-
isfied by the empirical measures LY = (LY(1),...,LY(|3|)) of Markov
chains. Here, LY denotes the vector of frequencies in which the Markov
chain visits the different states, namely,

L1 .
L?{(Z):ﬁzli(yk), i=1,...,]%.
k=1

Suppose that IT is an irreducible matrix, and let p be the stationary dis-
tribution of the Markov chain, i.e., the unique non negative left eigenvector
of IT whose components sum to 1. The ergodic theorem then implies that
LY — u in probability as n — oo, at least when II is aperiodic and the
initial state Y} is distributed according to p. It is not hard to check that the
same holds for any irreducible IT and any distribution of the initial state.
Hence, the sequence {LY} is a good candidate for an LDP in M;(X).

It is clear that LY fits into the framework of the previous section if we
take f(y) = (11(y),...,1|x|(y)). Therefore, by Theorem 3.1.2, the LDP
holds for {LY} with the rate function

I(q) = sup {(A,q) —log p(ITy) }, (3.1.5)
AERE

where 7 (4,7)27(i, j) €. The following alternative characterization of I(q)
is sometimes more useful.

Theorem 3.1.6
||

uj
) = J@2 {3 2 I R
00 q ¢ M(3).

Remarks:

(a) If the random variables {Y}} are i.i.d., then the rows of IT are identical,
in which case J(q) is the relative entropy H(g|m(1,-)). (See Exercise 3.1.8.)
(b) The preceding identity actually also holds for non-stochastic matrices
IT. (See Exercise 3.1.9.)

Proof: Note that for every n and every realization of the Markov chain,
LY € M;(X), which is a closed subset of IRI*. Hence, the lower bound of
(3.1.3) yields for the open set M; (%)

1
co=Hm n 0g I ({ n € Mi(%) }) - q%fl\}fll(z) @
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Consequently, I(q) = oo for every g & M;(X).

Fix a probability vector ¢ € M;(X), a strictly positive vector u > 0,
and for j =1,...,|X| set A; = log [u;/(ull);] . Note that since u > 0 and
IT is irreducible, it follows that uIl > 0. Observe that ull, = u, hence
ull} = u and thus p (IT)) = 1 by part (e) of the Perron-Frobenius theorem
(with ¢; = u; > 0). Therefore, by definition,

1=

Q)Z;%log [(UUTJ)J :

Since u > 0 is arbitrary, this inequality implies that I(q) > J(q).

To establish the reverse inequality, fix an arbitrary vector A € R and
let u* > 0 be a left eigenvector corresponding to the eigenvalue p(II)) of
the irreducible matrix ITy. Then, u*IIy = p(II))u*, and by the definition
of H)\,

1= (u* 1= *H)\)
ANg) + Zq] log[ ] Zq] log[ }
\EI
= Y g;log p(IL,) =log p(IT,).
j=1
Therefore,
1= w
(A q) —log p(II)) < supZ q 1og[ - } = J(q).
(ull);
Since A is arbitrary, I(q) < J(g) and the proof is complete. Ul

Exercise 3.1.8 Suppose that for every i,j € X, 7(i,7) = u(j), where p €
M;(¥). Show that J(-) = H(-|u) (the relative entropy with respect to pu),
and that I(-) is the Fenchel-Legendre transform of log[}, eMu(5)]. Thus,
Theorem 3.1.6 is a natural extension of Exercise 2.2.36 to the Markov setup.

Exercise 3.1.9 (a) Show that the relation in Theorem 3.1.6 holds for any
nonnegative irreducible matrix B = {b(i, j)} (not necessarily stochastic).

Hint: Let ¢(i) = >, b(i,j). Clearly, ¢ > 0, and the matrix II with
(i, 7) = b(i,5)/¢(3) is stochastic. Let Ip and Jp denote the rate functions
I and J associated with the matrix B via (3.1.5) and (3.1.7), respectively.
Now prove that Jri(q) = Jp(q) + >, ¢;log ¢(j) for all ¢ € R™! and likewise,



78 3. APPLICATIONS—THE FINITE DIMENSIONAL CASE

In(q) = Ip(q) + 32, 4j log ¢(j) -
(b) Show that for any irreducible, nonnegative matrix B,

log p(B) = Ealllp(z){—JB(u)}. (3.1.10)

This characterization is useful when looking for bounds on the spectral radius
of nonnegative matrices. (For an alternative characterization of the spectral
radius, see Exercise 3.1.19.)

Exercise 3.1.11 Show that for any nonnegative irreducible matrix B,

B3]
. Uj
J(q) _ sup ZQJ log [(Bu)j } ) q € MI(E)

=\ w0
00 q ¢ M (X).

Hint: Prove that the matrices {b(j,7)e*i } and By have the same eigenvalues,
and use part (a) of Exercise 3.1.9.

3.1.3 Sanov’s Theorem for the Pair Empirical Measure
of Markov Chains

The rate function governing the LDP for the empirical measure of a Markov
chain is still in the form of an optimization problem. Moreover, the elegant
interpretation in terms of relative entropy (recall Section 2.1.1 where the
i.i.d. case is presented) has disappeared. It is interesting to note that by
considering a somewhat different random variable, from which the large
deviations for LY may be recovered (see Exercise 3.1.17), an LDP may be
obtained with a rate function that is an appropriate relative entropy.

Consider the space N2y« >}, which corresponds to consecutive pairs of
elements from the sequence Y. Note that by considering the pairs formed
by Y1,..., Yy, i.e, the sequence YoYi, Y1Y5, YoYs, ..., ViYiq,..., Y 1Y),
where Yy = o, a Markov chain is recovered with state space X2 and transi-
tion matrix II® specified via

7Dk x €, i x ) =14(3) 7(i, 5). (3.1.12)

For simplicity, it is assumed throughout this section that II is strictly
positive (i.e., w(i,5) > 0 for all 4,7). Then II® is an irreducible transition
matrix, and therefore, the results of Section 3.1.2 may be applied to yield
the rate function I»(q) associated with the large deviations of the pair
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2/3 1/3 0 0
[2/3 1/3 @ | 0 0 1/3 2/3
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Figure 3.1.1: Example of 7 and 72, |X| = 2.

empirical measures

Al &

L?{Q(y) " Zly(Yi—lyi)v yex? .

i=1

Note that LY, € M;(X?) and, therefore, I5(-) is a good, convex rate function
on this space. To characterize I5(-) as an appropriate relative entropy, the
following definitions are needed. For any ¢ € M;(X?), let

1= Iz
éz q(i,7) and g¢o(i éz

be its marginals. Whenever ¢;(z) > 0, let gy (j|i ) q(i,7)/q1(i). A probabil-
ity measure q € M;(X2) is shift invariant if ¢; = qq, i.e., both marginals of
q are identical.

Theorem 3.1.13 Assume that I1 is strictly positive. Then for every prob-
ability measure q € My(%?),

(q) = Yoia()H(qe(-|7) | 7(i,-)) ,  if q s shift invariant
2\ = 00 ., otherwise,
(3.1.14)

where H(-|-) is the relative entropy function defined in Section 2.1.1, i.e.,

&l og 011)
Hlarth) Z ")

Remarks:

(a) When IT is not strictly positive (but is irreducible), the theorem still
applies, with X2 replaced by {(i,j) : m(i,7) > 0}, and a similar proof.

(b) The preceding representation of Iy(g) is useful in characterizing the
spectral radius of nonnegative matrices. (See Exercise 3.1.19.) It is also
useful because bounds on the relative entropy are readily available and may
be used to obtain bounds on the rate function.
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Proof: By Theorem 3.1.6,

= =]

B0 = p )2 di ) logg Ty
1= 1% uli, §)
= i;%;;q i,7) log Z u(k,i)]ﬁ(i, 7 (3.1.15)

where the last equality follows by the definition of TI(?).

Assume first that ¢ is not shift invariant. Then ¢1(jo) < ¢2(jo) for some
Jjo- For u such that u(-,j) =1 when j # jo and u(-, jo) = e,

1= =

u(i, j)
ZZ 109108 15 Sl i) 7.0
Izl 1z ( J)
SR D IELELR miwi= )
Izl 1z
= =20 alind) log {[SIn(i.)} + alelio) — @i Go)].

Letting o — oo, we find that I5(q) = co.
Finally, if ¢ is shift invariant, then for every u > 0,

=] 1=

>3 alig) 1og%:0. (3.1.16)
i=1 j=1 J) it

Let u(ilf) = u(i, )/ Xy u(k, j) and a(il)2q(i. §)/42(5) =q(i.5)/q1(j) (as
q is shift invariant). By (3.1.15) and (3.1.16),

1=

)= 3 ant) Hla (19 (i)

I=| |E\ u(i, j)q1(7)

= supy > q(i,j) log > ulk, )]a(i. )

u>0"

i=1 j=1
=l (%] u(ilj)
= sup (4,7) 1og
s 33 i) lox 10
1=

= {-XeOH@ )}

u>0
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Note that always I>(q) < >, qi1(¢) H(qs(:|7) |m(4,-)) because H(:|) is a
nonnegative function, whereas if ¢ > 0, then the choice u = ¢ yields equal-
ity in the preceding. The proof is completed for ¢, which is not strictly
positive, by considering a sequence u, > 0 such that u, — ¢ (so that

q2(3)H (qv(+|3) | un(-[5)) — 0 for each j). 0
Exercise 3.1.17 Prove that for any strictly positive stochastic matrix IT

Jw)= inf Ix(q), (3.1.18)
{a:q2=v}

where J(-) is the rate function defined in (3.1.7), while I5(-) is as specified in
Theorem 3.1.13.
Hint: There is no need to prove the preceding identity directly. Instead, for
Yy = o, observe that LY € A iff LY, € {q: g2 € A}. Since the projection of
any measure g € M;(X?) to its marginal gz is continuous and I5(+) controls the
LDP of LY, deduce that the right side of (3.1.18) is a rate function governing
the LDP of LY. Conclude by proving the uniqueness of such a function.
Exercise 3.1.19 (a) Extend the validity of the identity (3.1.18) to any irre-
ducible nonnegative matrix B.

Hint: Consider the remark following Theorem 3.1.13 and the transformation
B — II used in Exercise 3.1.9.
(b) Deduce by applying the identities (3.1.10) and (3.1.18) that for any non-
negative irreducible matrix B,

—logp(B) = qez\iff&B) I(q)
. o qr(jli)
= inf i,7) lo —
qEM1(XB), 1=q2 Z q( j) s b(l,j)

(1,J)€ESB

where g = {(4,7) : b(i,5) > 0}.
Remark: This is Varadhan's characterization of the spectral radius of non-
negative irreducible matrices.

Exercise 3.1.20 Suppose that Y7,...,Y,,... are X-valued i.i.d. random vari-
ables, with p(j) denoting the probability that Y = j for j = 1,2,...,|X|. A
typical k-scan process is defined via X; = f1(Yi) + -+ + fu(Yigx—1), where
i€ Z, and fo, £ =1,... k, are deterministic real valued functions. The LDP
of the empirical measures L?;k of the k-tuples (Y1Ya---Yy), (YaY3: - Yii1),
cooy (Y Yoq1 -+ Yoik) is instrumental for the large deviations of these pro-
cesses as n — oo (while k is fixed).

(a) Show that the rate function governing the LDP of LY, is

L(g) = { Zgll lJE:‘1 q(i,7) log % , q shift'invariant
o0 , otherwise.
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(b) Show that the rate function governing the LDP of LY, is

> . e |91 5e s e
E‘jlll ng 1q(-717"'?.7k) 1Og %ﬁ)]kl)a
Ii(q) = q shift invariant
00 , otherwise,

where g € M;(X¥) is shift invariant if

D i gu e de1) = > aGins s dr1,0)-
Exercise 3.1.21 (a) Prove that for any sequence y = (y1,...,Yn) € X" of
nonzero PT probability,

= =]

1
- log PT (Y1 =1, .., ZZL (i,5)log (3, ) .

i=1 j=1

(b) Let
ﬁné{q tq=LY 5, P(Y1 =y1,..., Yy =yn) >0 for some y e X"}

be the set of possible types of pairs of states of the Markov chain. Prove that £,
can be identified with a subset of M;(Xr), where ¥p = {(¢,7) : w(¢,7) > 0},
and that |£,| < (n+ 1),

(c) Let T;,(q) be the type class of ¢ € L,,, namely, the set of sequences y of pos-
itive PT probability for which L , = ¢, and let H(q)é—zi’j q(i,7)log qr(4li).
Suppose that for any ¢ € L,,,

(n+ 1)—(\2|2+\E|)6”H(Q) < |T,(q)] < e H () , (3.1.22)
and moreover that for all ¢ € M; (Xq),
lim dy(q,£,) =0 iff g is shift invariant . (3.1.23)
n—oo

Prove by adapting the method of types of Section 2.1.1 that LY o satisfies the
LDP with the rate function I(-) specified in (3.1.14).

Remark: Using Stirling’s formula, the estimates (3.1.22) and (3.1.23) are
consequences of a somewhat involved combinatorial estimate of |7,(¢)|. (See,
for example, [CsCC87], Egs. (35)—(37), Lemma 3, and the references therein.)

3.2 Long Rare Segments in Random Walks

Consider the random walk Sy = 0, S, = Zle X, k=1,2,..., where X;
are i.i.d. random variables taking values in IR?. Let R,, be segments of
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maximal length of the random walk up to time m whose empirical mean
belongs to a measurable set A C IR?, i.e.,

Se— S,
Rmémax{z—k: O<k<t<m, 2" eA}.
Associated with {R,,} are the stopping times

Se — Sk
{—k

Tréinf{fz € A for some ng‘gé—r},

so that {R,, > r} if and only if {T, < m}.

I
el
l
Figure 3.2.1: Maximal length segments.

The random variables R,, and T, appear in comparative analysis of
DNA sequences and in the analysis of computer search algorithms. The
following theorem gives estimates on the asymptotics of R,, (and 7)) as
m — oo (r — 00, respectively). For some applications and refinements of
these estimates, see [ArGW90] and the exercises at the end of this section.

Theorem 3.2.1 Suppose A is such that the limit
1
142 — lim =~ log pn(A) (3.2.2)
n—oo N

exists, where p, is the law ofS’ = % Sn. Then, almost surely,

lim (R,,/logm) = lim (r/logT,) =1/14.

Remark: The condition (3.2.2) is typically established as a result of a
LDP. For example, if A(-), the logarithmic moment generating function of
X1, is finite everywhere, then by Cramér’s theorem, condition (3.2.2) holds

whenever

Iy = inf A*(z) = inf A*(x). (3.2.3)
z€A zeA°
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Examples for which (3.2.2) holds are presented in Exercises 3.2.5 and 3.2.6.

Proof of Theorem 3.2.1: First, the left tail of the distribution of 7, is
bounded by the inclusion of events

m—r m m—1 [e%s}
{T, <m} C U U Cre C U U Cryue s
k=0 {=k+r k=0 {=k+r
where
é Sg — Sk
Ck,z—{ Ik EA}.

There are m possible choices of k in the preceding inclusion, while P (Cy, ¢) =
wo—k(A) and ¢ — k > r. Hence, by the union of events bound,

P(T. <m)<m  pn(A).

n=r

Suppose first that 0 < I, < co. Taking m = |e"74~9) |, and using (3.2.2),

ZP (T, < 6T(IA*E)) < ZeT(IAfe) ce—nTa—e/2)
r=1 r

r=1 n=
0o
< Cl§ e—r6/2 < 00
r=1

for every € > 0 and some positive constants ¢, ¢’ (possibly e dependent).
When I4 = oo, the same argument with m = [e”/¢| implies that

ZP(Trger/e)<oo forall e > 0.
r=1

By the Borel-Cantelli lemma, these estimates result in

1
liminf — log T, > I4 almost surely.

r—oo T

Using the duality of events {R,, > r} = {T,. < m}, it then follows that

1
lim sup < — almost surely.
m—oo logm — Iy

Note that for [4 = 0o, the proof of the theorem is complete. To establish the
opposite inequality (when I4 < 00), the right tail of the distribution of T;.
needs to be bounded. Let B,2 {%(Sgr — Su—1yr) € A}. Note that {B,}2°,
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are independent events (related to disjoint segments of the random walk) of
equal probabilities P(By) = p.(A). Therefore, the inclusion

Lm/r]
U By C {TT < m}
(=1

yields

P(T. > m)

IN

[m/7]

1-P( U B/ | =0-PBy))m/
(=1

< e lm/rIPBY) _ o—lm/r]pn(A)

Combining this inequality (for m = |e"!a+) |) with (3.2.2), it follows that
for every € > 0,

> oo
STP(T, > ety < S exp <_C_1€r(IA+e)e—r(IA+e/2))
r=1

r
r=1

o0
< Zexp(—czec”) < oo,

r=1

where ¢y, ¢a, c3 are some positive constants (which may depend on €). By
the Borel-Cantelli lemma and the duality of events {R,, < r} = {T}, > m},

m

1
l}){gigof Togm = hrrg iogf log T, > I almost surely,

and the proof of the theorem is complete. |

Exercise 3.2.4 Suppose that I4 < oo and that the identity (3.2.2) may be
refined to
lim [,uT(A)Td/QeTIA] =aq
for some a € (0,00). (Such an example is presented in Section 3.7 for d = 1.)
Let
I éIARm —logm d

loglogm 2

(a) Prove that limsup |R,,| <1 almost surely.

m—0o0

(b) Deduce that lim P(R,, >¢€) =0 for all e > 0.

m—0o0



86 3. APPLICATIONS—THE FINITE DIMENSIONAL CASE

Exercise 3.2.5 (a) Consider a sequence X1,...,X,, of i.i.d. random vari-
ables taking values in a finite alphabet ¥, distributed according to the strictly
positive marginal law p. Let R,, be the maximal length segment of this se-
quence up to time m, whose empirical measure is in the non-empty, open set
I' € M;(X2). Apply Theorem 3.2.1 to this situation.

(b) Assume further that I' is convex. Let v* be the unique minimizer of H(-|u)
in T'. Prove that as m — oo, the empirical measures associated with the seg-
ments contributing to R,, converge almost surely to v*.

Hint: Let Rgfi) denote the maximal length segment up to time m whose
empirical measure is in the set {y: p € T',dy (p,v*) > §}. Prove that

(9)
. R'HL
limsup —— < 1, almost surely.
m— 00 m

Exercise 3.2.6 Prove that Theorem 3.2.1 holds when X3,...,X,, and Y7,
..., Y, are as in Exercise 3.1.4. Specifically, Y}, are the states of a Markov chain
on the finite set {1,2,...,|X|} with an irreducible transition matrix II, and the
conditional law of X; when Y, = j is u; € Ml(]Rd); the random variables
{X}} are independent given any realization of the Markov chain states, and
the logarithmic moment generating functions A; associated with f; are finite
everywhere.

Remark: Here, A*(-) of (3.2.3) is replaced by the Fenchel-Legendre transform
of log p(IIy), where 7y (i, 7)2m (i, 7) eV,

Exercise 3.2.7 Consider the i.i.d. random variables {Y;}, {Y;} all distributed
following i € M;(X) for ¥ a finite set. Let ¥ = %2 and pu = 3?2 € My(2).
For any integers s, > 0 let Lfy’T ¥ denote the empirical measure of the

sequence ((?js+17 yr+1)7 ) (gs+k7 errk))-
(a) Using Lemma 2.1.9 show that for any v € Ly, k € {1,...,n},

P U {Lgs?,TTY =u}) < n2e—kH@IL)

s,r<n—k

(b) Fix f : ¥ — IR such that E(f(Y1,Y1)) < 0 and P(f(Y1,Y1) > 0) > 0.
Consider

k
M, = VooV
" k,OgIE?%{n_k ;f( s+7 T+j)
Prove that almost surely,
M 2 ) fdv
lim sup "< sup ff

n—oo lOgM veM; () H(v|p) -

Hint: Apply (2.2.12) for X; = f(Y;,Y;) and z = 0 > & to show that
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k > (5/A*(0))logn is negligible when considering M,,. Use (a) to bound
the contribution of each k < (5/A*(0))logn. Then, apply the Borel-Cantelli
lemma along the skeleton nj = |e¥] and conclude the proof using the mono-
tonicity of n — M,,.

3.3 The Gibbs Conditioning Principle for
Finite Alphabets

Let Y1,Y5,...,Y, be a sequence of i.i.d. random variables with strictly pos-
itive law 1 on the finite alphabet X. Let Xj = f(Y%) for some deterministic
f X — IR. The following question is of fundamental importance in statis-
tical mechanics. Given a set A € IR and a constraint of the type S, € A,
what is the conditional law of Y7 when n is large? In other words, what are
the limit points, as n — oo, of the conditional probability vector

(@) 2P, (Vi = a; | S, € A), i=1,....|%| .

Recall that $,21 32" | X; = (f,LY), where f = (f(a1),.... f(a)s))),

n j=1
and note that under the conditioning S, € A, Y; are identically distributed,
although not independent. Therefore, for every function ¢ : ¥ — IR,

(&, 17) = E[6(Y1) |8, € Al = E[$(Ya) | Sn € A]

Bl 3" 6(¥;) | S € Al = El(o.LY) | (£.LY) € 41,

where ¢ = (¢(a1),...,¢(ax|)). Hence, with T={v : (f,v) € A},
wh=FE[LY | LY €T]. (3.3.1)

Using this identity, the following characterization of the limit points of {p}
applies to any non-empty set I' for which

Ir2 inf H(v|p) = inf H(v|y) . (3.3.2)
vele vel

Theorem 3.3.3 (Gibbs’s principle) Let

ME{veT: Hwlp) = It} (3.3.4)

(a) All the limit points of {uf} belong to co(M)—the closure of the convex
hull of M.

(b) When T is a convex set of non-empty interior, the set M consists of a
single point to which u}, converge as n — oo.
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Remarks:

(a) For conditions on I" (alternatively, on A) under which (3.3.2) holds, see
Exercises 2.1.16-2.1.19.

(b) Since M is compact, it always holds true that co(M) = co(M).

(¢) To see why the limit distribution may be in co(M) and not just in M,
let {Y;} be i.i.d. Bernoulli(3), let X; =Y;, and take I' = [0,a] U [1 — o, 1]
for some small @ > 0. It is easy to see that while M consists of the
probability distributions {Bernoulli(«), Bernoulli(1 — «)}, the symmetry
of the problem implies that the only possible limit point of {yf} is the
probability distribution Bernoulli(3).

Proof: Since |X| < oo, T' is a compact set and thus M is non-empty.
Moreover, part (b) of the theorem follows from part (a) by Exercise 2.1.19
and the compactness of M;(X). Next, for every U C M; (%),
E[LY | LY €T = E[LY | LY e UNT]
=P, (LY eU°|LY €T
{EILY | LY eU°NT]—E[LY | LY e UNT]} .
Since E[LY | LY € U NT) belongs to co(U), while u, = E[LY | LY €T, it
follows that
dy (fir,; co(U))
<P LY eU°|LY €eD)dy (E[LY | LY e U°NT],E[LY | LY € UNT))
<SPLLY €UC|LY €1) (3.3.5)

where the last inequality is due to the bound dy(-,-) < 1. With M°&{v :
dy (v, M) < §}, it is proved shortly that for every 6 > 0,

lim P,(LY e M°|LY €T) =1, (3.3.6)

with an exponential (in n) rate of convergence. Consequently, (3.3.5) ap-
plied to U = M? results in dy (u%,co(M?)) — 0. Since dy is a convex
function on M (X) x M;(X), each point in co(M?) is within variational dis-
tance § of some point in co(M). With 6 > 0 being arbitrarily small, limit
points of p are necessarily in the closure of co(M).

To prove (3.3.6), apply Sanov’s theorem (Theorem 2.1.10) and (3.3.2)
to obtain

1
Iy = — lim — log P, (LY €T) (3.3.7)
and
1
li —logP, (LY NeAr) < —  inf H
imsup - log u(Ly, € (M®)°NT) < - vlp)
< — inf H(v|p). (3.3.8)

ve(MS)enT
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Observe that M° are open sets and, therefore, (M®)¢NT are compact sets.
Thus, for some 7 € (M%)°NT,

inf  H|p) = HP|p) > Ir . (3.3.9)
ve(Ms)enr

Now, (3.3.6) follows from (3.3.7)—(3.3.9) because

1
limsup — log P, (LY € (M®)¢| LY €T

n—oo M

1 1
= limsup {E logP, (LY € (M%)°NT) — - logP, (LY € F)} <0.

n—00
O

Remarks:
(a) Intuitively, one expects Y7, ..., Y} to be asymptotically independent (as
n — oo) for any fixed k, when the conditioning event is {LY € T'}. This is
indeed shown in Exercise 3.3.12 by considering “super-symbols” from the
enlarged alphabet XF.
(b) The preceding theorem holds whenever the set I' satisfies (3.3.2). The
particular conditioning set {v : (f,v) € A} has an important significance
in statistical mechanics because it represents an energy-like constraint.
(c) Recall that by the discussion preceding (2.1.27), if A is a non-empty,
convex, open subset of K, the interval supporting { f(a;)}, then the unique
limit of p;, is of the form

vala;) = u(ai)e/\f(ai)—/\(/\)
for some appropriately chosen A € IR, which is called the Gibbs parameter
associated with A. In particular, for any € K°, the Gibbs parameter
associated with the set (x — J,z + ) converges as 6 — 0 to the unique
solution of the equation A’(\) = z.
(d) A Gibbs conditioning principle holds beyond the i.i.d. case. All that
is needed is that Y; are exchangeable conditionally upon any given value of
LY (so that (3.3.1) holds). For such an example, consider Exercise 3.3.11.

Exercise 3.3.10 Using Lemma 2.1.9, prove Gibbs's principle (Theorem 3.3.3)
by the method of types.

Exercise 3.3.11 Prove the Gibbs conditioning principle for sampling without
replacement, i.e., under the assumptions of Section 2.1.3.

(a) Observe that Y; again are identically distributed even under conditioning
on their empirical measures. Conclude that (3.3.1) holds.

(b) Assume that T is such that

Ir = inf I(v|B,p) = inf I(v|G, p) < 0o .
vele vel
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Define M2{v € T : I(v|B, 1) = Ir}, and prove that both parts of Theorem
3.3.3 hold. (For part (b), you may rely on Exercise 2.1.48.)

Exercise 3.3.12 (a) Suppose that ¥ = (X')* and p = (/)" are, respectively,
a kth product alphabet and a kth product probability measure on it, and assume
that p/ is strictly positive on X', For any law v € My (X) and j € {1,..., k},
let vU) € M;(¥'), denote the jth marginal of v on X’. Prove that

309 1) 2 G 300

j=1

H(v|p) =

WU—‘
<.

with equality if and only if v = (v/)* for some v/ € M;(X').
(b) Assume that

k
o, 1 ; ,
P={v: ¢ ?:1 9 ey (3.3.13)

for some IV C M;(X’), which satisfies (3.3.2) with respect to u/. Let M’ =
{V' € T H'|p') = Ir+} and prove that M = {v:v = (V)*, v/ € M'}.
(c) Consider the kth joint conditional law

A
ph(al, ..., )=Py(Y1=dj,....Yy=a; |LY €T),

where Y; are i.i.d. with marginal law p/ € M;(¥') and TV C M;(X') satisfies
(3.3.2), with M’ being a single point. Let u = (i/)* be the law of X; =
(Yi(i=1)41,- -+, Yxi) on a new alphabet 3. Prove that for any n € Z_,

phe(a) =P (X1 =a; | LX €T), Va; €%,

where T' is defined in (3.3.13). Deduce that any limit point of u*, is a kth
product of an element of M7(X’). Hence, as n — oo along integer multiples of
k, the random variables Y;, i =1, ..., k are asymptotically conditionally i.i.d.
(d) Prove that the preceding conclusion extends to n which need not be integer
multiples of k.

3.4 The Hypothesis Testing Problem

Let Y7,...,Y, be a sequence of random variables. The hypothesis testing
problem consists of deciding, based on the sequence Y7, ..., Y,,, whether the
law generating the sequence is P, or P,,. We concentrate on the simplest
situation, where both P,, and P,, are product measures, postponing the
discussion of Markov chains to Exercise 3.4.18.

In mathematical terms, the problem is expressed as follows. Let Y7,
, Y, be distributed either according to the law uf (hypothesis Hy) or
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according to i (hypothesis Hy), where pf" denotes the product measure of
w; € M1(X). The alphabet ¥ may in general be quite arbitrary, provided
that the probability measures pug and pf and the random variables used in
the sequel are well-defined.

Definition 3.4.1 A decision test S is a sequence of measurable (with re-
spect to the product o-field) maps 8™ : X" — {0,1}, with the interpre-
tation that when Y1 = y1,..., Y, = yn is observed, then Hy is accepted
(Hy rejected) if S™(y1,...,yn) = 0, while Hy is accepted (Hy rejected) if
Sn(yh e yn) =L

The performance of a decision test S is determined by the error probabilities
cvnéP#0 (8™ rejects Hp), ﬂnéPm(S” rejects Hy).

The aim is to minimize 3,. If no constraint is put on «,,, one may obtain
B = 0 using the test S™(y1,...,yn) = 1 at the cost of a,, = 1. Thus, a sen-
sible criterion for optimality, originally suggested by Neyman and Pearson,
is to seek a test that minimizes (3, subject to a constraint on a,,. Suppose
now that the probability measures pg, u1 are known a priori and that they
are equivalent measures, so the likelihood ratios L1 (y) = dpo/dp1(y) and
Lyjjo(y) = dp1/dpo(y) exist. (Some extensions for pg,p1 which are not
mutually absolutely continuous, are given in Exercise 3.4.17.) This assump-
tion is valid, for example, when pug, 1 are discrete measures of the same
support, or when ¥ = IR? and both o and pp possess strictly positive den-
sities. In order to avoid trivialities, it is further assumed that pg and @ are
distinguishable, i.e., they differ on a set whose probability is positive.

Let X;=log Lyjo(Y;) = —logLgj1(Y;) be the observed log-likelihood
ratios. These are i.i.d. real valued random variables that are nonzero with
positive probability. Moreover,

T2 B [X1] = By [X1e ]

exists (with possibly Tp = —c0) as ze~* < 1. Similarly,

_ A _
T1=E,, [X1] = E, [X1e™] > B, [X1] =T

0

exists (with possibly Z; = 00), and the preceding inequality is strict, since
X is nonzero with positive probability. In Exercise 3.4.14, Ty and T, are
both characterized in terms of relative entropy.

Definition 3.4.2 A Neyman—Pearson test is a test in which for any n €
Z ., the normalized observed log-likelihood ratio
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is compared to a threshold ~y, and Hy is accepted (rejected) when S, > Yn
(respectively, Sp < vn).

It is well-known that Neyman—Pearson tests are optimal in the sense
that there are neither tests with the same value of «,, and a smaller value
of (3, nor tests with the same value of 3, and a smaller value of «,,. (See,
for example, [CT91] and [Leh59] for simple proofs of this claim.)

The exponential rates of «, and (, for Neyman—Pearson tests with
constant thresholds v € (%o, Z1) are thus of particular interest. These may
be cast in terms of the large deviations of S,,. In particular, since X jareii.d.
real valued random variables, the following theorem is a direct application
of Corollary 2.2.19.

Theorem 3.4.3 The Neyman—Pearson test with the constant threshold v €
(To,™1) satisfies

1
lim - loga, = —AG(y) <0 (3.4.4)
and 1
lim - log B, =7 —Aj(y) <0, (3.4.5)

where Aj(+) is the Fenchel-Legendre transform of Ag(\)= log E,, [eM1].
Proof: Note that A
an =P, (Sn € (7,00)) -

Moreover, by dominated and monotone convergence,

- 1: / - 1: ’

Ty = )1\1{110A0()\), T = )l\l/ml AG(N) .
Hence, Ty < v = Aj(n) for some n € (0,1), and the limit (3.4.4) follows by
part (b) of Exercise 2.2.25.

By the definition of X;, the logarithmic moment generating function
associated with p; is Ag(A + 1). Hence, when H; holds, S, satisfies the
LDP with the rate function Aj(z) = Af(x) —x . Since v € (—00,7y), it
follows by Corollary 2.2.19 and the monotonicity of Aj(-) on (—oo,T1) that

1 1 N
lim — log 3, = lim — logPy, (S, € (=00,7]) = —A1(7) ,
n—oo N n—oo n
and consequently (3.4.5) results. U
Remark: For a refinement of the above see Exercise 3.7.12.
A corollary of the preceding theorem is Chernoff’s asymptotic bound on
the best achievable Bayes probability of error,

P £ 0, P(Hy) + B.P(Hy).
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Corollary 3.4.6 (Chernoff’s bound) If 0 < P(Hy) < 1, then
inf lim inf{l log P{¥} = —A}(0)
S n—ooo N n 0 ’

where the infimum is over all decision tests.

Ag(N)=A, (A-1)

* =0
~Kg(0)- L

Figure 3.4.1: Geometrical interpretation of Ag and Ag.

Remarks:
(a) Note that by Jensen’s inequality, To < log E,,[eX1] = 0 and T; >
—log E,, [e=*1] = 0, and these inequalities are strict, since X; is nonzero

with positive probability. Theorem 3.4.3 and Corollary 3.4.6 thus imply that
the best Bayes exponential error rate is achieved by a Neyman—Pearson test
with zero threshold.

(b) A§(0) is called Chernoff’s information of the measures pp and ;.

Proof: It suffices to consider only Neyman-Pearson tests. Let o and 3
be the error probabilities for the zero threshold Neyman—Pearson test. For
any other Neyman—Pearson test, either a,, > o (when v, < 0) or 3, > 3}
(when 7, > 0). Thus, for any test,

1 1 1 1
—log P{) > = log [min{P(Hy) , P(H1)}] + min{—log o}, , —log 3} } .
n n n n
Hence, as 0 < P(Hp) < 1,
P | (€) < Ti s . 1 « 1 «
inf liminf — log P,* > liminf min{— loga; , — log 5} } .
S n—oo N n—00 n n

By (3.4.4) and (3.4.5),

nlin;o - log oy, = HILIEO - log B, = —Aj(0) .
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Consequently,
1
liminf = log P9 > —A%(0) ,
n—oo N
with equality for the zero threshold Neyman—Pearson test. Ul

Another related result is the following lemma, which determines the best
exponential rate for §, when «,, are bounded away from 1.

Lemma 3.4.7 (Stein’s lemma) Let 35 be the infimum of B, among all
tests with o, < €. Then, for any e < 1,

1
lim —log f;, = o .
n—oo N,

Proof: It suffices to consider only Neyman—Pearson tests. Then
a, =Py, (S > )
and

On =Py (S0 <) = By [lg < 1= Euo[lﬁ,bs%ensn] ’ (3.4.8)

where the last equality follows, since by definition X; are the observed
log-likelihood ratios. This identity yields the upper bound

1 1 nS
- log B, = - log Eyyllg <, €] < vn. (3.4.9)

Suppose first that To = —oo. Then, by Theorem 3.4.3, for any Neyman—
Pearson test with a fixed threshold v, eventually «, < e. Thus, by the
preceding bound, n~!log 35 < v for all v and all n large enough, and the
proof of the lemma is complete.

Next, assume that Ty > —oo. It may be assumed that

liminf v, > Ty ,

n—oo

for otherwise, by the weak law of large numbers, limsup,, ., o, = 1. Con-
sequently, if i, < €, the weak law of large numbers implies

liminf P, (S, € [To =7, m]) >1—¢ forall 5>0. (3.4.10)

n—oo

Hence, by the identity (3.4.8),

1 1 nSn
o log 8, > n log Ey, [1§ne[irnmn]e ]

1 .
> To—n+ - log P, (Sn € [To — 1, 1)) . (3.4.11)
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Combining (3.4.10) and (3.4.11), the optimality of the Neyman—Pearson
tests yields

1
liminf — log 85, > Tp —n forall n>0. (3.4.12)

n—oo N

By Theorem 3.4.3, eventually «,, < € for any Neyman—Pearson test with a
fixed threshold v > Ty. Hence, by (3.4.9),

1
lim sup -~ log B, <To+mn

n—oo

for all n > 0 and all € > 0. The conclusion is a consequence of this bound
coupled with the lower bound (3.4.12) and the arbitrariness of 7. U

Exercise 3.4.13 Prove that in Theorem 3.4.3,

As(v) = sup {Ay = Ao(M)}.
A€[0,1]
Exercise 3.4.14 Suppose that Y7,...,Y,, are i.i.d. random variables taking
values in the finite set ¥2{a, ... ,ajs|}, and g, py are strictly positive on .
(a) Prove that 73 = H(u1|po) < o0 and Ty = —H (polpr) > —oo, where
H(:|-) is the relative entropy defined in Section 2.1.
(b) For n € [0,1], define the probability measures

= pa(a;)po(az)t ="
2@1 pa (ar) o (ag)1=n

i (a;) j=1,...,|3.

For v = H (pn|po) — H(pnlp1), prove that Ag(vy) = H (pn|po).

Exercise 3.4.15 Consider the situation of Exercise 3.4.14.
(a) Define the conditional probability vectors

105(a;) 2P, (Vi = a; | Hy rejected by S™), j=1,...,|9,  (3.4.16)

where S is a Neyman-Pearson test with fixed threshold v = H(u,|pno) —
H(pnlp1), and n € (0,1). Use Theorem 3.3.3 to deduce that p} — p,.
(b) Consider now the kth joint conditional law

* A . n
po(ajy .. a5,)=Pu, (Y1 =aj,,...,Ys = aj, | Hy rejected by S™),
a, €S, (=1,... k.

Apply Exercise 3.3.12 in order to deduce that for every fixed k,

lim sz(aju RS ajk) = :un(a’.h)/f'ﬁ(ajz) T Nn(ajk) .

n— oo
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Exercise 3.4.17 Suppose that Lyo(y) = du1/duo(y) does not exist, while
Lo|1(y) = dpo/dpa(y) does exist. Prove that Stein’s lemma holds true when-
ever To= — By, [log Loy (Y1)] > —oc.

Hint: Split p; into its singular part with respect to po and its restriction to
the support of the measure .

Exercise 3.4.18 Suppose that Y7,...,Y,, is a realization of a Markov chain
taking values in the finite set ¥ = {1,2,...,|X|}, where the initial state of the
chain Y is known a priori to be some o € ¥. The transition matrix under
hypothesis Hy is Iy, while under hypothesis H; it is IT;, both of which are
irreducible matrices with the same set of nonzero values. Here, the Neyman-
Pearson tests are based upon X2 log % Derive the analogs of The-

orem 3.4.3 and of Stein’s lemma by using the results of Section 3.1.3.

3.5 Generalized Likelihood Ratio Test for
Finite Alphabets

This section is devoted to yet another version of the hypothesis testing
problem presented in Section 3.4. The concept of decision test and the
associated error probabilities are taken to be as defined there. While the
law po is again assumed to be known a priori, here i1, the law of Y; under
the hypothesis Hi, is unknown. For that reason, neither the methods nor
the results of Section 3.4 apply. Moreover, the error criterion has to be
modified, since the requirement of uniformly small 3, over a large class
of plausible laws p; may be too strong and it may be that no test can
satisfy such a condition. It is reasonable therefore to search for a criterion
that involves asymptotic limits. The following criterion for finite alphabets
¥ ={ai,... a5} was suggested by Hoeffding.

Definition 3.5.1 A test S is optimal (for a givenn > 0) if, among all tests
that satisfy

1
limsup — log o, < =17, (3.5.2)

n—oo N
the test S has maximal exponential rate of error, i.e., uniformly over all
possible laws py, —limsup,, . n~'log B3, is mazimal.

The following lemma states that it suffices to consider functions of the
empirical measure when trying to construct an optimal test (i.e., the em-
pirical measure is a sufficient statistic).
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Lemma 3.5.3 For every test S with error probabilities {au,, Bn}5ey, there
exists a test S of the form S™(y) = S(L¥,n) whose error probabilities

{&na Bn}%ozl satisfy

. 1 - ) 1
lim sup — log &,, < limsup — log a,,
n

n—oo N n— 00

1 ~ 1
lim sup — log 3, < limsup — log G, .

n—oo T n—oo M

Proof: Let S72(S™)71(0) and S7'2(8™)~1(1) denote the subsets of ¥ that
the maps 8™ assign to Hy and Hy, respectively. For i = 0,1 and v € L,,, let
S"EST N T, (v), where T,,(v) is the type class of v from Definition 2.1.4.
Define

A f 0 IS > M)

S, n)—{ 1 otherwise .

It will be shown that the maps S™(y) = S(L¥,n) play the role of the test
S specified in the statement of the lemma.

Let Y = (Y1,...,Y,). Recall that when Y; are i.i.d. random variables,
then for every u € M;(X) and every v € L,, the conditional measure
P,(Y|LY = v) is a uniform measure on the type class T, (v). In particular,

if S(v,n) = 0, then

1 |Sg™ vn
§P#1 (LZ - l/) S |Tn0<y)|P#1 (Lz - V) - P,u1 (Y € 807 ) N
Therefore,

Bn = Z P/L1 (L?L( = V)

{v:8(v,n)=0}NL,

< 2 Z Pﬂl(YESOVJL) SZPMl(YGSg):zﬁn~
{v:8(v,n)=0}NL,
Consequently,
1 ~ 1
limsup — log 8,, < limsup — log G, .
n—oo N n—oo N
A similar computation shows that &, < 2«,,, completing the proof. Ul

Considering hereafter tests that depend only on LY, the following theo-
rem presents an optimal decision test.
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Theorem 3.5.4 (Hoeffding) Let the test S* consist of the maps

STy) = { 1 otherwise. (3.5.5)

Then 8* is an optimal test for .

Remark: The test (3.5.5) is referred to as the Generalized Likelihood Ratio
Test. The reason is that one obtains (3.5.5) by taking the supremum, over
all product measures uf, of the normalized observed log-likelihood ratio in
the Neyman—Pearson test (Definition 3.4.2). Theorem 3.5.4 may thus be
considered as a theoretical justification for this procedure.

Figure 3.5.1: Optimal decision rule.

Proof: By the upper bound of Sanov’s theorem (Theorem 2.1.10),

1
limsup — log P, (Hy rejected by S*™)
n

n—oo
1

= lim sup - log P, (LY € {v: H(v|uo) > n})

< — inf H(v < -—n.

S 7 ey ) <
Therefore, $* satisfies the constraint (3.5.2) on «,,. Fix u; € M;(X) and
let 3 denote the 3, error probabilities associated with the test S*. Then,
by the same upper bound,

1 1
limsup — log3; = limsup — logP, (LY € {v: H(v|uo) < n})
n—oo T n—oo T

H(v|p)2 = J(n). (3.5.6)

IN

— inf
{v:H(v|po)<n}
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Let S be a test determined by the binary function S(LY,n) on M;(X) X Z,.
Suppose that for some § > 0 and for some n, there exists a v € L, such
that H(v|uo) < (n — ) while S(v,n) = 1. Then, by Lemma 2.1.9, for this
test and this value of n,

an > Py, (LY =v) > (n+ 1)*\E| e H ko) > (n+ 1)*|E|efn(n75) )

Thus, if the error probabilities «,, associated with S satisfy the constraint
(3.5.2), then for every 6 > 0 and for all n large enough,

L,N{v: Hy|lpe) <n—-46 C L,N{v: S(v,n) =0}.

Therefore, for every § > 0,

1 1
limsup — log B, > liminf — log 3,
n n—oo n

n—oo

1

> liminf — logP, (LY € {v: H(v|po) <n—03}).
n—oo N

If ¥,, = %, then {v : H(v|po) < n — d} is an open subset of M;(X).

Hence, by the preceding inequality and the lower bound of Sanov’s theorem

(Theorem 2.1.10),

1
limsup — logf3, > —inf inf H(v
n_>oop n gﬁ 6>0 {v: H(v|po)<n—4} ( |,U1)
= —infJ(n—290)=-J(n), (3.5.7)
6>0

where the last equality follows from the strict inequality in the definition
of J(-) in (3.5.6). When X, # X, the sets {v : H(v|pg) < n — d} are
not open. However, if H(v|u;) < oo for ¢ = 0,1, then £, C £,, N X,,,
and consequently there exist v, € L, such that H(v,|u;) — H(v|w;) for
i =0, 1. Therefore, the lower bound (3.5.7) follows from (2.1.15) even when

Sy # 5.

The optimality of the test S* for the law p; results by comparing (3.5.6)
and (3.5.7). Since p; is arbitrary, the proof is complete. U

Remarks:

(a) The finiteness of the alphabet is essential here, as (3.5.7) is obtained by
applying the lower bounds of Lemma 2.1.9 for individual types instead of
the large deviations lower bound for open sets of types. Indeed, for infinite
alphabets a considerable weakening of the optimality criterion is necessary,
as there are no non-trivial lower bounds for individual types. (See Section
7.1.) Note that the finiteness of 3 is also used in (3.5.6), where the upper
bound for arbitrary (not necessarily closed) sets is used. However, this can
be reproduced in a general situation by a careful approximation argument.
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(b) As soon as an LDP exists, the results of this section may be extended
to the hypothesis test problem for a known joint law 1., versus a family of
unknown joint laws 11 5, provided that the random variables Y7,...,Y, are
finitely exchangeable under pip ,, and any possible p1 5, so that the empirical
measure is still a sufficient statistic. This extension is outlined in Exercises
3.5.10 and 3.5.11.

Exercise 3.5.8 (a) Let A = {A,,r =1,2,...} be a deterministic increasing
sequence of positive integers. Assume that {Y;,j ¢ A} are i.i.d. random
variables taking values in the finite set ¥ = 3., while {Y}, j € A} are unknown
deterministic points in X. Prove that if A, /r — oo, then the test S* of (3.5.5)
satisfies (3.5.2).

Hint: Let LZ* correspond to A = () and prove that almost surely lim sup,, _,
dy (LY, LY™) = 0, with some deterministic rate of convergence that depends
only upon the sequence A. Conclude the proof by using the continuity of
H(:|po) on My ().

(b) Construct a counterexample to the preceding claim when £, # X.

Hint: Take ¥ = {0, 1}, po = do, and ¥; =1 for some j € A.

Exercise 3.5.9 Prove that if in addition to the assumptions of part (a) of
Exercise 3.5.8, ¥,,, = X for every possible choice of p;, then the test &* of
(3.5.5) is an optimal test.

Exercise 3.5.10 Suppose that for any n € Z,, the random vector Y (") =
(Y1,...,Y,,) taking values in the finite alphabet X" possesses a known joint
law po,, under the null hypothesis Hy and an unknown joint law i, un-
der the alternative hypothesis H;. Suppose that for all n, the coordinates of
Y (") are exchangeable random variables under both Ho,n and every possible
1, (namely, the probability of any outcome Y (™ =y is invariant under per-
mutations of indices in the vector y). Let LY denote the empirical measure of
Y (™ and prove that Lemma 3.5.3 holds true in this case. (Note that {Y;}7_;
may well be dependent.)

Exercise 3.5.11 (a) Consider the setup of Exercise 3.5.10. Suppose that
I, : M;(X2) — [0, 00] are such that

lim sup 1 log pon(LY =v)+ L,(v)| =0, (3.5.12)
n—00 veL,,I,(v)<oco |T
and pio., (LY = v) = 0 whenever I,,(v) = co. Prove that the test S* of (3.5.5)
with H(LY|uo) replaced by I,,(LY) is weakly optimal in the sense that for
any possible law ;1 ,,, and any test for which limsupn_,oo% loga, < —1
_hmsupn—wo{% log ;kz} 2 _hmsupn—mo(% lOgﬂn)
(b) Apply part (a) to prove the weak optimality of I(LY |2, u,,) 27, with
I(+]-,-) of (2.1.32), when testing a given deterministic composition sequence (i,
in a sampling without replacement procedure against an unknown composition
sequence for such a scheme.
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3.6 Rate Distortion Theory

This section deals with one of the basic problems in information theory,
namely, the problem of source coding. To understand the motivation behind
this problem, think of a computer (the source) that creates long strings of 0
and 1. Suppose one wishes to store the output of the computer in memory.
Of course, all the symbols could be stored in a long string. However, it is
reasonable to assume that typical output sequences follow certain patterns;
hence, by exploitation of these patterns the amount of digits required to
store such sequences could be reduced. Note that the word store here could
be replaced by the word transmit, and indeed it is the transmission problem
that was initially emphasized.

This problem was tackled by Shannon in the late 1940s. His insight
was that by looking at the source as a random source, one could hope to
analyze this situation and find the fundamental performance limits (i.e.,
how much the data can be compressed), as well as methods to achieve these
limits. Although Shannon’s initial interest centered on schemes in which
the compression involved no loss of data, later developments of the theory
also allowed for some error in the reconstruction. This is considered here,
and, as usual, we begin with a precise definition of the problem.

Let Q = 2%+ be the space of semi-infinite sequences over ¥. By a sta-
tionary and ergodic source, with alphabet ¥, we mean a stationary ergodic
probability measure P on Q2. Let x1,z2,...,Z,,... denote an element of (2,
and note that since P is only ergodic, the corresponding random variables
X1,Xs,...,X,,... may well be dependent.

Next, let the measurable function p(z,y) : ¥ x 3 — [0, pmax| be a one
symbol bounded distortion function (where pmax < 00). Typically, p(z,z) =
0, and p(x,y) # 0 for x # y. Common examples are p(z,y) = 0if z = y and
1 otherwise (when ¥ is a finite set) and p(z,y) = |z —y|? (when ¥ = [0, 1]).

A code is a deterministic map C,, : X" — X", and

n

Pcné% Z Elp(Xi, (Co(X1,..., X0))i) ]
i=1

denotes the average distortion per symbol when the code C), is used.

The basic problem of source coding is to find a sequence of codes
{Cr}52, having small distortion, defined to be limsup,, . pc,. To this
end, the range of (), is to be a finite set, and the smaller this set, the fewer
different “messages” exist. Therefore, the incoming information (of possi-
ble values in X") has been compressed to a smaller number of alternatives.
The advantage of coding is that only the sequential number of the code
word has to be stored. Thus, since there are only relatively few such code
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words, less information is retained per incoming string Xi,...,X,. This
gain in transmission/storage requirement is referred to as the coding gain.

Clearly, by taking C,, to be the identity map, zero distortion is achieved
but without coding gain. To get to a more meaningful situation, it would
be desirable to have a reduction in the number of possible sequences when
using C,. Let |C,| denote the cardinality of the range of C,,. The rate of
the code C),, is defined as

1
RCn = — log |On|
n

The smaller R¢, is, the larger the coding gain when using C,. (In the
original application, the rate of the code measured how much information
had to be transmitted per unit of time.) Shannon’s source coding theorem
asserts that it cannot be hoped to get R¢, too small—i.e., under a bound on
the distortion, R¢, is generally bounded below by some positive quantity.
Moreover, Shannon discovered, first for the case where distortion is not
present and then for certain cases with distortion, that there are codes that
are arbitrarily close to this bound.

Later proofs of Shannon’s result, in its full generality, involve three dis-
tinct arguments: First, by information theory tools, it is shown that the
rate cannot be too low. Next, by an ergodic theory argument, the problem
is reduced to a token problem. Finally, this latter problem is analyzed by
large deviations methods based on the Gértner—Ellis theorem. Since this
book deals with large deviations applications, we concentrate on the latter
token problem, and only state and sketch the proof of Shannon’s general re-
sult at the end of this section. In order to state the problem to be analyzed,
another round of definitions is required.

The distortion associated with a probability measure Q on ¥ x ¥ is
A
b2 [ lay) Qs dy).
XX
Let Qx and @, be the marginals of Q). The mutual information associated
with @ is

A dQ >
H X = lo — ) d 3.6.1
Qxx @2 [ tox (5050 ) i@ e
when the preceding integral is well-defined and finite and H(Q|Qx X Qy) =
oo otherwise.!

The single-symbol rate distortion function is defined as

Ry(D) = H(Q|Qx x @),

inf
{Q:pq<D,Qx=P1}

In information theory, the mutual information is usually denoted by I(X; Y). The
notation H(Q|Qx X Qy) is consistent with other notation in this book.
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where P; is the one-dimensional marginal distribution of the stationary
measure P on LZ+,

The following is the “token problem” alluded to earlier. It is proved via
a sequence of lemmas based on the LDP of Section 2.3.

Theorem 3.6.2 (Shannon’s weak source coding theorem) For any
D > 0 such that Ri(D) < 0o and for any 0 > 0, there exists a sequence of
codes {Cp}o2, with distortion at most D, and rates Reo, < R1(D) + 4.

The proof of this theorem is based on a random coding argument, where
instead of explicitly constructing the codes C),, the classes C,, of all codes of
some fixed size are considered. A probability measure on C,, is constructed
using a law that is independent of the sequence X2(Xy,..., X,,...). Let
pn2Ec, [pe,] be the expectation of p., over C, according to this measure.
Clearly, there exists at least one code in C,, for which p., < p,. With
this approach, Theorem 3.6.2 is a consequence of the upper bound on p,,
to be derived in Lemma 3.6.5. This in turn is based on the following large
deviations lower bound.

Lemma 3.6.3 Suppose @ is a probability measure on 3 X X for which
H(Q|Qx X Qy) < 0 and Qx = Py. Let Zn(x)Q% Z?’Zl p(x;,Y;), where
Y; are i.i.d. random wvariables, each distributed on ¥ according to the law
Qy, and all of which are independent of X=(x1,. .., Zn,...). Then, for every
0 >0, and for P almost every semi-infinite sequence X,

liminfl log P(Z,,(x) < pg +0) > —H(Q|Qx X Qy).

n—oo N
/ log (/ eep(x’y)Qy(dy)) Py (dx)
= b

I ( / eep<w>y>c2y<dy>) Qu(da)

where the second equality follows by our assumption that Qx = P;. As
p(+, ) is uniformly bounded, A(-) is finite, and by dominated convergence it
is also differentiable everywhere in IR.

Proof: Let

A(9)

Consider now the logarithmic moment generating functions A, () 2

log E[e?4»(®)]. For P almost every sequence x emitted by the source,
Birkhoff’s ergodic theorem yields

n—oo n

1 1 <
lim — A,(nf) = lim — E log/ P Q, (dy) = A(0).
n—oo M j—l »
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Fix x € Q = X%+ for which the preceding identity holds. Then, by the
Gértner—Ellis theorem (Theorem 2.3.6), the sequence of random variables
{Z,(x)} satisfies the LDP with the rate function A*(:). In particular, con-
sidering the open set (—o0, po + 6), this LDP yields

hmmf— logP(Z,(x) < pg+0) > — inf A*(z)>—-A"(po). (3.6.4)

n—oo ZD<PQ+(5

It remains to be shown that H(Q|Qx X Qy) > A*(pe). To this end, associate
with every A € IR a probability measure @y on X x X via

dQ eP(,y)
SO () = e
dQx x Qv Js e@2Qy (dz)
Since p(+,-) is bounded, the measures @) and Qx x @, are mutually abso-

lutely continuous. As H(Q|Qx X Qy) < oo, the relative entropy H(Q|Qx)
is well-defined. Moreover,

0< H(QIQy) = /E g (%@y)) Q(dz, dy)

- Q(dz, dy) log{dQ dQQ (z ,y)e_’\p(x’y)/Ze’\p(w’z)Qy(dz)}

IO

— H(QIQx X Qy) ~ Mg+ AN

Since this inequality holds for all A, it follows that H(Q|Qx X Qy) > A*(po),
and the proof is complete in view of (3.6.4). ]

Lemma 3.6.5 Suppose @ is a probability measure on ¥ X ¥ for which
H(Q|Qx X Qy) < o0 and Qx = Py. Fiz § > 0 arbitrarily small and let
Cn be the class of all codes Cy, of size knéLe”(H(Q@XxQY)"“S)J. Then there
exist distributions on C,, for which limsup,,_, . 9, < pg + 6.

Proof: For any x = (21,...,Zy,...), define the set

n

Su2 i)+ = Pl ) < a0}

j=1

and let C),(x) be any element of C,, N.S,,(x), where if this set is empty then
C(x) is arbitrarily chosen. For this mapping,

—Zp.’l,‘j, )<pQ+6+pmax1{C NSn(x)=0} »
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and consequently, for any measure on the class of codes C,,

P < pPo+ 0+ pmaxP(Cr, N Sp(X) =0) . (3.6.6)
The probability distribution on the class of codes C,, is generated by con-
sidering the codes with code words Y(i)ﬁ(Yl(l), ey ,El)) fori=1,...,kp,
where Yj(l), j=1,...,n,i=1,...,k,, are i.i.d. random variables of law

)y, independent of the sequence emitted by the source. Hence,
P(C,NSu(x)=0) = P(YD ¢S, (x) for all i) =[1 — P(Y®) € S, (x))]*
< exp (fknP(Y(l) e Sn(x))) . (3.6.7)

Note that the event {Y() € S, (x)} has the same probability as the event
{Zn(x) < pg + ¢} considered in Lemma 3.6.3. Thus, by the definition of
k, and by the conclusion of Lemma 3.6.3, for P almost every semi-infinite
sequence X,

lim k,P(Y® € 8, (x)) = oc0.

n—oo

Consequently, by the inequality (3.6.7),
lim P(C, NS, (X) =0)

0.

Substituting in (3.6.6) completes the proof. [

Proof of Theorem 3.6.2: Since R;(D) < oo, there exists a sequence of
measures {Q™}2°_, such that I,2H(Q™|QY" x QY") — Ry(D), while
poem < D and QY = Py. By applying Lemma 3.6.5 for Q™ and §,, =
1/m, it follows that for all n there exists a distribution on the class of all
codes of size [e"I=+1/™) | such that limsup, . p, < poom + 1/m. Fix
an arbitrary § > 0. For all m large enough and for all n, one can enlarge
these codes to size [e"F1(P)+9) | with no increase in p,. Hence, for every
n, there exists a distribution on the class of all codes of size |e™(fi1(P)+9) ]
such that

. _ . 1

limsupp,, < limsup (pQ<m> + E) <D.
The existence of a sequence of codes C,, of rates R¢, < Ri(D) + § and of
distortion limsup,, . pe, < D is deduced by extracting the codes C,, of
minimal p., from these ensembles. U

We now return to the original problem of source coding discussed in
the introduction of this section. Note that the one symbol distortion func-
tion p(z,y) may be used to construct the corresponding J-symbol average
distortion for J =2,3,...,

J
Al
p(‘l)((xly"'aa:(])?(yla'-'7yJ :jzz l%yé
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The J-symbol distortion of a probability measure @ on £7 x £/ is
o= [ ) Qlxdy).
PESSIT

The mutual information associated with the measure @@ having marginals
Qx, Qy on X7 is defined via (3.6.1) with X7 instead of ¥. The .J-symbol
rate distortion function is defined as

. 1
RiDE i LH@IQ.x @),
{Q?P<Q)§D7Qx:7"7}

where P is the J-dimensional marginal distribution of the stationary mea-
sure P. Finally, the rate distortion function is

A
R(D)=inf R;(D).
(D)= inf R;(D)
Shannon’s source coding theorem states that the rate distortion function
is the optimal performance of any sequence of codes, and that it may be
achieved to arbitrary accuracy.

Theorem 3.6.8 (Source coding theorem)

(a) Direct part: For any D > 0 such that R(D) < oo and any § > 0,
there exists a sequence of codes {C,}52 1 with distortion at most D and
rates Ro, < R(D) + § for all sufficiently large n.

(b) Converse part: For any sequence of codes {Cn}5%, of distortion D
and all § > 0, liminf,, . Rc, > R(D + 9).

Remarks:

(a) Note that |X| may be infinite and there are no structural conditions
on ¥ besides the requirement that P be based on ¥ %+, and conditioning
and product measures are well-defined. (All the latter hold as soon as ¥
is Polish.) On the other hand, whenever R(D) is finite, the resulting codes
always take values in some finite set and, in particular, may be represented
by finite binary sequences.

(b) For i.i.d. source symbols, R(D) = R;(D) (see Exercise 3.6.11) and the
direct part of the source coding theorem amounts to Theorem 3.6.2.

We sketch below the elements of the proof of Theorem 3.6.8. Beginning
with the direct part, life is much easier when the source possesses strong
ergodic properties. In this case, the proof of Lemma 3.6.9 is a repeat of the
arguments used in the proof of Lemma 3.6.5 and is omitted.

Lemma 3.6.9 Suppose P is ergodic with respect to the Jth shift operation
(namely, it is ergodic in blocks of size J). Then, for any § > 0 and each
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probability measure Q on B’ x 27 with Qy = Py and H(Q|Qx x Qy) < oo,
there exists a sequence of codes Cy, of rates R, < J 'H(Q|Qx x Qy) + &
and of distortion at most pi’ + 8. In particular, if P is ergodic in blocks
of size J for any J € Z_, then the direct part of the source coding theorem
holds.

While in general an ergodic P might be non-ergodic in blocks, an ergodic
theory argument shows that Lemma 3.6.9 holds true for any stationary
and ergodic P. A full proof of this fact may be found in [Ber71, pages
278-280], and [Ga68, pages 496-500]. This proof is based on showing that
when considering blocks of size J, the emitted semi-infinite sequences of the
source may almost surely be divided into J equally probable ergodic modes,
Ey,...,Ej_1, such that if the sequence (1, z2,...,Zp,...) belongs to mode
E;, then (214, Z24k,. ., Tnik,...) belongs to the mode Eyiiiymod -

Finally, we sketch the proof of the converse part of the source coding
theorem. Clearly, it suffices to consider codes C,, of finite rates and of
distortion D. Such a code C}, is a mapping from X" to X". When its
domain X" is equipped with the probability measure P, (the nth marginal
of P), C,, induces a (degenerate) joint measure Q™ on X" x ¥™. Note that

&") = Pp and pomy) = pe, < D+ 0 for any 6 > 0 and all n large enough.
Therefore, for such ¢ and n,

HQM|QW x Q™) > nRu(D +6) > nR(D + 6).

Since QE,”) is supported on the finite range of C),, the entropy

ICn

H(QM)= — ZQY (y:) log Q¥ ()

is a lower bound on log|C,| = nR¢,. The Radon-Nikodym derivative
falz,y:)2 dQ(”)/dQE(") X dQS,n)(amyi) is well-defined, and

|Cnl
/Z Flz,y) QW (dz) =1, 3 fule, ) QW () =1 ,Q%) — ace..
" i=1
Thusv (n)fae fn(l' yz)QYL)(yz) <1, and

HQM) — HQ™M|QW x Q™M)

ICnl

= Z Q(n) [long%(yi) - - fn(@,yi) log fr(x,y;) E(")(dx)}
" |Cn () 1
= v (dx n\T Yi i) 1 0.
@ )[; Fal@, y)QY" (yi) log e QT )(yl)} =
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Therefore,
1
liminf Re, > liminf —H(Q{™)
n—oo n—oo N
tninf O™ 10 « oM
> liminf —H(Q" Q%" x Qy"’) > R(D +9) .
n—oo N

Exercise 3.6.10 (a) Prove that if ¥ is a finite set and Ry(D) > 0, then
there exists a probability measure @ on ¥ x X for which Qx = P1, po = D,

and H(Q|Qx X Qy) = R1(D).
(b) Prove that for this measure also A*(py) = H(Q|Qx X Qy).

Exercise 3.6.11 Prove that when P is a product measure (namely, the emit-
ted symbols X7, Xo,...,X,, are i.id.), then R;(D) = Ry(D) for all J € Z,.
Hint: Apply Jensen’s inequality to show, for any measure Q on ¥7 x 7 such
that Qx = Py, that

[

H(QIQx x Qy) = Y H(Q'IP1 x QS),

i=1
where Q' (Q%) denote the ith coordinate marginal of Q (Q,, respectively).
Then, use the convexity of R (-).
Exercise 3.6.12 (a) Show that for all integers m, n,

(m + n)Rm—i-n(D) < mRm(D) +nR, (D)
(b) Conclude that

limsup Ry(D) < oo = R(D) = Jlim R;(D).

J—o0

This is a particular instance of the sub-additivity lemma (Lemma 6.1.11).

3.7 Moderate Deviations and Exact
Asymptotics in IR?

Cramér’s theorem deals with the tails of the empirical mean S, of i.i.d.
random variables. On a finer scale, the random variables \/ﬁS'n possess a
limiting Normal distribution by the central limit theorem. In this situation,
for 8 € (0,1/2), the renormalized empirical mean n?S, satisfies an LDP
but always with a quadratic (Normal-like) rate function. This statement
is made precise in the following theorem. (Choose a, = n28=1 in the
theorem to obtain Z,, = nﬁgn)
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Theorem 3.7.1 (Moderate Deviations) Let Xi,..., X, be a sequence
of R%-valued i.i.d. random vectors such that Ax(\)2log E[eV¥X)] < oo
in some ball around the origin, E(X;) = 0, and C, the covariance matriz
of X1, is invertible. Fir a, — 0 such that na, — oo as n — oo, and let

Znﬁs/an/n Zle X, = ./nangn, Then, for every measurable set T,

1
—— inf (,C'2) < liminfa,logP(Z, €T)
2 zele n—oo
< limsupay,log P(Z, €T)
n—oo
1
< —— inf (z,C 7 lz). (3.7.2)
zel

Proof: Let A(A\)2 E[(\, X1)?]/2 = (\,C)\)/2. Tt follows that the Fenchel—
Legendre transform of A(-) is

A(z) = Sup, { A z) = AN}
1 1 _
= )\Seuﬁp{)d {(\z) — 3 (ANCAN} = 5 (x,C71z).

Let A,.(-) be the logarithmic moment generating function of Z,,. As will be
shown, for every A € R,

AN) = lim a,A,(a;)). (3.7.3)

n—o0

Consequently, the theorem is an application of the Gartner—Ellis theorem,
where a,, replaces 1/n throughout. Indeed, A(:) is finite and differentiable
everywhere.

Turning now to establish the limit (3.7.3), observe that
Anaz'2) = log B (e 200)

= Z log E (e(nan)_l/2 (A,XQ) =nlog E (e(nan)_l/2 ()\,X1>) )
=1

Since Ax(A) < oo in a ball around the origin and na,, — oo, it follows that
E (exp((na,)~Y? (X, X1))) < oo for each \ € R?, and all n large enough.
By dominated convergence,

E (exp((naq) 720, X1)) )

=1+ (na,) "2 E[(A, X1)] + % (nan) L E[(\, X1)% + O ((nan)_?’/Q) 7
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where g(n) = O ((na,)~®/?) means that limsup,_, . (na,)*?g(n) < occ.
Hence, since E[(\, X;1)] =0,

anfn(ay" ) = nap log {1 + 5 (1) B, X% + o((nanr?’/%} .

Consequently,

i a,An(a; ') = %E[ L X102 = AQ) . 0
Remarks:

(a) Note that the preceding theorem is nothing more than what is obtainable
from a naive Taylor expansion applied on the ersatz P(Sn =)= e~ (@)
where I(+) is the rate function of Cramér’s theorem.

(b) A similar result may be obtained in the context of the Markov additive
process discussed in Section 3.1.1.

(c) Theorem 3.7.1 is representative of the so-called Moderate Deviation Prin-
ciple (MDP), in which for some v(-) and a whole range of a,, — 0, the
sequences {7y(a,)Y,} satisfy the LDP with the same rate function. Here,
Y, = /nS, and v(a) = a'/? (as in other situations in which Y;, obeys the
central limit theorem).

Another refinement of Cramér’s theorem involves a more accurate es-
timate of the law pu, of S,,. Specifically, for a “nice” set A, one seeks
an estimate J,; ! of u,(A) in the sense that lim, o Jyun(A4) = 1. Such
an estimate is an improvement over the normalized logarithmic limit im-
plied by the LDP. The following theorem, a representative of the so-called
exact asymptotics, deals with the estimate J, for certain half intervals
A=[q,0) CR.

Theorem 3.7.4 (Bahadur and Rao) Let u, denote the law of S, =
%Z?:l X;, where X; are i.1.d. real valued random variables with logarith-
mic moment generating function A(\) = log E[e*X1]. Consider the set
A = [q,00), where ¢ = N (n) for some positive n € DY.
(a) If the law of X, is non-lattice, then
lim J,p,(A)=1, (3.7.5)
n—oo
where J,, = n\/N'(n) 2mn e (@),
(b) Suppose X1 has a lattice law, i.e., for some xg, d, the random variable
d=Y(Xy — x0) is (a.s.) an integer number, and d is the largest number with
this property. Assume further that 1 > P (X1 = q) > 0. (In particular, this
implies that d='(q — x0) is an integer and that A" (n) > 0.) Then

lim J,pn(A) nd

n—oo T 1l—emd’

(3.7.6)
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Remarks:

(a) Recall that by part (c) of Lemma 2.2.5 and Exercise 2.2.24, A*(¢q) =
ng — A(n), A(-) is C* in some open neighborhood of 7, n = A*'(q) and
A" (q) = 1/A"(n). Hence, J,, = A*'(q)\/2mn /A" (q)e™ (@),

(b) Theorem 3.7.4 holds even when A is a small interval of size of order
O(logn/n). (See Exercise 3.7.10.)

(¢) The proof of this theorem is based on an exponential translation of a
local CLT. This approach is applicable for the dependent case of Section
2.3 and to a certain extent applies also in RY, d > 1.

Proof: Consider the probability measure [ defined by dp/du(z) =
e =AM and let V;2(X; — q)//A(n), for i = 1,2,...,n. Note that
Yl,...,Y are i.i.d. random variables, with E;[Y;] = 0 and E;[Y{] =
1. Let v¥,2n\/nA"(n) and let F,(-) denote the distribution function of

W,2n=1/2 3" | 'V; when X; are i.i.d. with marginal law ji. Since S, =

q+ /A" (n)/n W,, it follows that
pn(A) = pnllg,00)) = Eple oAl o ]
e OB [em T Ly, )] = 7"A*(q)/ e TdF, .
0
Hence, by an integration by parts,

Inpin(A) = \/%/OO e[y () — Fo(0)] dae

\/_/ e ‘t{ (1/1) n(O)} dt. (3.7.7)

(a) When X, are non-lattice, the Berry-Esséen expansion of F,(z) (see
[Fel71, page 538]) results in

lim {\/ﬁ sup

n—oo

(1—2?%) é(x)

Fo(z) — @(x) -

ms
— =0 3.7.8
i b0, ey
where m32E; [Yl | <00, ¢(x) = 1/v/2m exp(—x?/2) is the standard Normal
density, and ®(z) = [*_ ¢(0)df. Define

AN _ t m3 t (2
= \/27r/ et 1—(—
t ms

cp(—) — P(0) — —= ¢(0) ) dt. 3.7.9
¢(%) (0) Gﬁqzs()) (3.7.9)
Comparing (3.7.7) and (3.7.9), observe that the Berry—Esséen expansion
(3.7.8) yields the relation lim,,_,« |Jppn(A) — ¢,| = 0. Moreover, since

sup ¢/ (z)| < oo, lim |¢'(z)] =0,
wzo z—0
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it follows by a Taylor expansion of ®(¢/v,,) and the dominated convergence
theorem that

lim ¢, = lim M/Om Ypet [@( ! ) —@(o)] dt

n—oo n— o0 ’l/},n

= \/%qs(())/oootetdtzy

(b) In the lattice case, the range of Y; is {md//A"(n) : m € Z}. Conse-
quently, here the Berry—Esséen expansion (see [Fel71, page 540] or [Pet75,
page 171], Theorem 6), is

lim (\/_ 1

n—oo

ms

6y/n
—¢(1‘)9<$7 ﬁ) D =0,

where g(z,h) = h/2 — (z mod h) if (z mod h) # 0 and g(z,h) = —h/2 if
(z mod h) = 0.

n(r) — ®(z) — (1-2?) ¢(x)

g(x,h)

\“/4\\ N
NONTEX

Figure 3.7.1: The function g(z, h).

Thus, paraphrasing the preceding argument for the lattice case,

lim J,p,(A) =1+ lim

n—oo

[t o ()0 (G 50) o0 (05

Since ¥ g(t/1n, nd/1n) = g(t,nd), it follows that

lim Jpp,(A)

n—oo

:1+lim\/_/ (( )(tnd) (b()(O,nd))dt

n—oo

— 1427 (0 )/O ! Lg(t, nd) — g(0, nd)] dt
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The proof is completed by combining the preceding limit with

= (ie””’d) /Ondet(’/]dt)dt—l_n—ed_ndl. 0

n=0

Exercise 3.7.10 (a) Let A = [q,q + a/n), where in the lattice case a/d is
restricted to being an integer. Prove that for any a € (0, 00), both (3.7.5) and
(3.7.6) hold with .J,, = /A" (1) 27n ™A (@) /(1 — e~ 19).

(b) As a consequence of part (a), conclude that for any set A = [q,q + by,),
both (3.7.5) and (3.7.6) hold for the J, given in Theorem 3.7.4 as long as

lim,, . oo nb,, = o0.

Exercise 3.7.11 Let > 0 denote the minimizer of A(\) and suppose that
A(X) < oo in some open interval around 7.

(a) Based on Exercise 3.7.10, prove that when X; has a non-lattice distri-
bution, the limiting distribution of 5,23 " | X; conditioned on {S,, > 0} is
Exponential(n) .

(b) Suppose now that X has a lattice distribution of span d and 1 > P(X; =
0) > 0. Prove that the limiting distribution of S,,/d conditioned on {S,, > 0}
is Geometric(p), with p = 1 — e~ (i.e,, P(S, = kd|S, > 0) — pg~ for
k=0,1,2,...).

Exercise 3.7.12 Returning to the situation discussed in Section 3.4, consider
a Neyman—Pearson test with constant threshold v € (T, T1). Suppose that
X = log(dp1/dpo(Y1)) has a non-lattice distribution. Let A, € (0,1) be the
unique solution of Aj(A) = . Deduce from (3.7.5) that

lim (ane”%(vm Ag(/\y)27m> =1 (3.7.13)
n—oo
and ey Ly
. e,y 1—Ay
nll_)II;Q( i ) = N (3.7.14)

3.8 Historical Notes and References

The large deviations statements for Markov chains have a long history,
and several approaches exist to derive them. To avoid repetition, they
are partially described in the historical notes of Chapter 6. In the finite
state setup, an early reference is Miller [Mil61]. The approach taken here
is based, in part, on the ideas of Ellis [Ell84] and [El88]. The method of
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types and estimates as in Exercise 3.1.21 are applied in [AM92] to provide
tight large deviation bounds for certain sets with empty interior.

Theorem 3.2.1 is motivated by the results in [ArGW90]. Exercise 3.2.7 is
taken from [DKZ94a], where part (b) is strengthened to a full convergence.
See also [DKZ94b] for limit laws and references to related works. For similar
results in the context of Z%-indexed Gibbs fields, see [Com94].

Gibbs’s conditioning principle has served as a driving force behind Ru-
elle and Lanford’s treatment of large deviations (without calling it by that
name) [Rue65, Rue67, Lan73]. The form of the Gibbs’s principle here
was proved using large deviations methods in the discrete, uniform case
in [Vas80], via the method of types by Campenhout and Cover [CaC81] and
more generally by Csiszar [Cs84], and Stroock and Zeitouni [StZ91]. For
other references to the statistical mechanics literature, see the historical
notes of Chapter 7.

One of the early reasons for deriving the LDP was their use in evaluating
the performance of estimators and decision rules, and in comparing different
estimators (see, e.g., [Che52]). A good summary of this early work may be
found in [Bah67, Bah71]. More recent accounts are [BaZG80, Rad83, KK86]
(in the i.i.d. case) and [Bah83] (for Markov chains). The material of Section
3.4 may be traced back to Chernoff [Che52, Che56], who derived Theorem
3.4.3. Lemma 3.4.7 appears first in [Cheb6], which attributes it to an un-
published manuscript of C. Stein. Other statistical applications, some of
which are based on abstract LDPs, may be found in the collection [As79].

The generalized likelihood ratio test of Section 3.5 was considered by Ho-
effding [Hoe65], whose approach we basically follow here. See the historical
notes of Chapter 7 for extensions to other situations.

The source coding theorem is attributed to Shannon [Sha59]. See also
[Shad8] and [Ber71]. Our treatment of it in Section 3.6 is a combination
of the method of this book and the particular case treated by Bucklew
in [Buc90].

Theorem 3.7.1 follows [Pet75], although some of the methods are much
older and may be found in Feller’s book [Fel71]. Theorem 3.7.4 was proved
in the discrete case by [BH59] and in the form here by [BaR60]. (The
saddle point approximation of [Danb4] is also closely related.) A review
of related asymptotic expansions may be found in [Hea67, Pet75, BhR76].
Other refinements and applications in statistics may be found in [Barn78|.
An early IR? local CLT type expansion is contained in [BoR65]. For related
results, see [Boo75]. The extension of Theorem 3.7.4 to IR%valued random
variables is provided in [I1t95], which builds upon the results of [Ney83]. For
a full asymptotic expansion, even when the exponential moments condition
is not satisfied, see [Roz86] and references therein.



Chapter 4

General Principles

In this chapter, we initiate the investigation of large deviation principles
(LDPs) for families of measures on general spaces. As will be obvious in
subsequent chapters, the objects on which the LDP is sought may vary
considerably. Hence, it is necessary to undertake a study of the LDP in an
abstract setting. We shall focus our attention on the abstract statement of
the LDP as presented in Section 1.2 and give conditions for the existence of
such a principle and various approaches for the identification of the resulting
rate function.

Since this chapter deals with different approaches to the LDP, some of
its sections are independent of the others. A rough structure of it is as
follows. In Section 4.1, extensions of the basic properties of the LDP are
provided. In particular, relations between the topological structure of the
space, the existence of certain limits, and the existence and uniqueness of
the LDP are explored. Section 4.2 describes how to move around the LDP
from one space to another. Thus, under appropriate conditions, the LDP
can be proved in a simple situation and then effortlessly transferred to a
more complex one. Of course, one should not be misled by the word effort-
lessly: Tt often occurs in applications that much of the technical work to
be done is checking that the conditions for such a transformation are sat-
isfied! Sections 4.3 and 4.4 investigate the relation between the LDP and
the computation of exponential integrals. Although in some applications
the computation of the exponential integrals is a goal in itself, it is more
often the case that such computations are an intermediate step in deriving
the LDP. Such a situation has already been described, though implicitly,
in the treatment of the Chebycheff upper bound in Section 2.2. This line of
thought is tackled again in Section 4.5.1, in the case where X is a topolog-
ical vector space, such that the Fenchel-Legendre transform is well-defined
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and an upper bound may be derived based on it. Section 4.5.2 complements
this approach by providing the tools that will enable us to exploit convexity,
again in the case of topological vector spaces, to derive the lower bound.
The attentive reader may have already suspected that such an attack on the
LDP is possible when he followed the arguments of Section 2.3. Section 4.6
is somewhat independent of the rest of the chapter. Its goal is to show
that the LDP is preserved under projective limits. Although at first sight
this may not look useful for applications, it will become clear to the patient
reader that this approach is quite general and may lead from finite dimen-
sional computations to the LDP in abstract spaces. Finally, Section 4.7
draws attention to the similarity between the LDP and weak convergence
in metric spaces.

Since this chapter deals with the LDP in abstract spaces, some topolog-
ical and analytical preliminaries are in order. The reader may find Appen-
dices B and C helpful reminders of a particular definition or theorem.

The convention that B contains the Borel o-field By is used through-
out this chapter, except in Lemma 4.1.5, Theorem 4.2.1, Exercise 4.2.9,
Exercise 4.2.32, and Section 4.6.

4.1 Existence of an LDP and Related
Properties

If a set X is given the coarse topology {0, X'}, the only information implied
by the LDP is that inf,cy I(z) = 0, and many rate functions satisfy this
requirement. To avoid such trivialities, we must put some constraint on the
topology of the set X. Recall that a topological space is Hausdorff if, for
every pair of distinct points = and y, there exist disjoint neighborhoods of
z and y. The natural condition that prevails throughout this book is that,
in addition to being Hausdorff, X is a reqular space as defined next.

Definition 4.1.1 A Hausdorff topological space X is reqular if, for any
closed set F C X and any point x € F, there exist disjoint open subsets G
and Go such that F C G1 and x € G>.

In the rest of the book, the term regular will mean Hausdorff and regular.
The following observations regarding regular spaces are of crucial impor-
tance here:

(a) For any neighborhood G of z € X, there exists a neighborhood A of z
such that A C G.

(b) Every metric space is regular. Moreover, if a real topological vector
space is Hausdorff, then it is regular. All examples of an LDP considered
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in this book are either for metric spaces, or for Hausdorff real topological
vector spaces.
(¢) A lower semicontinuous function f satisfies, at every point x,

flw) = sup inf  f(y) . (4.1.2)
{G neighborhood of «} v€G

Therefore, for any x € X and any § > 0, one may find a neighborhood
G = G(z,0) of z, such that inf cq f(y) > (f(z) —I)A1/d. Let A= A(x,0)
be a neighborhood of = such that A C G. (Such a set exists by property
(a).) One then has

(4.1.3)

Sell

inf f(y) > inf f(y) = (f(z) —d) A
yeA yeG
The sets G = G(z, ) frequently appear in the proofs of large deviations
statements and properties. Observe that in a metric space, G(z,J) may be
taken as a ball centered at z and having a small enough radius.

4.1.1 Properties of the LDP

The first desirable consequence of the assumption that X is a regular topo-
logical space is the uniqueness of the rate function associated with the LDP.

Lemma 4.1.4 A family of probability measures {uc} on a regular topolog-
ical space can have at most one rate function associated with its LDP.

Proof: Suppose there exist two rate functions I1(-) and I5(-), both asso-
ciated with the LDP for {u.}. Without loss of generality, assume that for
some xg € X, I1(z9) > I2(zp). Fix 6 > 0 and consider the open set A for
which zg € A, while inf, 7 I1(y) > (I1(zo) — ) A 1/6. Such a set exists by
(4.1.3). Tt follows by the LDP for {u.} that

— inf I;(y) > limsupelog p(A) > liminf elog p.(A) > — inf Ir(y).
yEZ e—0 e—0 yeA

Therefore,

1
Ig(Io) Z inf I2(y) Z 1n£]1(y) Z (Il(zo) - 6) N —=.
yeEA yEA 1)

Since ¢ is arbitrary, this contradicts the assumption that I1(x¢) > I2(zo).

O

Remarks:
(a) Tt is evident from the proof that if X is a locally compact space (e.g.,
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X = ]Rd)7 the rate function is unique as soon as a weak LDP holds. As
shown in Exercise 4.1.30, if X is a Polish space, then also the rate function
is unique as soon as a weak LDP holds.

(b) The uniqueness of the rate function does not depend on the Hausdorff
part of the definition of regular spaces. However, the rate function assigns
the same value to any two points of X’ that are not separated. (See Exercise
4.1.9.) Thus, in terms of the LDP, such points are indistinguishable.

As shown in the next lemma, the LDP is preserved under suitable inclu-
sions. Hence, in applications, one may first prove an LDP in a space that
possesses additional structure (for example, a topological vector space), and
then use this lemma to deduce the LDP in the subspace of interest.

Lemma 4.1.5 Let £ be a measurable subset of X such that u.(E) =1 for
all € > 0. Suppose that € is equipped with the topology induced by X.

(a) If € is a closed subset of X and {p.} satisfies the LDP in & with rate
function I, then {u.} satisfies the LDP in X with rate function I' such that
I'=Toné& and I' = o on E°.

(b) If {ue} satisfies the LDP in X with rate function I and Dy C &, then
the same LDP holds in £. In particular, if € is a closed subset of X, then
Dr C € and hence the LDP holds in £.

Proof: In the topology induced on £ by X, the open sets are the sets
of the form G N E with G C X open. Similarly, the closed sets in this
topology are the sets of the form F N E with FF C X closed. Furthermore,
pe(T) = p(T'NE) for any I' € B.

(a) Suppose that an LDP holds in £, which is a closed subset of X'. Extend
the rate function I to be a lower semicontinuous function on X by setting
I(xz) = oo for any x € £°. Thus, inf e I(x) = infyepne I(z) for any I' C X
and the large deviations lower (upper) bound holds.

(b) Suppose that an LDP holds in X. If £ is closed, then D; C & by the
large deviations lower bound (since p.(€¢) = 0 for all € > 0 and £€ is open).
Now, Dy C & implies that inf,cr I(z) = inf erne I(z) for any I' C X and
the large deviations lower (upper) bound holds for all measurable subsets
of £. Further, since the level sets W;(«) are closed subsets of £, the rate
function I remains lower semicontinuous when restricted to £. O

Remarks:

(a) The preceding lemma also holds for the weak LDP, since compact subsets
of £ are just the compact subsets of A contained in £. Similarly, under the
assumptions of the lemma, I is a good rate function on X iff it is a good
rate function when restricted to £.

(b) Lemma 4.1.5 holds without any change in the proof even when By ¢ B.

The following is an important property of good rate functions.
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Lemma 4.1.6 Let I be a good rate function.
(a) Let {Fs}s>o be a nested family of closed sets, i.e., Fs C Fs if 6 < §'.
Define Fy = Ng=oFs. Then

inf [ =1i inf [ .
Jnf I(y) = lim inf I(y)

(b) Suppose (X,d) is a metric space. Then, for any set A,

inf I(y) = lim inf I(y), 4.1.7
inf (y) = lim inf I(y) (4.1.7)

where
APy d(y, A) = Inf d(y, 2) < 6} (4.1.8)

denotes the closed blowup of A.
Proof: (a) Since Fy C Fj for all § > 0, it suffices to prove that for all > 0,

A
=1 inf I(y) > inf I(y) — 7.
y=lim - nf I(y) > inf I(y) —n
This inequality holds trivially when v = co. If v < o0, fix n > 0 and let
a =y+1n. The sets FsN¥(a), d > 0, are non-empty, nested, and compact.
Consequently,

FoN¥1(a) = QOFéﬂ‘I’I(Oé)

is also non-empty, and the proof of part (a) is thus completed.
(b) Note that d(-, A) is a continuous function and hence { A%} 5 are nested,
closed sets. Moreover,

NA ={y: d(y,A)=0}=4. O

6>0

Exercise 4.1.9 Suppose that for any closed subset F' of X and any point
x ¢ F, there exist two disjoint open sets G; and G2 such that FF C G; and
x € Go. Prove that if I(z) # I(y) for some lower semicontinuous function I,
then there exist disjoint neighborhoods of x and y.

Exercise 4.1.10 [[LyS87], Lemma 2.6. See also [Puk91], Theorem (P).]

Let {p,} be a sequence of probability measures on a Polish space X'.

(a) Show that {u,} is exponentially tight if for every az < co and every n > 0,
there exist m € Z, and x1,...,2, € X such that for all n,

(G <7
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Hint: Observe that for every sequence {my} and any xgk) € X, the set
N2y U B o 1/ IS pre-compact.

(b) Suppose that {u,} satisfies the large deviations upper bound with a good
rate function. Show that for every countable dense subset of X, e.g., {z;},
every 1 > 0, every a < 0o, and every m large enough,

1 m c
lim sup — log,un({U me,} ) < —-a.
n i=1

n—oo

Hint: Use Lemma 4.1.6.
(c) Deduce that if {p,,} satisfies the large deviations upper bound with a good
rate function, then {u,} is exponentially tight.

Remark: When a non-countable family of measures {u,e > 0} satisfies
the large deviations upper bound in a Polish space with a good rate function,
the preceding yields the exponential tightness of every sequence {y., }, where
€, — 0 as n — oo. As far as large deviations results are concerned, this is
indistinguishable from exponential tightness of the whole family.

4.1.2 The Existence of an LDP

The following theorem introduces a general, indirect approach for establish-
ing the existence of a weak LDP.

Theorem 4.1.11 Let A be a base of the topology of X. For every A € A,
define

LA2 —lim inf €log j1c(4) (4.1.12)
and A
I(z)= sup L4 . (4.1.13)
{AcA: z€ A}

Suppose that for all x € X,

I(x)=  sup —limsup elog pc(A) | . (4.1.14)
{AcA: zcA} e—0

Then . satisfies the weak LDP with the rate function I(x).

Remarks:

(a) Observe that condition (4.1.14) holds when the limits lim._.¢ €log p.(A)
exist for all A € A (with —oo as a possible value).

(b) When X is a locally convex, Hausdorff topological vector space, the base
A is often chosen to be the collection of open, convex sets. For concrete
examples, see Sections 6.1 and 6.3.
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Proof: Since A is a base for the topology of X', for any open set G and any
point x € G there exists an A € A such that z € A C G. Therefore, by
definition,

lim iélf elog pe(G) > lim iélf elogue(A) = —La > —I(z).

As seen in Section 1.2, this is just one of the alternative statements of the
large deviations lower bound.

Clearly, I(z) is a nonnegative function. Moreover, if I(x) > «, then
L4 > « for some A € A such that x € A. Therefore, I(y) > L4 > « for
every y € A. Hence, the sets {z : I(x) > a} are open, and consequently T
is a rate function.

Note that the lower bound and the fact that I is a rate function do
not depend on (4.1.14). This condition is used in the proof of the upper
bound. Fix § > 0 and a compact F' C X. Let I’ be the §-rate function,
i.e., I°(x)2min{I(z) — 6,1/6}. Then, (4.1.14) implies that for every x € F,
there exists a set A, € A (which may depend on ¢) such that z € A, and

—limsup elog e (Az) > I°(x).

e—0

Since F' is compact, one can extract from the open cover U cpA, of F a
finite cover of F' by the sets A,,,..., A, . Thus,

pe(F) < Zﬂe(Awi) :

and consequently,

limsup elogu.(F) < max limsup elogpu(4,,)

e—0 i=1,....m €—0
< - in I°(z;) < — inf I°(z).
S i Pl s - R he
The proof of the upper bound for compact sets is completed by considering
the limit as § — 0. ]

Theorem 4.1.11 is extended in the following lemma, which concerns the
LDP of a family of probability measures {fe o} that is indexed by an addi-
tional parameter o. For a concrete application, see Section 6.3, where o is
the initial state of a Markov chain.

Lemma 4.1.15 Let p., be a family of probability measures on X, indezed
by o, whose range is the set . Let A be a base for the topology of X. For
each A € A, define

A .
La=— llgilélf elog{;relfZ ,uw,(A)} . (4.1.16)
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Let
I(x)= sup La.
{A€A: z€ A}
If for every x € X,
I(x)=  sup { —limsup elog [sup Me,a(A)]} ) (4.1.17)
{AcA: zc A} e—0 oEY

then, for each o € X, the measures p. , satisfy a weak LDP with the (same)
rate function I(-).

Proof: The proof parallels that of Theorem 4.1.11. (See Exercise 4.1.29.) [

It is aesthetically pleasing to know that the following partial converse of
Theorem 4.1.11 holds.

Theorem 4.1.18 Suppose that {1} satisfies the LDP in a regular topolog-
ical space X with rate function I. Then, for any base A of the topology of
X, and for any x € X,

I(x) = sup {— liminf elog p.(A) }
{AcA: z€ A} €
= sup { limsup elog p.(A) } . (4.1.19)
{AcA: zc A} e—0

Remark: As shown in Exercise 4.1.30, for a Polish space X suffices to
assume in Theorem 4.1.18 that {p.} satisfies the weak LDP. Consequently,
by Theorem 4.1.11, in this context (4.1.19) is equivalent to the weak LDP.

Proof: Fix x € X and let

l(x)=  sup inf I(y). (4.1.20)
{AcA: zc A} yeA

Suppose that I(z) > ¢(x). Then, in particular, {(x) < co and z € ¥ (a)"
for some o > £(z). Since ¥ () is an open set and A is a base for the
topology of the regular space X, there exists a set A € A such that x € A
and A C U;(a)°. Therefore, inf, 5 I(y) > «, which contradicts (4.1.20).
We conclude that ¢(x) > I(z). The large deviations lower bound implies

I(x) >  sup {—liminf elog ue(A)} ,
{A€A: z€A} =0

while the large deviations upper bound implies that for all A € A,

—liminf elog uc(A) > —limsup elog u.(A) > inf I(y).
e—0 e—0 yEZ
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These two inequalities yield (4.1.19), since ¢(z) > I(z). O

The characterization of the rate function in Theorem 4.1.11 and Lemma
4.1.15 involves the supremum over a large collection of sets. Hence, it does
not yield a convenient explicit formula. As shown in Section 4.5.2, if X
is a Hausdorff topological vector space, this rate function can sometimes
be identified with the Fenchel-Legendre transform of a limiting logarithmic
moment generating function. This approach requires an a priori proof that
the rate function is convexr. The following lemma improves on Theorem
4.1.11 by giving a sufficient condition for the convexity of the rate function.
Throughout, for any sets Ay, Ay € X,

A1+ As o

5 x: x=(x1+x2)/2, 21 € A, 29 € A} .

Lemma 4.1.21 Let A be a base for a Hausdorff topological vector space X,
such that in addition to condition (4.1.14), for every Ay, Ay € A,

A1+ A 1
lims(l]lpelogu6 (%) > —3 (La, +La,) . (4.1.22)
Then the rate function I of (4.1.13), which governs the weak LDP associated
with {p.}, is convex.

Proof: It suffices to show that the condition (4.1.22) yields the convexity
of the rate function I of (4.1.13). To this end, fix x;, 22 € X and § > 0. Let
x = (21 + 12)/2 and let I° denote the d-rate function. Then, by (4.1.14),
there exists an A € A such that x € A and — limsup,_, €log pe(A) > I°(x).
The pair (x1, z2) belongs to the set {(y1,y2) : (y1 +y2)/2 € A}, which is an
open subset of X x X. Therefore, there exist open sets A1 C X and A, C X
with 27 € Ay and x2 € As such that (4; + A2)/2 C A. Furthermore, since
A is a base for the topology of X', one may take A; and A, in A. Thus, our
assumptions imply that

—I%(z) > limsupeloguc(A)

e—0
A+ A 1
> limsupelog . (%) > —3 (La, +La,) .
e—0

Since x1 € Ay and x5 € As, it follows that

1 1 1 1 1 1
§I(£L’1)+§I((£2) Z §£A1+§EA2 ZI(;(SC):I(S <2$1+2$2> .

Considering the limit ¢ \, 0, one obtains

1 1 1 1
§I(x1)+§f(x2)>f(§x1+§x2> .
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By iterating, this inequality can be extended to any x of the form (k/2™)x1+
(1—k/2™)xo with k,n € Z . The definition of a topological vector space and
the lower semicontinuity of I imply that I(8xz1 + (1 — 8)z2) : [0,1] — [0, 0]
is a lower semicontinuous function of 3. Hence, the preceding inequality
holds for all convex combinations of x1,x and the proof of the lemma is
complete. O

When combined with exponential tightness, Theorem 4.1.11 implies the
following large deviations analog of Prohorov’s theorem (Theorem D.9).

Lemma 4.1.23 Suppose the topological space X has a countable base. For
any family of probability measures {p.}, there exists a sequence €, — 0 such
that {fie, } satisfies the weak LDP in X. If {uc} is an exponentially tight
family of probability measures, then {u., } also satisfies the LDP with a good
rate function.

Proof: Fix a countable base A for the topology of X and a sequence €, — 0.
By Tychonoff’s theorem (Theorem B.3), the product topology makes ) =
[0,1]* into a compact metrizable space. Since ) is sequentially compact
(Theorem B.2) and ()€ : A — [0,1] is in Y for each € > 0, the sequence
te, (-) has a convergent subsequence in ). Hence, passing to the latter
subsequence, denoted €y, the limits limy_, o, €5 10g fie, (A) exist for all A € A
(with —oo as a possible value). In particular, condition (4.1.14) holds and
by Theorem 4.1.11, {u., : k € Z,} satisfies the weak LDP. Applying
Lemma 1.2.18, the LDP with a good rate function follows when {u.} is
an exponentially tight family of probability measures. O

The next lemma applies for tight Borel probability measures . on metric
spaces. In this context, it allows replacement of the assumed LDP in either
Lemma 4.1.4 or Theorem 4.1.18 by a weak LDP (see Exercise 4.1.30).

Lemma 4.1.24 Suppose {u.} is a family of tight (Borel) probability mea-
sures on a metric space (X,d), such that the upper bound (1.2.12) holds for
all compact sets and some rate function I(-). Then, for any base A of the
topology of X, and for any z € X,

I(z) < sup {—limsup elog e (A) } . (4.1.25)
{AcA: zcA} e—0

Proof: We argue by contradiction, fixing a base A of the metric topology
and z € X for which (4.1.25) fails. For any m € Z,, there exists some
A€ Asuch that x € A C B, ,,,-1. Hence, for some § > 0 and any m € Z_,

limsup elog yte(By 1) > —1°(z) = —min{I(z) — §,1/6} ,

e—0
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implying that for some ¢, — 0,
fie,,(Bym—r) > e '@/ ym e 7, . (4.1.26)

Recall that the probability measures p.  are regular (by Theorem C.5),
hence in (4.1.26) we may replace each open set B, ,,-1 by some closed
subset F,,. With each p., assumed tight, we may further replace the
closed sets F,,, by compact subsets K,,, C Iy, C B, ,,—1 such that

frey (Kp) > e '@/ yme z2, . (4.1.27)

Note that the sets K} = {z} Up>, K, are also compact. Indeed, in any
open covering of K/ there is an open set GG, such that z € G, and hence
Um>moEm C Bx’mo—l C G, for some m, € Z,, whereas the compact set
Ume K, is contained in the union of some G;, ¢ = 1,..., M, from this
cover. In view of (4.1.27), the upper bound (1.2.12) yields for K C B, -1
that,

— inf I(y)>— inf I(y) > limsupelogpe(K* 4.1.28
e (y) = It (y) = i sup € 0g pe(K;) ( )
> limsup ey, log e, (Kpn) > —1°(x) .

By lower semicontinuity, lim, . infyep  , I(y) = I(z) > I°(x), in con-
tradiction with (4.1.28). Necessarily, (4.1.25) holds for any z € X and any
base A. U

Exercise 4.1.29 Prove Lemma 4.1.15 using the following steps.

(a) Check that the large deviations lower bound (for each o € ¥) and the lower
semicontinuity of I may be proved exactly as done in Theorem 4.1.11.

(b) Fix o € X and prove the large deviations upper bound for compact sets.

Exercise 4.1.30 Suppose a family of tight (Borel) probability measures {u.}
satisfies the weak LDP in a metric space (X, d) with rate function I(-).

(a) Combine Lemma 4.1.24 with the large deviations lower bound to conclude
that (4.1.19) holds for any base A of the topology of X and any = € X.

(b) Conclude that in this context the rate function I(-) associated with the
weak LDP is unique.

Exercise 4.1.31 Suppose X; € R, d > 2, with |X;] < C and Y; €
[m, M] for some 0 < m < M,C < oo, are such that n=! 3" | (X;,Y;) satisfy
the LDP in IR? with a good rate function J(z,y). Let 7. = inf{n: 31 | Vi >
¢~ '}. Show that (¢ 37, X;, (er.)~") satisfies the LDP in IR? with good rate
function y~1J (2y,y).

Hint: A convenient way to handle the move from the random variables
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nt S (X5, Y5) to (e300, X, (eme)™ 1) is in looking at small balls in IR?
and applying the characterization of the weak LDP as in Theorem 4.1.11.

Remark: Such transformations appear, for example, in the study of regen-
erative (or renewal) processes [KucC91, Jia94, PuW97], and of multifractal
formalism [Rei95, Zoh96].

Exercise 4.1.32 Suppose the topological space X has a countable base.
Show that for any rate function I(-) such that inf, I(x) = 0, the LDP with
rate function I(-) holds for some family of probability measures {u.} on X
Hint: For A a countable base for the topology of & and each A € A,
let ©4m € A be such that I(xa,,) — infyeal(z) as m — oo. Let
Y = {yr : k € Z,} denote the countable set Ugc 4 Uy, Tam. Check that
infyeq I(x) = infreyng I(x) for any open set G C X, and try the probability
measures ji. such that p.({yx}) = c-texp(—k — I(yx)/€) for yx € Y and
ce = Yo exp(—k — I(yk)/e).

4.2 Transformations of LDPs

This section is devoted to transformations that preserve the LDP, although,
possibly, changing the rate function. Once the LDP with a good rate func-
tion is established for p., the basic contraction principle yields the LDP for
feo f~1, where f is any continuous map. The inverse contraction principle
deals with f which is the inverse of a continuous bijection, and this is a use-
ful tool for strengthening the topology under which the LDP holds. These
two transformations are presented in Section 4.2.1. Section 4.2.2 is devoted
to exponentially good approximations and their implications; for example,
it is shown that when two families of measures defined on the same prob-
ability space are exponentially equivalent, then one can infer the LDP for
one family from the other. A direct consequence is Theorem 4.2.23, which
extends the contraction principle to “approximately continuous” maps.

4.2.1 Contraction Principles

The LDP is preserved under continuous mappings, as the following elemen-
tary theorem shows.

Theorem 4.2.1 (Contraction principle) Let X and Y be Hausdorff
topological spaces and f : X — Y a continuous function. Consider a good
rate function I : X — [0, 00].

(a) For each y € ), define

I')2inf{I(z): ze X, y=f(a)}. (4.2.2)
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Then I' is a good rate function on Y, where as usual the infimum over the
empty set is taken as co.

(b) If I controls the LDP associated with a family of probability measures
{pe} on X, then I' controls the LDP associated with the family of probability
measures {jco f~1} on Y.

Proof: (a) Clearly, I’ is nonnegative. Since I is a good rate function, for
all y € f(X) the infimum in the definition of I’ is obtained at some point
of X. Thus, the level sets of I', Uy (a)2{y: I'(y) < a}, are

V(o) ={f(z): I(z) <a} = f(¥(a)),

where U(«) are the corresponding level sets of I. As Ui(a) C X are
compact, so are the sets ¥ (a) C V.
(b) The definition of I’ implies that for any A C ),

inf I'(y) = inf I(x). 423
Jnf I'y) = jof 1@ (4.2.3)

Since f is continuous, the set f~1(A) is an open (closed) subset of X for
any open (closed) A C Y. Therefore, the LDP for u. o f=1 follows as a
consequence of the LDP for p. and (4.2.3). ]

Remarks:

(a) This theorem holds even when By € B, since for any (measurable) set
A C Y, both f~1(A) C f~1(A) and f~1(A4°) C (f~1(A))°.

(b) Note that the upper and lower bounds implied by part (b) of Theorem
4.2.1 hold even when I is not a good rate function. However, if I is not
a good rate function, it may happen that I’ is not a rate function, as the
example X =Y =1R, I(x) =0, and f(z) = e” demonstrates.

(c¢) Theorem 4.2.1 holds as long as f is continuous at every x € Dy; namely,
for every € Dy and every neighborhood G of f(x) € ), there exists
a neighborhood A of z such that A C f~}(G). This suggests that the
contraction principle may be further extended to cover a certain class of
“approximately continuous” maps. Such an extension will be pursued in
Theorem 4.2.23.

We remind the reader that in what follows, it is always assumed that
Bx C B, and therefore open sets are always measurable. The following
theorem shows that in the presence of exponential tightness, the contraction
principle can be made to work in the reverse direction. This property is
extremely useful for strengthening large deviations results from a coarse
topology to a finer one.

Theorem 4.2.4 (Inverse contraction principle) Let X and Y be Haus-
dorff topological spaces. Suppose that g : Y — X is a continuous bijection,
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and that {v.} is an exponentially tight family of probability measures on ).
If {v. o g7} satisfies the LDP with the rate function I : X — [0,00], then
{ve} satisfies the LDP with the good rate function I'(-)21(g(-)).

Remarks:

(a) In view of Lemma 4.1.5, it suffices for g to be a continuous injection, for
then the exponential tightness of {v.} implies that D; C g()) even if the
latter is not a closed subset of X.

(b) The requirement that By C B is relaxed in Exercise 4.2.9.

Proof: Note first that for every a < oo, by the continuity of g, the level
set {y: I'(y) < a} = g7 1(¥r(a)) is closed. Moreover, I’ > 0, and hence
I' is a rate function. Next, because {v.} is an exponentially tight family,
it suffices to prove a weak LDP with the rate function I’(-). Starting with
the upper bound, fix an arbitrary compact set K C ) and apply the large
deviations upper bound for v, o g=! on the compact set g(K) to obtain

limsup elogv(K) = limsup elog[v. o g ' (9(K))]
e—0 e—0
< — inf I(z)=— inf I'(y),
= el T TS

which is the specified upper bound for v,.

To prove the large deviations lower bound, fix y € Y with I'(y) =
I(g(y)) = a < o0, and a neighborhood G of y. Since {v.} is exponentially
tight, there exists a compact set K, C ) such that

limsup elogr.(K;) < —a. (4.2.5)
e—0
Because g is a bijection, K¢ = g7 o g(K¢) and g(KS) = g(K4)¢. By the
continuity of g, the set g(K,) is compact, and consequently g(K,)¢ is an
open set. Thus, the large deviations lower bound for the measures {v.og~'}
results in
— inf I(2) <liminf elogv (K¢) < —a.
nf 1) < limipt elogr,(K)

Recall that I(g(y)) = «, and thus by the preceding inequality it must be
that y € K,. Since g is a continuous bijection, it is a homeomorphism
between the compact sets K, and g(K,). Therefore, the set g(GNK,) is a
neighborhood of g(y) in the induced topology on g(K,) C X. Hence, there
exists a neighborhood G’ of ¢(y) in X such that

G Cg(GNKy)Ug(Ka)=9g(GUKE),

where the last equality holds because ¢ is a bijection. Consequently, for

every € > 0,
Ve(G) + Ve(KG) > ve o 9_1(Gl) )
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and by the large deviations lower bound for {v. o g7},

max{limiélf elogv.(G), limsup elogv . (K§)}

e—0

> lim inf elog{v. o g7 (G')}
> —I(g(y) =—-I'(y)-
Since I'(y) = a, it follows by combining this inequality and (4.2.5) that

limiélf elogv(G) > —I'(y).

The proof is complete, since the preceding holds for every y € J and every
neighborhood G of y. U]

Corollary 4.2.6 Let {u.} be an exponentially tight family of probability
measures on X equipped with the topology T1. If {uc} satisfies an LDP with
respect to a Hausdorff topology 7o on X that is coarser than T1, then the
same LDP holds with respect to the topology T1.

Proof: The proof follows from Theorem 4.2.4 by using as g the natural
embedding of (X, 1) onto (X, 72), which is continuous because 7 is finer
than 5. Note that, since g is continuous, the measures p. are well-defined
as Borel measures on (X, 72). O

Exercise 4.2.7 Suppose that X' is a separable regular space, and that for all
e > 0, (X, Y.) is distributed according to the product measure p. X v. on
Bx x Bx (namely, X, is independent of Y.). Assume that {yu.} satisfies the
LDP with the good rate function Ix(-), while v, satisfies the LDP with the
good rate function Iy (-), and both {u.} and {v.} are exponentially tight.
Prove that for any continuous F': X x X — ), the family of laws induced on
Y by Z. = F(X.,Y,) satisfies the LDP with the good rate function

a2 {(z,y):2=F (z,9)} x(#) + Iy (y) ( )

Hint: Recall that By X By = By xx by Theorem D.4. To establish the LDP
for pe X ve, apply Theorems 4.1.11 and 4.1.18.

Exercise 4.2.9 (a) Prove that Theorem 4.2.4 holds even when the exponen-
tially tight {v. : € > 0} are not Borel measures on ), provided {v.og~' : ¢ > 0}
are Borel probability measures on X.

(b) Show that in particular, Corollary 4.2.6 holds as soon as B contains the
Borel o-field of (X, 72) and all compact subsets of (X, 7).
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4.2.2 Exponential Approximations

In order to extend the contraction principle beyond the continuous case, it
is obvious that one should consider approximations by continuous functions.
It is beneficial to consider a somewhat wider question, namely, when the
LDP for a family of laws {fi.} can be deduced from the LDP for a fam-
ily {gc}. The application to approximate contractions follows from these
general results.

Definition 4.2.10 Let (Y, d) be a metric space. The probability measures
{1e} and {fic} on Y are called exponentially equivalent if there exist probabil-
ity spaces {(2, Be, P.)} and two families of Y-valued random variables {Z.}
and {Z:} with joint laws {P.} and marginals {pc} and {fic}, respectively,
such that the following condition is satisfied:

For each & > 0, the set {w: (Z.,Z.) € Ts} is B, measurable, and

limsup elog P.(Ts5) = —o0, (4.2.11)
e—0
where
A -
Ls={(g,y) : d(g,y) >0} CY x Y. (4.2.12)
Remarks:

(a) The random variables {Z.} and {Z.} in Definition 4.2.10 are called ez-
ponentially equivalent.

(b) Tt is relatively easy to check that the measurability requirement is satis-
fied whenever ) is a separable space, or whenever the laws { P, } are induced
by separable real-valued stochastic processes and d is the supremum norm.

As far as the LDP is concerned, exponentially equivalent measures are
indistinguishable, as the following theorem attests.

Theorem 4.2.13 If an LDP with a good rate function I(-) holds for the
probability measures { e}, which are exponentially equivalent to {fic}, then

the same LDP holds for {fic}.

Proof: This theorem is a consequence of the forthcoming Theorem 4.2.16.
To avoid repetitions, a direct proof is omitted. Ul

As pointed out in the beginning of this section, an important goal in
considering exponential equivalence is the treatment of approximations. To
this end, the notion of exponential equivalence is replaced by the notion of
exponential approximation, as follows.
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Definition 4.2.14 Let Y and Ty be as in Definition 4.2.10. For each e >0
and allm € Z ., let (Q, Be, Pe ) be a probability space, and let the YV-valued
random variables Ze and Z. ., be distributed according to the joint law Pe
with marginals fic and pe m, respectively. {Ze} are called exponentially
good approzimations of {Z.} if, for every § > 0, the set {w : (Ze, Zem) €
Ts} is B measurable and

lim limsupelog P, ,,(I's) = —o0. (4.2.15)
m—oo  €—0

Similarly, the measures {pem} are exponentially good approximations of
{iie} if one can construct probability spaces {(2, Be, Pe )} as above.

It should be obvious that Definition 4.2.14 reduces to Definition 4.2.10 if
the laws P ,, do not depend on m.

The main (highly technical) result of this section is the following relation
between the LDPs of exponentially good approximations.

Theorem 4.2.16 Suppose that for every m, the family of measures {fte m }
satisfies the LDP with rate function I, () and that {pem} are exponentially
good approzimations of {fic}. Then

(a) {fic} satisfies a weak LDP with the rate function

I(y)ésupliminf inf I,,(2), (4.2.17)
§>0 M—oo ZEBy’é

where By s denotes the ball {z : d(y, z) < d}.
(b) If I(+) is a good rate function and for every closed set F,

inf I(y) <limsup inf L, (y) , (4.2.18)
yeF m—oo yeF

then the full LDP holds for {ji.} with rate function I.

Remarks:

(a) The sets I's may be replaced by sets f‘gym such that the sets {w :
(ZE, Zem) € f‘(;,m} differ from B, measurable sets by P. ., null sets, and
fg,m satisfy both (4.2.15) and T's C f57m.

(b) If the rate functions I,,(-) are independent of m, and are good rate
functions, then by Theorem 4.2.16, {/i.} satisfies the LDP with I(-) = I,,,(-).
In particular, Theorem 4.2.13 is a direct consequence of Theorem 4.2.16.

Proof: (a) Throughout, let {Z, ,,,} be the exponentially good approxima-

tions of {Z.}, having the joint laws {P.,,} with marginals {pc,,} and
{1c}, respectively, and let T's be as defined in (4.2.12). The weak LDP is
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obtained by applying Theorem 4.1.11 for the base {By s}yecy,s>0 of (¥, d).
Specifically, it suffices to show that

I(y) = —inf limsup elog fie(By,s) = — inf liminf elogfic(By,s). (4.2.19)
§>0 e—0 §>0 €0

To this end, fix 6 > 0, y € Y. Note that for every m € Z, and every € > 0,
{Zeim € Bys} C{Zc € Byos} U{(Ze, Zeyn) €T5} .
Hence, by the union of events bound,
pem(By,s) < fie(By,25) + Pem(Ts) -
By the large deviations lower bounds for {jem },

o < Timi
261%55 Im('z) = lngl_}glelOgﬂe,m(By,é)

< lim iglf elog [fic(By,25) + Pem(L's)] (4.2.20)

IA

lim i(r)lf elog fie(By.25) Vlimsup elog P, ,,, (T's) -
€E— e—0
Because {pie,m} are exponentially good approximations of {fi},

limi(I)lfelog fie(By,25) > limsup{— inf Im(z)} .

m— oo zZE€By, s

Repeating the derivation leading to (4.2.20) with the roles of Z, ,, and Z.
reversed yields

lim sup €log fie(By,5) < liminf{— inf Im(z)} .

e—0 m—0o0 2€By 25

Since By 25 C By 35, (4.2.19) follows by considering the infimum over § >
0 in the preceding two inequalities (recall the definition (4.2.17) of I(-)).
Moreover, this argument also implies that

I(y) = suplimsup inf I,,(z) =suplimsup inf I,,(2).
6>0 m—oo zEBy s 0>0 m—oo 2€By s

(b) Fix § > 0 and a closed set F' C ). Observe that for m = 1,2, ..., and
for all € > 0,

(Z.€ F} C{Zcn € FOYU{(Ze, Zen) €T},
where F° = {z : d(z,F) < 6} is the closed blowup of F. Thus, the large

deviations upper bounds for {. .} imply that for every m,

limsup elog jic(F) < limsup €log pic . (F°) Vlimsup €log P ,,,(T')
e—0

e—0 e—0

< [~ inf I,,(y)] Vlimsup elog P ,,,(Ts) .
yeF? e—0
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Hence, as {Z. ,,} are exponentially good approximations of {Z}, consider-
ing m — oo, it follows that

limsup elog fic(F) < —limsup inf I,(y) < — inf I(y),
e—0 m—oo YyEF? yeF?
where the second inequality is just our condition (4.2.18) for the closed set
F9. Taking § — 0, Lemma 4.1.6 yields the large deviations upper bound
and completes the proof of the full LDP . O

It should be obvious that the results on exponential approximations
imply results on approximate contractions. We now present two such results.
The first is related to Theorem 4.2.13 and considers approximations that
are € dependent. The second allows one to consider approximations that
depend on an auxiliary parameter.

Corollary 4.2.21 Suppose f : X — Y is a continuous map from a Haus-
dorff topological space X to the metric space (¥, d) and that {uc} satisfy the
LDP with the good rate function I : X — [0,00]. Suppose further that for
all e > 0, fo.: X — Y are measurable maps such that for all 6 > 0, the set
[cs2{x € X : d(f (), f(x)) > 0} is measurable, and

limsup elog pe(Te5) = —00 . (4.2.22)
e—0
Then the LDP with the good rate function I'(:) of (4.2.2) holds for the
measures fic o fo 1 on Y.

Proof: The contraction principle (Theorem 4.2.1) yields the desired LDP
for {pe o f~1}. By (4.2.22), these measures are exponentially equivalent to
{pe o f1}, and the corollary follows from Theorem 4.2.13. O

A special case of Theorem 4.2.16 is the following extension of the con-
traction principle to maps that are not continuous, but that can be approx-
imated well by continuous maps.

Theorem 4.2.23 Let {p.} be a family of probability measures that satisfies
the LDP with a good rate function I on a Hausdorff topological space X,
and form =1,2,..., let fr, : X — Y be continuous functions, with (¥,d) a
metric space. Assume there exists a measurable map f : X — Y such that
for every a < o0,

limsup  sup d(fm(x), f(x))=0. (4.2.24)

m—oo {z:l(z)<a}

Then any family of probability measures {fic} for which {uc o f,'} are ex-
ponentially good approximations satisfies the LDP in Y with the good rate

function I'(y) = inf{I(z) : y = f(2)}.
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Remarks:
(a) The condition (4.2.24) implies that for every o < oo, the function f
is continuous on the level set ¥U;(a) = {x : I(x) < a}. Suppose that in
addition,

lim inf  I(z)=o0. (4.2.25)

m—oo  zeWi(m)°

Then the LDP for .o f~! follows as a direct consequence of Theorem 4.2.23
by considering a sequence f,,, of continuous extensions of f from ¥;(m) to
X. (Such a sequence exists whenever X is a completely regular space.) That
(4.2.25) need not hold true, even when X = IR, may be seen by considering
the following example. It is easy to check that pe = (950 + dqcy)/2 satisfies
the LDP on IR with the good rate function I(0) = 0 and I(z) = oo,z # 0.
On the other hand, the closure of the complement of any level set is the
whole real line. If one now considers the function f : IR — IR such that
f(0) =0 and f(z) = 1,7 # 0, then p. o f~! does not satisfy the LDP with
the rate function I'(y) = inf{I(z) : z € R, y = f(x)}, i.e., I'(0) = 0 and
I'(y) = o0,y #0.

(b) Suppose for each m € Z,, the family of measures {y. ,} satisfies the
LDP on Y with the good rate function I,,,(-) of (4.2.26), where the continu-
ous functions f,, : Dy — Y and the measurable function f : Dy — ) satisfy
condition (4.2.24). Then any {fi.} for which {u. »} are exponentially good
approximations satisfies the LDP in Y with good rate function I’(-). This
easy adaptation of the proof of Theorem 4.2.23 is left for the reader.

Proof: By assumption, the functions f,, : X — ) are continuous. Hence,
by the contraction principle (Theorem 4.2.1), for each m € Z,, the family
of measures {p. o f,,1} satisfies the LDP on ) with the good rate function

In(y)=inf{I(z): € X, y=fn(z)}. (4.2.26)

Recall that the condition (4.2.24) implies that f is continuous on each
level set U;(«). Therefore, I’ is a good rate function on ) with level sets
f(¥;(«)) (while the corresponding level set of I, is f, (¥ ;(a))).

Fix a closed set F' and for any m € Z,, let

A
m= inf I,, = inf I(x).
Ym= Inf (y) e X (z)

Assume first that ¥2 lim inf,,, _oc Y < 00, and pass to a subsequence of m’s
such that 7, — « and sup,,, ¥m = @ < co. Since I(+) is a good rate function
and f, 1(F) are closed sets, there exist x,, € X such that f,,(x,,) € F and
I(zm) = Ym < a. Now, the uniform convergence assumption of (4.2.24)
implies that f(z,,) € F?° for every § > 0 and all m large enough. Therefore,
infycps I'(y) < I'(f(xm)) < I(Tm) = vm for all m large enough. Hence,
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for all § > 0,

inf I'(y) <liminf inf I,,(y).

y€F5 m—oo yeF
(Note that this inequality trivially holds when v = co.) Taking § — 0, it
follows from Lemma 4.1.6 that for every closed set F',

inf I'(y) <liminf inf I, (y) . (4.2.27)

yeF m—oo yeF

In particular, this inequality implies that _(4.2.18) holds for the good rate
function I’(-). Moreover, considering F' = B, 5, and taking 6 — 0, it follows
from Lemma 4.1.6 that

A

I'(y) =sup inf I'(z) <supliminf inf I,,(2)
6>0 2€By 5 §>0 M0 zE€Bys

I(y) -

Note that I(-) is the rate function defined in Theorem 4.2.16, and conse-
quently the proof is complete as soon as we show that I(y) < I’(y) for all
y € Y. To this end, assume with no loss of generality that I'(y) = a < oco.
Then, y € f(¥;()), ie., there exists © € Ur(a) such that f(z) = y.
Note that ym = fi(x) € fim(¥r(a)), and consequently I, (ym) < « for all
m € Z,. The condition (4.2.24) then implies that d(y, ¥ ) — 0, and hence
I(y) < liminf,, oo Im(ym) < @, as required. O

Exercise 4.2.28 [Based on [DV75a]] Let ¥ = {1,---,r}, and let Y; be
a X-valued continuous time Markov process with irreducible generator A =
{a(%,4)}. In this exercise, you derive the LDP for the empirical measures

1/e
LZ(i):e/ Li(Yy)dt, i=1,...,r.
0
(a) Define

m
. €
= — E L 1,...77".
m m

Show that {L¥,} are exponentially good approximations of {LY}.
Hint: Note that

) . € [ total number of jumpsin | 4 €
y _JY < =__

L0 - L) < 5 { oo eryer Simesn L 2 C
and N, is stochastically dominated by a Poisson(c/¢) random variable for some
constant ¢ < o0.

(b) Note that LY, is the empirical measure of a Y-valued, discrete time Markov

A/m

process with irreducible transition probability matrix e Using Theorem
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3.1.6 and Exercise 3.1.11, show that for every m, Lzm satisfies the LDP with
the good rate function

I (q) = m sup i%‘ log {(uj} :

w0 = eA/mu)j

where ¢ € M (Z).
(c) Applying Theorem 4.2.16, prove that {L¥} satisfies the LDP with the good

rate function
—~  (Au);
I(q) = sup{f q-—}.
W =sm{-20

Hint: Check that for all ¢ € M;(X),I(q) > I.(q), and that for each fixed

u>0, In(q) > =3, qu — < for some c(u) < oo.

(d) Assume that A is symmetric and check that then

)=~ 3" Vaali,i) v
ij=1

Exercise 4.2.29 Suppose that for every m, the family of measures {uc m}
satisfies the LDP with good rate function I,,,(-) and that {y. ,} are exponen-
tially good approximations of {fi.}.
(a) Show that if (), d) is a Polish space, then {fi., } is exponentially tight for
any €, — 0. Hence, by part (a) of Theorem 4.2.16, {/i.} satisfies the LDP
with the good rate function I(-) of (4.2.17).
Hint: See Exercise 4.1.10.
(b) Let Y = {1/m,m € Z} with the metric d(-,-) induced on ) by IR and
Y-valued random variables Yy, such that P(Y,, = 1 for every m) = 1/2, and
P(Y,, = 1/m for every m) = 1/2. Check that Z,,,2Y,, are exponentially
good approximations of ZfﬁY[l/é] (e < 1), which for any fixed m € Z, satisfy
the LDP in ) with the good rate function I,,,(y) =0 fory =1, y = 1/m, and
I, (y) = oo otherwise. Check that in this case, the good rate function I(-)
of (4.2.17) is such that I(y) = oo for every y # 1 and in particular, the large
deviations upper bound fails for {Z, # 1} and this rate function.

Remark: This example shows that when (), d) is not a Polish space one can
not dispense of condition (4.2.18) in Theorem 4.2.16.

Exercise 4.2.30 For any § > 0 and probability measures v, ;1 on the metric
space (), d) let

A
ps (v, )= sup{v(A) — p(A°) : A€ By}.
(a) Show that if {f .} are exponentially good approximations of {fic} then

lim limsup elog ps(tte,m, fle) = —00 . (4.2.31)

m—oo  _,0
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(b) Show that if (¥, d) is a Polish space and (4.2.31) holds for any § > 0, then
{lte,m} are exponentially good approximations of {/ic}.

Hint: Recall the following consequence of [Str65, Theorem 11]. For any open
set I' C V2 and any Borel probability measures v, i on the Polish space (), d)
there exists a Borel probability measure P on J? with marginals p, v such that

P(T) = sup{v(G)—u({y : Iy € G, such that (§,y) €T°}) : G C Yopen}.

Conclude that P ,,(T's/) < ps(tte.m, fre) for any m, e >0, and &' > & > 0.

Exercise 4.2.32 Prove Theorem 4.2.13, assuming that {x.} are Borel prob-
ability measures, but {/i.} are not necessarily such.

4.3 Varadhan’s Integral Lemma

Throughout this section, {Z.} is a family of random variables taking val-
ues in the regular topological space X, and {u.} denotes the probability
measures associated with {Z.}. The next theorem could actually be used
as a starting point for developing the large deviations paradigm. It is a
very useful tool in many applications of large deviations. For example, the
asymptotics of the partition function in statistical mechanics can be derived
using this theorem.

Theorem 4.3.1 (Varadhan) Suppose that {u.} satisfies the LDP with a
good rate function I : X — [0,00], and let ¢ : X — TR be any continuous
function. Assume further either the tail condition

lim limsup elog E/ [e¢(z‘)/€ 1{¢>(Z5)2M}} = —00, (4.3.2)

M—oo 0

or the following moment condition for some v > 1,

limsup elog E [BW(ZJ/&} <00, (4.3.3)
e—0
Then

lim elog E |:e¢(Ze)/€] = sup {¢(z) — I(z)}.
e—0 TEX

Remark: This theorem is the natural extension of Laplace’s method to
infinite dimensional spaces. Indeed, let X = IR and assume for the mo-
ment that the density of u. with respect to Lebesgue’s measure is such that
dpe/dx ~ e~ 1®)/¢ Then

/e¢(r)/eue(dx)%/ (O@) (@) /e gy
R R
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Assume that I(-) and ¢(-) are twice differentiable, with (¢(z)—I(z)) concave
and possessing a unique global maximum at some T. Then

(z —7)°

¢(z) = 1(z) = ¢(@) — 1(T) + —

(0(x) = I1(2))"a=¢ ,

where £ € [T, z]. Therefore,

/e¢(x>/me(d:c)ze(WF“f))/E/ e~ B@@=2)%/2 ;.
R R

where B(-) > 0. The content of Laplace’s method (and of Theorem 4.3.1)
is that on a logarithmic scale the rightmost integral may be ignored.

Theorem 4.3.1 is a direct consequence of the following three lemmas.

Lemma 4.3.4 If ¢ : X — IR is lower semicontinuous and the large devia-
tions lower bound holds with I : X — [0, 00|, then

liminf elog B [ecﬁ(Ze)/E} > sup {¢(z) — I(z)} . (4.3.5)
€ TEX

Lemma 4.3.6 If¢: X — IR is an upper semicontinuous function for which
the tail condition (4.5.2) holds, and the large deviations upper bound holds
with the good rate function I : X — [0,00], then

limsup €log E [ewzs)/e} < sup {¢(z) — I(z)}. (4.3.7)

e—0 reX

Lemma 4.3.8 Condition (4.3.3) implies the tail condition (4.5.2).

Proof of Lemma 4.3.4: Fix z € X and § > 0. Since ¢(-) is lower
semicontinuous, it follows that there exists a neighborhood G of = such that

infyeq ¢(y) > o(x) — 6. Hence,

lim iglf elog [ed)(Zg)/e}

Y

ligliéqf clogE [e¢(Z€)/€1{Z€eG}}

v

inf ¢(y) +liminf elog pue(G) -
By the large deviations lower bound and the choice of G,

jnf ¢(y) + liminf elog ue(G) > inf, o(y) — Inf 1 (y) = o(x) = I(x) = 6.

The inequality (4.3.5) now follows, since 6 > 0 and x € X are arbitrary. [

Proof of Lemma 4.3.6: Consider first a function ¢ bounded above, i.e.,
sup,cx ¢(x) < M < oo. For such functions, the tail condition (4.3.2)
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holds trivially. Fix @ < oo and § > 0, and let ¥;(a) = {z : I(z) < o}
denote the compact level set of the good rate function I. Since I(-) is lower
semicontinuous, ¢(+) is upper semicontinuous, and X is a regular topological
space, for every x € U («), there exists a neighborhood A, of x such that

inf I(y) > 1I(x)—6 , sup ¢(y) < o(x)+4d. (4.3.9)
yEA, yEA,

From the open cover U, ey, (o) As of the compact set W (a), one can extract
a finite cover of ¥r(a), e.g., UN | A,.. Therefore,

X z M N ¢
ZE[eas( g>/e1{Z€eAzi}} +oe /Eue((‘UlAwi) )
i=1 =

N
< Ze(d)(zi)Jré)/eﬂé(AIi

i=1

IN

E [e¢<zg>/e]

)4 Moy, ((;L_VJlAIi)C>

where the last inequality follows by (4.3.9). Applying the large deviations
upper bound to the sets A, i = 1,..., N and (UY;A4,,)° C (), one
obtains (again, in view of (4.3.9)),

limsup elog E [e¢(ze)/6}

e—0
N . .
= max{r?:alx{(zﬁ(lri) o yé% ) 3. M - yE(UﬁlvflfAmi)” I(y)}
< max {m:]gxf({gzﬁ(xl) — I(x;) +25},M—a}
< max{sup{¢(:z:) —I(m)},M—a} +26.

zeX

Thus, for any ¢(-) bounded above, the lemma follows by taking the limits
6 — 0 and a — .

To treat the general case, set ¢pr(z) = ¢(x) A M < ¢(x), and use the
preceding to show that for every M < oo,

limsup elog £ [e‘ﬁ(zf)/e}
e—0

< sup {¢(z) — I(z)} Vlimsup elog E |e?(Z)/¢ Lig(zoy>my| -
TEX e—0

The tail condition (4.3.2) completes the proof of the lemma by taking the
limit M — oo. ]

Proof of Lemma 4.3.8: For ¢ > 0, define X2 exp((¢(Zc) — M)/e), and
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let v > 1 be the constant given in the moment condition (4.3.3). Then
MIE [ | = B[X xen]
< E[(X)] = e~ YM/ep [eW(Ze)/e} )
Therefore,

limsup elog E [e‘b(ZE)/E 1{¢(Z€)2M}:|

e—0

< —(y=1)M + limsup elogE [ev(‘ﬁ(zi)/ﬁ} .
e—0

The right side of this inequality is finite by the moment condition (4.3.3).

In the limit M — oo, it yields the tail condition (4.3.2). ([

Exercise 4.3.10 Let ¢ : X — [—00, 00| be an upper semicontinuous function,
and let I(-) be a good rate function. Prove that in any closed set F' C X on
which ¢ is bounded above, there exists a point xg such that

d(z0) — I(z0) = sup {p(z) — I(x)} .

zel
Exercise 4.3.11 [From [DeuS89b]|, Exercise 2.1.24]. Assume that {u.} sat-
isfies the LDP with good rate function I(-) and that the tail condition (4.3.2)
holds for the continuous function ¢ : X — IR. Show that

liminf elog (/ e¢(x)/€du€) > sup {¢(x) — I(x)}, VG open,
=0 G e

limsup elog (/ e‘b(””)/edpe) <sup {¢(z) —I(z)}, VF closed.
e—0 F zeF

Exercise 4.3.12 The purpose of this exercise is to demonstrate that some
tail condition like (4.3.2) is necessary for Lemma 4.3.6 to hold. In particular,
this lemma may not hold for linear functions.

Consider a family of real valued random variables {Z.}, where P(Z. = 0) =
1-2pe, P(Zc = —m.) = pe, and P(Z. = m¢) = p..
(a) Prove that if
lim elog pe = —oo,

then the laws of {Z.} are exponentially tight, and moreover they satisfy the
LDP with the convex, good rate function

0 z=0
I(x):{

oo otherwise.
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(b) Let m¢ = —elog p. and define

A(\) = lim elog E (eAZe/ﬁ) .

0 |A<1
A(A):{

oo otherwise,

Prove that

and its Fenchel-Legendre transform is A*(x) = |z|.
(c) Observe that A(N) # sup, e {Ax — I(x)}, and A*(-) # I(-).

4.4 Bryc’s Inverse Varadhan Lemma

As will be seen in Section 4.5, in the setting of topological vector spaces,
linear functionals play an important role in establishing the LDP, partic-
ularly when convexity is involved. Note, however, that Varadhan’s lemma
applies to nonlinear functions as well. It is the goal of this section to de-
rive the inverse of Varadhan’s lemma. Specifically, let {u.} be a family of
probability measures on a topological space X. For each Borel measurable
function f : X — IR, define

Afé lir% € log/ eF @/ (dr) (4.4.1)
€— X

provided the limit exists. For example, when X is a vector space, then
the {As} for continuous linear functionals (i.e., for f € X*) are just the
values of the logarithmic moment generating function defined in Section
4.5. The main result of this section is that the LDP is a consequence of
exponential tightness and the existence of the limits (4.4.1) for every f € G,
for appropriate families of functions G. This result is used in Section 6.4,
where the smoothness assumptions of the Gértner—Ellis theorem (Theorem
2.3.6) are replaced by mixing assumptions en route to the LDP for the
empirical measures of Markov chains.

Throughout this section, it is assumed that X is a completely regular
topological space, i.e., X is Hausdorff, and for any closed set F* C X and
any point x ¢ F, there exists a continuous function f : X — [0, 1] such that
f(z) =1and f(y) =0 for all y € F. It is also not hard to verify that such
a space is regular and that both metric spaces and Hausdorff topological
vector spaces are completely regular.

The class of all bounded, real valued continuous functions on X is de-
noted throughout by Cy(X).
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Theorem 4.4.2 (Bryc) Suppose that the family {u.} is exponentially ti-
ght and that the limit Ay in (4.4.1) exists for every f € Cyp(X). Then {u.}
satisfies the LDP with the good rate function

I(z) = sup {f(x)—As}. (4.4.3)
FECH(X)

Furthermore, for every f € Cyp(X),

Ay = sup ((x) ~ I(x)} . (4.4.4)

Remark: In the case where X is a topological vector space, it is tempting
to compare (4.4.3) and (4.4.4) with the Fenchel-Legendre transform pair
A() and A*(-) of Section 4.5. Note, however, that here the rate function
I(x) need not be convex.

Proof: Since Ay = 0, it follows that I(-) > 0. Moreover, I(z) is lower
semicontinuous, since it is the supremum of continuous functions. Due
to the exponential tightness of {u.}, the LDP asserted follows once the
weak LDP (with rate function I(-)) is proved. Moreover, by an application
of Varadhan’s lemma (Theorem 4.3.1), the identity (4.4.4) then holds. It
remains, therefore, only to prove the weak LDP, which is a consequence of
the following two lemmas.

Lemma 4.4.5 (Upper bound) If Ay exists for each f € Cy(X), then, for
every compact I' C X,

lim sup elog 11 (T') < — inf I(x) .
e—0 zel’

Lemma 4.4.6 (Lower bound) If Ay exists for each f € Cy(X), then, for
every open G C X and each x € G,

limiglfelog pe(G) > —I(z) .

Proof of Lemma 4.4.5: The proof is almost identical to the proof of part
(b) of Theorem 4.5.3, substituting f(x) for (A, z). To avoid repetition, the
details are omitted. O

Proof of Lemma 4.4.6: Fix x € X and a neighborhood G of z. Since X
is a completely regular topological space, there exists a continuous function
f: X —[0,1], such that f(z) =1 and f(y) =0 for all y € G°. For m > 0,
define f,,(-)2m(f(-) — 1). Then

/X efm(z)/elee(dx) < e_m/eﬂe(Gc) + ue(G) < e—m/e + MG(G) :
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Since fi, € Cp(X) and f,,(z) = 0, it now follows that
max{ lim i51f elog u.(G), —m'}

Z lim iglfelog/ efm (:E)/C:LLG (dx) = AfWL

X
= —[fm(@) = Ag, ] > — sup {f(z) - As}=-I(z),
fECb(X)
and the lower bound follows by letting m — oo. Ul

This proof works because indicators on open sets are approximated well
enough by bounded continuous functions. It is clear, however, that not all
of Cp(X) is needed for that purpose. The following definition is the tool for
relaxing the assumptions of Theorem 4.4.2.

Definition 4.4.7 A class G of continuous, real valued functions on a topo-
logical space X is said to be well-separating if:

(1) G contains the constant functions.

(2) G is closed under finite pointwise minima, i.e., g1,92 € G = q1A\ga € G.
(8) G separates points of X, i.e., given two points x,y € X with x # y, and
a,b € R, there exists a function g € G such that g(x) = a and g(y) = b.

Remark: It is easy to check that if G is well-separating, so is G+, the class
of all bounded above functions in G.

When X is a vector space, a particularly useful class of well-separating
functions exists.

Lemma 4.4.8 Let X be a locally convex, Hausdorff topological vector space.
Then the class G of all continuous, bounded above, concave functions on X
1s well-separating.

Proof: Let X* denote the topological dual of X, and let Go={\(z) + ¢ :
A € X* ¢ € R}. Note that Gy contains the constant functions, and by
the Hahn—-Banach theorem, Gy separates points of X. Since Gy consists of
continuous, concave functions, it follows that the class of all continuous,
concave functions separates points. Moreover, as the pointwise minimum
of concave, continuous functions is concave and continuous, this class of
functions is well-separating. Finally, by the earlier remark, it suffices to
consider only the bounded above, continuous, concave functions. ]

The following lemma, whose proof is deferred to the end of the sec-
tion, states the specific approximation property of well-separating classes
of functions that allows their use instead of Cy(X). It will be used in the
proof of Theorem 4.4.10.
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Lemma 4.4.9 Let G be a well-separating class of functions on X. Then
for any compact set T C X, any f € Cy(T'), and any § > 0, there exists an
integer d < oo and functions g1,...,94 € G such that

sup |f (x) — max g;(z)] < 6
zel i=1

and

sup g;(x) < sup f(z) < o0
reEX zel

Theorem 4.4.10 Let {uc} be an exponentially tight family of probability
measures on a completely reqular topological space X, and suppose G is a
well-separating class of functions on X. If Ay exists for each g € G, then
Ay ezists for each f € Cp(X). Consequently, all the conclusions of Theorem
4.4.2 hold.

Proof: Fix a bounded continuous function f(x) with |f(z)| < M. Since the
family {u.} is exponentially tight, there exists a compact set T such that

for all € small enough,
,Ue(FC) < €—3M/e )

Fix § > 0 and let ¢g1,...,94 € G, d < oo be as in Lemma 4.4.9, with
h(z)2max?_, g;(z). Then, for every e > 0,

d
d
max e9i@/e, (dr } _/ @)/ U E'/ egl(r)/f (dz
i=1 {/X peld) x Py )-

Hence, by the assumption of the theorem, the limit

e—0

Ap = lim elog/ eh@/ey (dx)
x

exists, and Aj, = max?_; A,,. Moreover, by Lemma 4.4.9, h(x) < M for all
x € X, and h(x) > (f(z) — ) —(M + ) for all z € I". Consequently, for
all € small enough,
eh(x)/eue(dl‘) < 6—21\/1/5
FC

and

/eh(w)/euc(dx) > e (M+8)/e (1) > %e—(M-i-é)/e.

r

Hence, for any § < M,

Ay = lir%elog/ M@/ (da) .
€E— T
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Since sup,r |£(x) - h(z)| <4,

limsupelog/ef(m)/e,ue(dm) < 6+limsupelog/eh(w)/eue(dx)
r r

e—0 e—0
=0+A, = 6+1lm iglfelog/ eh@/e (dx)
€E— T

< 26+ lim iglfelog/ ef @/ (dx).
€E— T

Thus, taking § — 0, it follows that

e—0

lim elog/ef(x)/ﬁue(dx)
r

exists. This limit equals Ay, since, for all € small enough,

/ @/ (da) < e=2M/e / I @y (dz) > L e=M/e. 0
¢ T

1
2
Proof of Lemma 4.4.9: Fix I' C X compact, f € Cy(T") and 6 > 0. Let
z,y € I with  # y. Since G separates points in I', there is a function
9z,y(-) € G such that g, ,(z) = f(z) and g, ,(y) = f(y). Because each of

the functions f(-) — gq4(-) is continuous, one may find for each y € T' a
neighborhood U, of y such that

it {f() = ga ()} = =9

The neighborhoods {U,} form a cover of I'; hence, I' may be covered by

a finite collection Uy,,...,U,, of such neighborhoods. For every x € T,
define
9:(-) = gz,yl(') A gx’yz(') ARERRA gm’ym(') €g.
Then
inf {/(u) ~ g.(u)} > 5. (4.4.11)
ue

Recall now that, for all ¢, g, ,, () = f(z) and hence g;(x) = f(x). Since
each of the functions f(-) — g.(+) is continuous, one may find a finite cover
Vi,...,Vq of I and functions g,,,..., gz, € G such that

sup {£(0) - 9., ()} <3 (4.4.12)

By the two preceding inequalities,

d
sup |f(v) — max g, (v)| <0.
vel i=1
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To complete the proof, observe that the constant M2 sup,cr f(z) belongs
to G, and hence so does g;(-) = gz, (-) A M, while for all v € T,

[F(0) = mix gi(v)| < |f(v) — mlax g, (0)]. O

The following variant of Theorem 4.4.2 dispenses with the exponential
tightness of {u.}, assuming instead that (4.4.4) holds for some good rate
function I(-). See Section 6.6 for an application of this result.

Theorem 4.4.13 Let I(-) be a good rate function. A family of probability
measures { .} satisfies the LDP in X with the rate function I(-) if and only
if the limit Ay in (4.4.1) exists for every f € Cy(X) and satisfies (4.4.4).

Proof: Suppose first that {u.} satisfies the LDP in X with the good rate
function I(-). Then, by Varadhan’s Lemma (Theorem 4.3.1), the limit A
in (4.4.1) exists for every f € Cy(X) and satisfies (4.4.4).

Conversely, suppose that the limit A; in (4.4.1) exists for every f €
Cy(X) and satisfies (4.4.4) for some good rate function I(-). The rela-
tion (4.4.4) implies that Ay — f(z) > —I(z) for any x € X and any
f € Cy(X). Therefore, by Lemma 4.4.6, the existence of Ay implies that
{p} satisfies the large deviations lower bound, with the good rate function
I(-). Turning to prove the complementary upper bound, it suffices to con-
sider closed sets F C X for which inf,ep I(x) > 0. Fix such a set and
§ > 0 small enough so that a2inf,er I?(x) € (0,00) for the d-rate func-
tion I°(-) = min{I(-) — 6, +}. With Ag = 0, the relation (4.4.4) implies
that Ur(a) is non-empty. Since F' and Uj(«) are disjoint subsets of the
completely regular topological space X, for any y € Ur(a) there exists a
continuous function f, : X — [0,1] such that f,(y) = 1 and f,(z) = 0
for all z € F. The neighborhoods U,2{z : f,(z) > 1/2} form a cover
of Ur(a); hence, the compact set Ur(a) may be covered by a finite col-
lection Uy, ,...,U,, of such neighborhoods. For any m € Z,, the non-
negative function hy,(-)22m max?_; f,, () is continuous and bounded, with
hm(z) = 0 for all z € F and hy,(y) > m for all y € Ur(a). Therefore,
by (4.4.4),

limsupelogu.(F) < limsupelog / e Mm@/ey (da)
X

e—0 e—0

= Ay, = —wlgéfv{hm(x) +I(z)}.

Note that h,,(z) + I(z) > m for any « € U (), whereas h,,(z) + I[(z) > «
for any x ¢ ¥;(«). Consequently, taking m > «,

limsup elog i (F) < —av .
e—0
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Since ¢ > 0 is arbitrarily small, the large deviations upper bound holds (see

(1.2.11)). O

Exercise 4.4.14 Let {u.} be an exponentially tight family of probability mea-
sures on a completely regular topological space X. Let G be a well-separating
class of real valued, continuous functions on X, and let G denote the functions
in G that are bounded above.

(a) Suppose that A, exists for all g € GT. For g ¢ G, define

A, = liminfelog/ ed @/ ey (dx) .
‘ e—0 X

Let I(x) = sup,eg+19() — Ay} and show that

I(x) = sup{g(x) — Ag}.
g€eg
Hint: Observe that for every ¢ € G and every constant M < oo, both
g(x) NM € Gt and Agap < Ay
(b) Note that G is well-separating, and hence {y.} satisfies the LDP with the
good rate function
I(x) = sup {f(z)—As}.
FECH(X)
Prove that I(-) = I(-).
Hint: Varadhan's lemma applies to every g € G. Consequently, I(z) > I(z).
Fix x € X and f € Cy(X). Following the proof of Theorem 4.4.10 with the
compact set I' enlarged to ensure that z € T", show that
d

flx) — Ay < sup sup {m‘:iixgi(:t) - maxAgi} =I(z).
d<oco g;€G+ i=1 =1

(c) To derive the converse of Theorem 4.4.10, suppose now that {x.} satisfies
the LDP with rate function I(-). Use Varadhan's lemma to deduce that A,
exists for all g € G1, and consequently by parts (a) and (b) of this exercise,

I(z) = sup{g(x) — Ag}.
g€eg

Exercise 4.4.15 Suppose the topological space X has a countable base. Let
G be a class of continuous, bounded above, real valued functions on X such
that for any good rate function J(-),

J(y) < sup inf {g(y) —g(x)+J(z)}. (4.4.16)

geG TEX

(a) Suppose the family of probability measures {y.} satisfies the LDP in X
with a good rate function I(-). Then, by Varadhan's Lemma, A, exists for
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g € G and is given by (4.4.4). Show that I(-) = I(-)2 supyegig() — Ag}.

(b) Suppose {u.} is an exponentially tight family of probability measures, such
that A4 exists for any g € G. Show that {u.} satisfies the LDP in X’ with the
good rate function I(-).

Hint: By Lemma 4.1.23 for any sequence ¢,, — 0, there exists a subsequence
n(k) — oo such that {u,,, } satisfies the LDP with a good rate function. Use
part (a) to show that this good rate function is independent of ¢,, — 0.

(c) Show that (4.4.16) holds if for any compactset K C X,y ¢ K and «,§ > 0,
there exists g € G such that sup,cy g(z) < g(y) + 9 and sup,cx g(z) <
9(y) — o

Hint: Consider g € G corresponding to K = V¥ ;(«), « / J(y) and 6 — 0.
(d) Use part (c) to verify that (4.4.16) holds for G = Cy(X) and X’ a completely
regular topological space, thus providing an alternative proof of Theorem 4.4.2
under somewhat stronger conditions.

Hint: See the construction of h,,(-) in Theorem 4.4.13.

Exercise 4.4.17 Complete the proof of Lemma 4.4.5.

4.5 LDP in Topological Vector Spaces

In Section 2.3, it was shown that when a limiting logarithmic moment gen-
erating function exists for a family of IR%-valued random variables, then its
Fenchel-Legendre transform is the natural candidate rate function for the
LDP associated with these variables. The goal of this section is to extend
this result to topological vector spaces. As will be seen, convexity plays a
major role as soon as the linear structure is introduced. For this reason,
after the upper bound is established for all compact sets in Section 4.5.1,
Section 4.5.2 turns to the study of some generalities involving the convex
duality of A and A*. These convexity considerations play an essential role
in applications. Finally, Section 4.5.3 is devoted to a direct derivation of a
weak version of the Gartner—Ellis theorem in an abstract setup (Theorem
4.5.20), and to a Banach space variant of it.

Throughout this section, X is a Hausdorff (real) topological vector space.
Recall that such spaces are regular, so the results of Sections 4.1 and 4.3
apply. The dual space of X', namely, the space of all continuous linear func-
tionals on X, is denoted throughout by X*. Let Z. be a family of random
variables taking values in X, and let u. € M;(X) denote the probability
measure associated with Z.. By analogy with the IRY case presented in Sec-
tion 2.3, the logarithmic moment generating function A, : X* — (—o0, o]
is defined to be

Ay (X)) =logE {e“’z")} = 1og/ APy (dr), Ne X,
X
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where for x € X and A € X*, (A, z) denotes the value of A(z) € R.
Let

A(A)élimsup eAy, (%) , (4.5.1)
e—0

using the notation A(\) whenever the limit exists. In most of the examples

considered in Chapter 2, when e\, (-/€) converges pointwise to A(-) for

X =IR" and an LDP holds for {si.}, the rate function associated with this

LDP is the Fenchel-Legendre transform of A(-). In the current setup, the

Fenchel-Legendre transform of a function f : X* — [—o00, 00] is defined as

F(@)2 sup {\a) — N}, zeX. (4.5.2)

rexX+*

Thus, A* denotes the Fenchel-Legendre transform of A, and A* denotes
that of A when the latter exists for all A € X'*.

4.5.1 A General Upper Bound

As in the R? case, A* plays a prominent role in the LDP bounds.

Theorem 4.5.3 -
(a) A() of (4.5.1) is convex on X* and A*(-) is a convex rate function.
(b) For any compact set T' C X,

lim sup elog 11 (T") < — 1I€1§ A*(x). (4.5.4)
e—0 z

Remarks:

(a) In Theorem 2.3.6, which corresponds to X = IR?, it was assumed, for
the purpose of establishing exponential tightness, that 0 € D{. In the
abstract setup considered here, the exponential tightness does not follow
from this assumption, and therefore must be handled on a case-by-case
basis. (See, however, [deA85a] for a criterion for exponential tightness which
is applicable in a variety of situations.)

(b) Note that any bound of the form A(\) < K(A) for all A\ € X* implies
that the Fenchel-Legendre transform K*(-) may be substituted for A*(-) in
(4.5.4). This is useful in situations in which A()) is easy to bound but hard
to compute.

(¢) The inequality (4.5.4) may serve as the upper bound related to a weak
LDP. Thus, when {p.} is an exponentially tight family of measures, (4.5.4)
extends to all closed sets. If in addition, the large deviations lower bound
is also satisfied with A*(-), then this is a good rate function that controls
the large deviations of the family {u.}.

<
m
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Proof: (a) The proof is similar to the proof of these properties in the spe-
cial case X = IR?, which is presented in the context of the Gartner-Ellis
theorem.

Using the linearity of (A/€) and applying Hélder’s inequality, one shows
that the functions A,_(\/€) are convex. Thus, A(-) = limsup,_, €A, (-/€),
is also a convex function. Since A, (0) = 0 for all € > 0, it follows that
A(0) = 0. Consequently, A*(-) is a nonnegative function. Since the supre-
mum of a family of continuous functions is lower semicontinuous, the lower
semicontinuity of A*(-) follows from the continuity of gx(z) = (A, ) — A(\)
for every A € X*. The convexity of A*() is a direct consequence of its
definition via (4.5.2).

(b) The proof of the upper bound (4.5.4) is a repeat of the relevant part
of the proof of Theorem 2.2.30. In particular, fix a compact set I' C X
and a 6 > 0. Let I’ be the é-rate function associated with A*, i.e.,
I’(x)2min{A*(z) — §,1/8}. Then, for any = € T, there exists a \, € X*
such that

Aar ) — A(Ag) > I (z) .

Since A; is a continuous functional, there exists a neighborhood of x, de-
noted A, such that

Jof (e, y) = (Aay 1)} = 4.

For any 8 € X", by Chebycheff’s inequality,

e(As) < B [e070-0) exp (— it {0,0) - <97x>}) |

Substituting § = A\, /e yields
Az
€10g Me(Ax) < o — </\:C7 'T> - eAus - .
€

A finite cover, UN | A,,, can be extracted from the open cover UyerA, of
the compact set I'. Therefore, by the union of events bound,

Az,
elogp.(T) <elogN +§ — minN {()\xi,xﬁ — €A, <_Z>} .
7 €

=1,...,

Thus, by (4.5.1) and the choice of A,
limsupelogu.(I') < §— rlninN{<)\zi,mi> — A}
e—0 i=1,...,
< 00— min I°(x).

i=1,...,N
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Moreover, x; € I' for each i, yielding the inequality

limsup elog pe(I') < 6 — inf I°(z).
e—0 xzel

The proof of the theorem is complete by taking § — 0. ]

Exercise 4.5.5 An upper bound, valid for all ¢, is developed in this exercise.
This bound may be made specific in various situations (c.f. Exercise 6.2.19).
(a) Let X be a Hausdorff topological vector space and V' C X a compact,
convex set. Prove that for any € > 0,

pe(V) < exp (—% inf A:(x)) : (4.5.6)

n:w = swp {ono - e, (2)]

Hint: Recall the following version of the min—-maz theorem ([Sio58], Theorem

4.2"). Let f(x,\) be concave in X\ and convex and lower semicontinuous in .
Then

where

sup inf f(z,A) = inf sup f(z, ).

AeX* zeV €V AeX*
To prove (4.5.6), first use Chebycheff’s inequality and then apply the min—-max
theorem to the function

f(@,2) = [(A z) — eAy (A e)]-

(b) Suppose that £ is a convex metric subspace of X' (in a metric compatible
with the induced topology). Assume that all balls in £ are convex, pre-compact
subsets of X'. Show that for every measurable set A € &,

1
(A) < inf Ad —— inf A7 , 4.5.7
we) < ot { mapye (<1 e 22 ) | (45.7)
where A° is the closed & blowup of A, and m(A, §) denotes the metric entropy
of A, i.e., the minimal number of balls of radius § needed to cover A.

4.5.2 Convexity Considerations

The implications of the existence of an LDP with a convex rate function to
the structure of A and A* are explored here. Building on Varadhan’s lemma
and Theorem 4.5.3, it is first shown that when the quantities €A, (\/€)
are uniformly bounded (in €) and an LDP holds with a good convex rate
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function, then €A, (-/€) converges pointwise to A(-) and the rate function
equals A*(+). Consequently, the assumptions of Lemma 4.1.21 together with
the exponential tightness of {u.} and the uniform boundedness mentioned
earlier, suffice to establish the LDP with rate function A*(-). Alternatively,
if the relation (4.5.15) between I and A* holds, then A*(-) controls a weak
LDP even when A(\) = oo for some A and {u.} are not exponentially tight.
This statement is the key to Cramér’s theorem at its most general.

Before proceeding with the attempt to identify the rate function of the
LDP as A*(-), note that while A*(:) is always convex by Theorem 4.5.3,
the rate function may well be non-convex. For example, such a situation
may occur when contractions using non-convex functions are considered.
However, it may be expected that I(-) is identical to A*(-) when I(-) is
convex.

An instrumental tool in the identification of I as A* is the following
duality property of the Fenchel-Legendre transform, whose proof is deferred
to the end of this section.

Lemma 4.5.8 (Duality lemma) Let X be a locally convexr Hausdorff top-
ological vector space. Let f : X — (—o0, o] be a lower semicontinuous,
convex function, and define

9(A) = sup {(A, z) — f(z)}.

zeX

Then f(-) is the Fenchel-Legendre transform of g(-), i.e.,

f(x) = sup {(A\;z) —g(N)}. (4.5.9)
N

Remark: This lemma has the following geometric interpretation. For every
hyperplane defined by A, g()) is the largest amount one may push up the
tangent before it hits f(-) and becomes a tangent hyperplane. The duality
lemma states the “obvious result” that to reconstruct f(-), one only needs
to find the tangent at « and “push it down” by g(A). (See Fig. 4.5.2.)

The first application of the duality lemma is in the following theorem,
where convex rate functions are identified as A*(-).

Theorem 4.5.10 Let X be a locally convex Hausdorff topological vector
space. Assume that pe satisfies the LDP with a good rate function I. Sup-
pose in addition that

A(/\)élimsup €N, (Ne) <oo, VAeX™. (4.5.11)

e—0
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£(x)

/

-g(k)’*f

\
\ X
<Ax>=c

Figure 4.5.1: Duality lemma.
£(x) Ag.x>-g(Ag)= cg

/

Ay x>-g(Ag)=cy

<

Apx>-g(Ag)=c,

Figure 4.5.2: Duality reconstruction. ¢; = f(x;) and x; is the point of
tangency of the line with slope A; to the graph of f(-).

(a) For each A € X*, the limit A(\) = 151(1) e\, (N e) exists, is finite, and

satisfies
AN = 21612 {Nz)y—I(z)}. (4.5.12)

(b) If I is convez, then it is the Fenchel-Legendre transform of A, namely,
v, D
I(z) = A" ()= sup {{\,z) — A(N)}.
Aex+

(c¢) If I is not convex, then A* is the affine regularization of I, i.e., A*(-) <
I(-), and for any convez rate function f, f(-) < I(-) implies f(-) < A*(-).
(See Fig. 4.5.5.)

Remark: The weak® topology on X* makes the functions (A, z) — I(z)
continuous in A for all z € X. By part (a), A(-) is lower semicontinuous
with respect to this topology, which explains why lower semicontinuity of
A(+) is necessary in Rockafellar’s lemma (Lemma 2.3.12).

Proof: (a) Fix A € X* and v > 1. By assumption, A(y)\) < oo, and
Varadhan’s lemma (Theorem 4.3.1) applies for the continuous function
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Figure 4.5.3: A* as affine regularization of 1.

A X — IR. Thus, A(A) = limc,o €A, (A/e) exists, and satisfies the
identity (4.5.12). By the assumption (4.5.11), A(-) < oo everywhere. Since
A(0) = 0 and A(+) is convex by part (a) of Theorem 4.5.3, it also holds that
A(X) > —o0 everywhere.

(b) This is a direct consequence of the duality lemma (Lemma 4.5.8), ap-
plied to the lower semicontinuous, convex function I.

(¢) The proof of this part of the theorem is left as Exercise 4.5.18. U

Corollary 4.5.13 Suppose that both condition (4.5.11) and the assump-
tions of Lemma 4.1.21 hold for the family {uc}, which is exponentially tight.
Then {pc} satisfies in X the LDP with the good, convex rate function A*.

Proof: By Lemma 4.1.21, {u.} satisfies a weak LDP with a convex rate
function. As {u.} is exponentially tight, it is deduced that it satisfies the
Sfull LDP with a convex, good rate function. The corollary then follows from
parts (a) and (b) of Theorem 4.5.10. U

Theorem 4.5.10 is not applicable when A(+) exists but is infinite at some
A € X*, and moreover, it requires the full LDP with a convex, good rate
function. As seen in the case of Cramér’s theorem in IR, these conditions
are not necessary. The following theorem replaces the finiteness conditions
on A by an appropriate inequality on open half-spaces. Of course, there is
a price to pay: The resulting A* may not be a good rate function and only
the weak LDP is proved.

Theorem 4.5.14 Suppose that {u.} satisfies a weak LDP with a con-
vex rate function I(-), and that X is a locally convex, Hausdorff topo-
logical vector space. Assume that for each N € X*, the limits A\(t) =
lime .o €Ay, (tA\/€) exist as extended real numbers, and that Ay (t) is a lower
semicontinuous function of t € IR. Let A5(-) be the Fenchel-Legendre
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transform of Ax(+), i.e.,

A’;(z)éggﬂg{ezfm(m}.

If for every A € X* and every a € R,

inf ~I(z) < if A3(2) 4.5.15
(O a0y 1) < I ARCE) (4.5.15)

then I(-) = A*(-), and consequently, A* controls a weak LDP associated
with {pe}.

Proof: Fix A € X*. By the inequality (4.5.15),

sup{(A, ) — ()} = sup sup  {(\x) - I(2)}

TeEX a€lR {z:((\,z)—a)>0}
> sup4a— inf I(x 4.5.16
- aeﬂg{ {z:({\,z)—a)>0} ( )} ( )
> sup {af ianf\(z)} = sup {zfAf\(z)}
a€R z>a z€R

Note that Ay(-) is convex with A»(0) = 0 and is assumed lower semicontin-
uous. Therefore, it can not attain the value —oo. Hence, by applying the
duality lemma (Lemma 4.5.8) to Ay : IR — (—00, 00}, it follows that

A1) = Sgﬂr;{z —AN(2)}-

Combining this identity with (4.5.16) yields

sup {\z) = I(x)} > A\(1) = A(N).

The opposite inequality follows by applying Lemma 4.3.4 to the continuous
linear functional A € X*. Thus, the identity (4.5.12) holds for all A € X*,
and the proof of the theorem is completed by applying the duality lemma
(Lemma 4.5.8) to the convex rate function I. O

Proof of Lemma 4.5.8: Consider the sets X x IR and X* x IR. Each of
these can be made into a locally convex, Hausdorff topological vector space
in the obvious way. If f is identically oo, then g is identically —oco and the
lemma trivially holds. Assume otherwise and define

E = {(z,a) e X xR: f(z) < a},
& = {(\p) e X" xR:g()) <5}

Note that for any (A, 3) € £* and any = € X,
fle) = (\ax)-B.
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Therefore, it also holds that

f@)> sup {(A,z) - B} = sup {{(A\,z) —g(N)}.
(\.B)ee€ AEX*

It thus suffices to show that for any (z,«a) € € (i.e., f(x) > ), there exists
a (A, B) € £* such that
Nz)y—0 > a, (4.5.17)

in order to complete the proof of the lemma.

Since f is a lower semicontinuous function, the set & is closed (alter-
natively, the set £¢ is open). Indeed, whenever f(z) > -, there exists a
neighborhood V' of  such that inf,cv f(y) > v, and thus £¢ contains a
neighborhood of (z,7). Moreover, since f(-) is convex and not identically
00, the set £ is a non-empty convex subset of X x IR.

Fix (z,a) ¢ €. The product space X x IR is locally convex and therefore,
by the Hahn—-Banach theorem (Theorem B.6), there exists a hyperplane in
X x IR that strictly separates the non-empty, closed, and convex set £ and
the point (z, «) in its complement. Hence, as the topological dual of X x IR
is X* x IR, for some p € X*, p € R, and v € IR,

sup {(1,y) — p€} < < (w,w) — pa.
(y,§) €€

In particular, since f is not identically oo, it follows that p > 0, for otherwise
a contradiction results when £ — oco. Moreover, by considering (y,§) =
(z, f(x)), the preceding inequality implies that p > 0 whenever f(z) < co.

Suppose first that p > 0. Then, (4.5.17) holds for the point (u/p, v/p)-
This point must be in £*, for otherwise there exists a yg € X such that
(1, y0) — pf(yo) > ~, contradicting the previous construction of the sepa-
rating hyperplane (since (yo, f(yo)) € £). In particular, since f(z) < oo for
some z € X it follows that £* is non-empty.

Now suppose that p = 0 so that

sup  {{u,y) =~} <0,
{y:f(y)<oo}

while (u, ) — v > 0. Consider the points

()\6,55)é (%4—)\0,%4‘50) , Y¥0>0,

where (Ao, Bp) is an arbitrary point in £*. Then, for all y € X,

({1 y) =) + (Ao, ) — Bo) < f(y)-

(Ns,y) — Bs = %
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Therefore, (A\g, 3s5) € £* for any § > 0. Moreover,

1
li — B5) = lim { = - - - .
By (As,2) = 95) = T { S0 =)+ (o) = ) } = o0
Thus, for any o < 0o, there exists 6 > 0 small enough so that (A5, z) — s >
a. This completes the proof of (4.5.17) and of Lemma 4.5.8. Ol

Exercise 4.5.18 Prove part (c) of Theorem 4.5.10.

Exercise 4.5.19 Consider the setup of Exercise 4.2.7, except that now X = )
is a locally convex, separable, Hausdorff topological vector space. Let Z, =
X +Y..

(a) Prove that if Ix and Iy are convex, then so is .

(b) Deduce that if in addition, the condition (4.5.11) holds for both p.—the
laws of X, and v.—the laws of Y, then Iy is the Fenchel-Legendre transform
of Ax() + Ay()

4.5.3 Abstract Gartner—Ellis Theorem

Having seen a general upper bound in Section 4.5.1, we turn next to suffi-
cient conditions for the existence of a complementary lower bound. To this
end, recall that a point z € X is called an exposed point of A* if there exists
an exposing hyperplane A € X* such that

Nx) — A (z) > (\2) —A*(2), Vz#x.

An exposed point of A* is, in convex analysis parlance, an exposed point of
the epigraph of A*. For a geometrical interpretation, see Fig. 2.3.2.

Theorem 4.5.20 (Baldi) Suppose that {uc} are exponentially tight prob-
ability measures on X .
(a) For every closed set F' C X,

limsup elog p(F) < — inf A*(z).
e—0 zeF

(b) Let F be the set of exposed points of A* with an exposing hyperplane \
for which

A B

AN = lil'I(l) e, (—) exists and A(y\) < oo for some > 1. (4.5.21)
€e— €

Then, for every open set G C X,

. . > . e )
hIEIl}élelOg pe(G) > xe%lg}'A (x)
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(c) If for every open set G,

inf A*(xz) = inf A* 4.5.292
panf (A (2) = inf A%(2) , (4.5.22)

then {u.} satisfies the LDP with the good rate function A*.

Proof: (a) The upper bound is a consequence of Theorem 4.5.3 and the
assumed exponential tightness.

(b) If A(\) = —oo for some A € X*, then A*(-) = oo and the large deviations
lower bound trivially holds. So, without loss of generality, it is assumed
throughout that A : X* — (—00,00]. Fix an open set G, an exposed point
y € GNF, and § > 0 arbitrarily small. Let n be an exposing hyperplane
for A* at y such that (4.5.21) holds. The proof is now a repeat of the proof
of (2.3.13). Indeed, by the continuity of 7, there exists an open subset of G,
denoted Bjs, such that y € Bs and

sup {(n,z —y)} <9.
2€Bs

Observe that A(n) < oo in view of (4.5.21). Hence, by (4.5.1), A, (n/€) <
oo for all € small enough. Thus, for all ¢ > 0 small enough, define the
probability measures fi. via

dfte
dpte

(z) = exp [<g,z> — A, (Q)} . (4.5.23)

€

Using this definition,

elog pic(Bs) = €Ay,

—
a3

) —(n,y) +¢€ log/EB5 exp <<g,y - z>) fic(dz)

z

> €Ay, (—) —(n,y) — 6+ € log fi.(Bs).

a3

Therefore, by (4.5.21),

lim iélfé log ue(G) > %in(l] lim iélfé log fte(Bs) (4.5.24)
2 A(n) = (n,y) + lim lim inf elog ic(Bs)
2

—A*(y) + %in(l) lim i(I)lf elog fic(Bs) -

Recall that {u.} are exponentially tight, so for each a < oo, there exists a
compact set K, such that

limsup elog o (K§) < —ar.

e—0
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If for all § > 0 and all @ < o0,

limsup € log fic(Bs N K,) <0, (4.5.25)

e—0

and for all « large enough,

limsup e log fic(KS) <0, (4.5.26)

e—0

then fi.(Bs) — 1 when € — 0 and part (b) of the theorem follows by (4.5.24),
since y € G N F is arbitrary.

To establish (4.5.25), let A;_(-) denote the logarithmic moment gener-
ating function associated with the law fi.. By the definition (4.5.23), for
every 6 € X",

Hence, by (4.5.1) and (4.5.21),

e—0

]N\(H)élimsup €A, (g) =AO+n)—An) .

Let A* denote the Fenchel-Legendre transform of A. It follows that for all
ze X,

A (2) = A*(2) + A(n) — (n,2) > A*(2) = A*(y) — (n, 2 — y) .

Since 7 is an exposing hyperplane for A* at gy, this inequality implies that
A*(2z) > 0 for all z # y. Theorem 4.5.3, applied to the measures fi. and the
compact sets B§ N K, now yields

. ~ c < _ : A *
hr:ljélp € log fi.(Bs N Ky) < zeé?rfwKa A" (z) <0,

where the strict inequality follows because 1~X*() is a lower semicontinuous
function and y € Bs.

Turning now to establish (4.5.26), consider the open half-spaces
Hy={z€X: (n,z) —p<0}.

By Chebycheft’s inequality, for any 8 > 0,

elogfic(Hp) = elog/ fie(dz)
{z:(n,2)=p}

elog UX exp (@) ﬁe(dZ)] - Bp

= GAI_]E (@) —ﬂp.

IN
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Hence, ~
lirenj(l)lpelogﬂe(H,i) < inf {A(S) ~ Bp} -
Due to condition (4.5.21), i&(ﬁn) < oo for some § > 0, implying that for
large enough p,
limsup elog fic (H) < 0.

e—0

Now, for every « and every p > 0,

lim sup elog fic (K¢ N H,)

e—0

:limsupelog/KCHH exp [<g,z> — Ay, (g)] e (dz)
SNH,

e—0

<p—An) —a.

Finally, (4.5.26) follows by combining the two preceding inequalities.
(c) Starting with (4.5.22), the LDP is established by combining parts (a)
and (b). U

In the following corollary, the smoothness of A(:) yields the identity
(4.5.22) for exponentially tight probability measures on a Banach space,
resulting in the LDP. Its proof is based on a theorem of Brgnsted and
Rockafellar whose proof is not reproduced here. Recall that a function
f X" — R is Gateaux differentiable if, for every A\, 0 € X*, the function
F(X+¢0) is differentiable with respect to t at t = 0.

Corollary 4.5.27 Let {uc} be exponentially tight probability measures on
the Banach space X. Suppose that A(-) = lim._.g €A, (-/€) is finite valued,
Gateauz differentiable, and lower semicontinuous in X* with respect to the
weak® topology. Then {u.} satisfies the LDP with the good rate function
A*.

Remark: For a somewhat stronger version, see Corollary 4.6.14.

Proof: By Baldi’s theorem (Theorem 4.5.20), it suffices to show that for
any x € D+, there exists a sequence of exposed points x such that x; — x
and A*(zy) — A*(x). Let A € OA*(z) iff

A z) — A(x) = :‘1615{@7 z) = A (2)},

and define
dom OA*E{z : I\ € A" (2)} .

Note that it may be assumed that the convex, lower semicontinuous
function A* : X — [0,00] is proper (i.e., Da~ is not empty). Therefore,
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by the Brgnsted—Rockafellar theorem (see [BrR65], Theorem 2), for every
x € Dp«, there exists a sequence x, — x such that x, € domdA* and

A*(z) — A*(x).

It is therefore enough to prove that when A is Gateaux differentiable
and weak™ lower semicontinuous, any point in dom JA* is also an exposed
point. To this end, fix € domdA* and A € OA*(x). Observe that X* when
equipped with the weak™ topology is a locally convex, Hausdorff topological
vector space with X being its topological dual. Hence, it follows by apply-
ing the duality lemma (Lemma 4.5.8) for the convex, lower semicontinuous
function A : X* — IR that

A = sup{(A,2) — A"(2)} = (A,z) — A*(a) .

zEX

Therefore, for any ¢t > 0, and any 6 € X'*,
1
0,z) < g[A(A +t0) — A(N)].
Thus, by the Gateaux differentiability of A, it follows that
(6,2) < lim ~[A(\ + t6) — A\ 2DA()
A NT N '

Moreover, DA(#) = —DA(—6), and consequently (§,2) = DA(6) for all
0 € X*. Similarly, if there exists y € X' , y # x, such that

A a) =A% (z) = (A y) = A (y)

then, by exactly the same argument, (6,y) = DA(0) for all § € X*. Since
(0, —y) =0 for all # € X*, it follows that = y. Hence, x is an exposed
point and the proof is complete. Ul

4.6 Large Deviations for Projective Limits

In this section, we develop a method of lifting a collection of LDPs in
“small” spaces into the LDP in the “large” space X', which is their projec-
tive limit. (See definition below.) The motivation for such an approach is
as follows. Suppose we are interested in proving the LDP associated with
a sequence of random variables X7, X, ... in some abstract space X. The
identification of X* (if X' is a topological vector space) and the computa-
tion of the Fenchel-Legendre transform of the moment generating function
may involve the solution of variational problems in an infinite dimensional
setting. Moreover, proving exponential tightness in X, the main tool of get-
ting at the upper bound, may be a difficult task. On the other hand, the
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evaluation of the limiting logarithmic moment generating function involves
probabilistic computations at the level of real-valued random variables, al-
beit an infinite number of such computations. It is often relatively easy
to derive the LDP for every finite collection of these real-valued random
variables. Hence, it is reasonable to inquire if this implies that the laws of
the original, X-valued random variables satisfy the LDP.

An affirmative result is derived shortly in a somewhat abstract setting
that will serve us well in diverse situations. The idea is to identify X with
the projective limit of a family of spaces {JY;};jes with the hope that the
LDP for any given family {u.} of probability measures on X follows as the
consequence of the fact that the LDP holds for any of the projections of p
to {Vj}jer

To make the program described precise, we first review a few standard
topological definitions. Let (J,<) be a partially ordered, right-filtering
set. (The latter notion means that for any 4,j in J, there exists k € J
such that both ¢ < k and j < k.) Note that J need not be countable.
A projective system (Y}, pij)i<jes consists of Hausdorff topological spaces
{Y;}jes and continuous maps p;; : Y; — Y; such that p;x = pij o pjk
whenever ¢ < j < k ({pj;}jes are the appropriate identity maps). The
projective limit of this system, denoted by & = limY;, is the subset of
the topological product space Y =[] jes Vi, consisting of all the elements
X = (y;)jes for which y; = p;;(y;) whenever i < j, equipped with the
topology induced by ). Projective limits of closed subsets F; C ), are
defined analogously and denoted F' = lim F;. The canonical projections of
X, which are the restrictions p; : X — )); of the coordinate maps from Y
to Y;, are continuous. Some properties of projective limits are recalled in
Appendix B.

The following theorem yields the LDP in X as a consequence of the
LDPs associated with {u. o pj_l, € > 0}. In order to have a specific example
in mind, think of X as the space of all maps f : [0,1] — IR such that
f(0) = 0, equipped with the topology of pointwise convergence. Then
pj : X — IR” is the projection of functions onto their values at the time
instances 0 < t; < to < --- < tg < 1, with the partial ordering induced on
the set J = U2 {(t1,...,ta) : 0 < t1 <3 < --- < tg < 1} by inclusions.
For details of this construction, see Section 5.1.

Theorem 4.6.1 (Dawson—Gértner) Let {u.} be a family of probability
measures on X, such that for any j € J the Borel probability measures
fe op;l on Y; satisfy the LDP with the good rate function I;(-). Then {u.}
satisfies the LDP with the good rate function

I(x) = sup {Lipix)}, xe&i. (4.6.2)
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Remark: Throughout this section, we drop the blanket assumption that
By C B. This is natural in view of the fact that the set J need not be
countable. It is worthwhile to note that B is required to contain all sets
pj_l(Bj), where Bj; € By, .

Proof: Clearly, I(x) is nonnegative. For any « € [0,00) and j € J, let
Uy, (a) denote the compact level set of I, i.e., ¥y (a)={y; : I;(y;) < a}.
Recall that for any ¢ < j € J, pi; : V; — ), is a continuous map and
[he © p[l = (e o p{l) o p;jl. Hence, by the contraction principle (Theorem
4.2.1), I;(y;) = inf, I;(y;), or alternatively, Wy, (a) = pi;(¥r,(a)).

Therefore,

—1
Py (Vi)

Ui(a) =X0 ] ¥, (a) = lim¥; (a), (4.6.3)
jeJ

and I(x) is a good rate function, since by Tychonoff’s theorem (Theorem
B.3), the projective limit of compact subsets of Y;, j € J, is a compact
subset of X.

In order to prove the large deviations lower bound, it suffices to show
that for every measurable set A C X and each x € A°, there exists a j € J
such that

lim inf elog e(A) = —I;(p;(x)) -

Since the collection {p}l(Uj) : Uj C Yj is open} is a base of the topology
of X, there exists some j € J and an open set U; C ); such that x €
pj_l(Uj) C A°. Thus, by the large deviations lower bound for {u. opj_l},

lim iglfelog ue(A) > lim iglfelog(,u6 opj_l(Uj) )
> — inf Ii(y) = —1;(p;(x))

yeU;

as desired.

Considering the large deviations upper bound, fix a measurable set A C
X and let A;2p;j(A). Then, A; = p;;(A;) for any i < j, implying that
pij(A;) C A; (since p;; are continuous). Hence, A C Jim A;. To prove the
converse inclusion, fix x € (4)°. Since (A)¢ is an open subset of X, there
exists some j € J and an open set U; C ), such that x € pj_l(Uj) C (A)e.
Consequently, for this value of j, p;(x) € U; C A$, implying that p;(x) ¢
A_j. Hence,

A= ]imA4;. (4.6.4)

Combining this identity with (4.6.3), it follows that for every a < oo,

AN (a) = lim (A; N (a) .
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Fix o < inf 5 I(z), for which AN¥r(a) = 0. Then, by Theorem B.4,
AN ¥y, (a) =0 for some j € J. Therefore, as A C pj_l(A_j), by the LDP
upper bound associated with the Borel measures {y. o pj_l}7

lim sup € log p1.(A) < lim sup € log p1c © pj_l (45) < —a.
e—0 e—0

This inequality holds for every measurable A and o < oo such that AN
Ur(a) = 0. Consequently, it yields the LDP upper bound for {pu.}. O

The following lemma is often useful for simplifying the formula (4.6.2)
of the Dawson—Gértner rate function.

Lemma 4.6.5 If I(-) is a good rate function on X such that
Liy)=inf{Ix): xe X, y=p;x)}, (4.6.6)
for anyy € Y;, j € J, then the identity (4.6.2) holds.

Proof: Fix a € [0, 00) and let A denote the compact level set ¥;(«). Since
p;j : X — Y; is continuous for any j € J, by (4.6.6) A;2V; () = p,(A)
is a compact subset of };. With A; = p;;(4;) for any ¢ < j, the set
{x :sup;c; I;(pj(x)) < a} is the projective limit of the closed sets A;, and
as such it is merely the closed set A = ¥;(«) (see (4.6.4)). The identity
(4.6.2) follows since « € [0, 00) is arbitrary. O

The preceding theorem is particularly suitable for situations involving
topological vector spaces that satisfy the following assumptions.

Assumption 4.6.7 Let W be an infinite dimensional real vector space,
and W' its algebraic dual, i.e., the space of all linear functionals \ +—
(N ) : W — TR. The topological (vector) space X consists of W' equipped
with the WW-topology, i.e., the weakest topology such that for each A € W,
the linear functional x — (A, x) : X — IR is continuous.

Remark: The W-topology of W makes W into the topological dual of X,
ie, W=X~".

For any d € Z, and Ay,...,A\q € W, define the projection px,,. x, :
X — IRd by p)\l,...,)\d(x) = (<>\13‘T>5 <>\2,’I}>, ey <)\dax>> .

Assumption 4.6.8 Let (X, B, 1) be probability spaces such that:
(a) X satisfies Assumption 4.6.7.
(b) For any X\ € W and any Borel set B in R, p,'(B) € B.

Remark: Note that if {u.} are Borel measures, then Assumption 4.6.8
reduces to Assumption 4.6.7.
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Theorem 4.6.9 Let Assumption 4.6.8 hold. Further assume that for every
d € Z, and every \,..., g € W, the measures {ji. Op;im’)\d,e > 0}
satisfy the LDP with the good rate function In, . x,(-). Then {uc} satisfies
the LDP in X, with the good rate function

I(x) = sup sup Iy oo (g, 2), (e, ), .o, (Aas2))) . (4.6.10)
dEZy M1y NgEW

Remark: In most applications, one is interested in obtaining an LDP on £
that is a non-closed subset of X'. Hence, the relatively effortless projective
limit approach is then followed by an application specific check that Dy C
&, as needed for Lemma 4.1.5. For example, in the study of empirical
measures on a Polish space ¥, it is known a priori that p.(M;(X)) =1 for
all € > 0, where M;(X) is the space of Borel probability measures on X,
equipped with the B(X)-topology, and B(X) = {f : ¥ — IR, f bounded,
Borel measurable}. Identifying each v € M;(X) with the linear functional
f— fz fdv, Vf € B(Y), it follows that M;(X) is homeomorphic to £ C X,
where here X' denotes the algebraic dual of B(X) equipped with the B(X)-
topology. Thus, X satisfies Assumption 4.6.7, and £ is not a closed subset
of X. It is worthwhile to note that in this setup, p. is not necessarily a
Borel probability measure.

Proof: Let V be the system of all finite dimensional linear subspaces
of W, equipped with the partial ordering defined by inclusion. To each
V €V, attach its (finite dimensional) algebraic dual V' equipped with the
V-topology. The latter are clearly Hausdorftf topological spaces. For any
V C U and any linear functional f : U — IR, let pyy(f) : V — R be
the restriction of f on the subspace V. The projections py., : U — V'
thus defined are continuous, and compatible with the inclusion ordering of
V. Let X be the projective limit of the system (V’,py.). Consider the
map = — & = (py(z)) € X, where for each V € V, py(z) € V' is the
linear functional A — (A, z), YA € V. This map is a bijection between
W' and X, since the consistency conditions in the definition of X imply
that any ¥ € X is determined by its values on the one-dimensional lin-
ear subspaces of W, and any such collection of values determines a point
in X. By Assumption 4.6.7, X consists of the vector space W equipped
with the W-topology that is generated by the sets {z : [(\,z) — p| < ¢}
for A € W,p € IR,§ > 0. It is not hard to check that the image of these
sets under the map x — I generates the projective topology of X. Con-
sequently, this map is a homeomorphism between X and X. Hence, if for
every V € V, {pe o pyt, e > 0} satisfies the LDP in V’ with the good rate
function I, (+), then by Theorem 4.6.1, {1} satisfies the LDP in X with the
good rate function supy, <y, Iy (pv (+)).
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Fix d € Z, and V € V, a d-dimensional linear subspace of W. Let
A1, ..., Ag be any algebraic base of V. Observe that the map f — (f(\1),
.., f(Aq)) is a homeomorphism between V’ and IR? under which the image
of pu(x) € V'is pa, (@) = (A, 2), ..., (A, ) € R Consequently, by
our assumptions, the family of Borel probability measures {ju. o p; !, e > 0}
satisfies the LDP in V', and moreover, Iy (py(x)) = In,,.. 2, (((A1,2), ...,
(Mg, x))). The proof is complete, as the preceding holds for every V € V,
while because of the contraction principle (Theorem 4.2.1), there is no need
to consider only linearly independent Ag, ..., Ay in (4.6.10). ]

When using Theorem 4.6.9, either the convexity of I, . x,(-) or the
existence and smoothness of the limiting logarithmic moment generating
function A(:) are relied upon in order to identify the good rate function
of (4.6.10) with A*(-), in a manner similar to that encountered in Section
4.5.2. This is spelled out in the following corollary.

Corollary 4.6.11 Let Assumption 4.6.8 hold.
(a) Suppose that for each A € W, the limit

A(X) = lim elog / eEil()"wue(da}) (4.6.12)
x

e—0

exists as an extended real number, and moreover that for any d € Z, and
any A, ..., g € W, the function

d
g((t1,.. .,td))éA(Z tiA\) : RY — (—o00, o]

1s essentially smooth, lower semicontinuous, and finite in some neighborhood
of 0.
Then {p} satisfies the LDP in (X, B) with the convex, good rate function

A (z) = )?:5\; {(Az) =AM} (4.6.13)

(b) Alternatively, if for any \i,..., a € W, there exists a compact set
K c R such that erpxll,...,xd (K) =1, and moreover {,uwp}ll’m’)\d,e > 0}
satisfies the LDP with a convex rate function, then A : W — IR exists, is
finite everywhere, and {u.} satisfies the LDP in (X,B) with the convez,

good rate function A*(-) as defined in (4.6.13).

Remark: Since X satisfies Assumption 4.6.7, the only continuous linear
functionals on X are of the form xz — (A, z), where A € W. Consequently,
X* may be identified with W, and A*(-) is the Fenchel-Legendre transform
of A(-) as defined in Section 4.5.
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Proof: (a) Fix d € Z, and \y,..., g € W. Note that the limiting loga-
rithmic moment generating function associated with {p. o pxll’w Ayt € > 0}
is g((t1,...,tq)). Hence, by our assumptions, the Gartner—Ellis theorem
(Theorem 2.3.6) implies that these measures satisfy the LDP in IR? with
the good rate function Iy, ., =g": RY — [0, o], where

,,,,,

I)\l ----- )\d((<)‘17x>7<)‘27x>7”~7<)‘dax>))
d d

= sup { ti<)\i,x>—A(Zti)\i>}.

t17-~~7tdeIR i=
Consequently, for every z € X,

I>\1 ----- )\d((<>\17x>7 <)\2,£C>, ) <)‘d7‘r>)) < A*(ZL') = fg}I/)V I)\(<>‘a (E>) .

Since the preceding holds for every Aj,..., g € W, the LDP of {u.} with
the good rate function A*(-) is a direct consequence of Theorem 4.6.9.

(b) Fix d € Z, and \y,..., g € W. Since p, o pgllw’)\d are supported on
a compact set K, they satisfy the boundedness condition (4.5.11). Hence,
by our assumptions, Theorem 4.5.10 applies. It then follows that the limit-
ing moment generating function g(-) associated with {u. o p;117___7 A € > 0}
exists, and the LDP for these probability measures is controlled by g*(-).
With I, ., = ¢* for any A1,...,Aq € W, the proof is completed as in
part (a). O

The following corollary of the projective limit approach is a somewhat
stronger version of Corollary 4.5.27.

Corollary 4.6.14 Let {u.} be an exponentially tight family of Borel prob-
ability measures on the locally convex Hausdorff topological vector space &.
Suppose A(-) = lime_o €A, (-/€) is finite valued and Gateauz differentiable.
Then {pc} satisfies the LDP in € with the convex, good rate function A*.

Proof: Let W be the topological dual of £. Suppose first that W is an
infinite dimensional vector space, and define X according to Assumption
4.6.7. Let i : £ — X denote the map = — i(x), where i(z) is the linear func-
tional A — (A, z), YA € W. Since £ is a locally convex topological vector
space, by the Hahn—Banach theorem, W is separating. Therefore, & when
equipped with the weak topology is Hausdorff, and ¢ is a homeomorphism
between this topological space and i(€) C X. Consequently, {u o i~ '}
are Borel probability measures on X' such that p oi71(i(€)) = 1 for all
€ > 0. All the conditions in part (a) of Corollary 4.6.11 hold for {u.oi~1},
since we assumed that A : W — IR exists, and is a finite valued, Gateaux
differentiable function. Hence, {u, o i1} satisfies the LDP in X with the
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convex, good rate function A*(-). Recall that ¢ : &€ — X is a continuous
injection with respect to the weak topology on £, and hence it is also con-
tinuous with respect to the original topology on £. Now, the exponential
tightness of {u.}, Theorem 4.2.4, and the remark following it, imply that
{u} satisfies the LDP in £ with the good rate function A*(-).

We now turn to settle the (trivial) case where W is a d-dimensional
vector space for some d < co. Observe that then & is of the same dimension
as W. The finite dimensional topological vector space X can be represented
as IR?. Hence, our assumptions about the function A(-) imply the LDP in
X associated with {u. o i~'} by a direct application of the Gértner—Ellis
theorem (Theorem 2.3.6). The LDP (in &) associated with {u.} follows
exactly as in the infinite dimensional case. Ul

Exercise 4.6.15 Suppose that all the conditions of Corollary 4.6.14 hold ex-
cept for the exponential tightness of {u.}. Prove that {u.} satisfies a weak
LDP with respect to the weak topology on &, with the rate function A*(-)
defined in (4.6.13).

Hint: Follow the proof of the corollary and observe that the LDP of {.0i~'}
in X still holds. Note that if K C £ is weakly compact, then i(K) C i(€) is a
compact subset of X.

4.7 The LDP and Weak Convergence in
Metric Spaces

Throughout this section (X, d) is a metric space and all probability measures
are Borel. For 6 > 0, let

A‘s’oé{y : d(y,A)éZirelg d(y,z) < 0} (4.7.1)

denote the open blowups of A (compare with (4.1.8)), with A= = ((A¢)%°)¢
a closed set (possibly empty). The proof of the next lemma which summa-
rizes immediate relations between these sets is left as Exercise 4.7.18.

Lemma 4.7.2 Foranyd >0, n>0and T C X

(a) (0=%)%° C T C (T%°)~9,

(b) T=0+m c (T=8)=" qnd (D%0)ne c TE+me,

(c) G0 increases to G for any open set G and F%° decreases to F for any
closed set F'.
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Let Q(X) denote the collection of set functions v : By — [0,1] such
that:

(a) v(0) =

(b) v(T') = 1nf{y( ): I' C G open} for any I" € By.

() W(URATY) < 322, w(T) for any T € By

(d) ¥(G) = lims_g V(G %) for any open set G C X.

Condition (b) implies the monotonicity property v(A) < v(B) whenever
ACB.

The following important subset of Q(X) represents the rate functions.

Definition 4.7.3 A set function v : By — [0, 1] is called a sup-measure if
v(I') = supyer v({y}) for any T € Bx and v({y}) is an upper semicontinu-
ous function of y € X. With a sup-measure v uniquely characterized by the
rate function I(y) = —logv({y}), we adopt the notation v = e~ 1.

The next lemma explains why Q(X) is useful for exploring similarities
between the LDP and the well known theory of weak convergence of prob-
ability measures.

Lemma 4.7.4 Q(X) contains all sup-measures and all set functions of the
form pc for u a probability measure on X and € € (0,1].

Proof: Conditions (a) and (c) trivially hold for any sup-measure. Since
any point y in an open set G is also in G~? for some § = §(y) > 0, all sup-
measures satisfy condition (d). For (b), let v({y}) = e~ 1¥. Fix I' € By
and G(z,0) as in (4.1.3), such that

v({a}) = e P70 > emimhiecen W) = sup w({y}).
yeG(z,0)

Tt follows that for the open set Gs = UperG(z, ),

Eu(T) = ¥ supv({a}) > sup v({y}) = v(Gs) -
zel yEGs

Taking § — 0, we have condition (b) holding for an arbitrary I € By.

Turning to the second part of the lemma, note that conditions (a)—(d)
hold when v is a probability measure. Suppose next that v(-) = f(u(-))
for a probability measure p and f € Cy([0,1]) non-decreasing such that
f(0)=0and f(p+¢q) < f(p) + f(g) for 0 < p <1—g < 1. By induction,
f(Zlepi) < Zle f(p;) for all k € Z, and non-negative p; such that
Zlepi < 1. The continuity of f(-) at 0 extends this property to k =
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00. Therefore, condition (c) holds for v by the subadditivity of p and
monotonicity of f(-). The set function v inherits conditions (b) and (d)
from p by the continuity and monotonicity of f(-). Similarly, it inherits
condition (a) because f(0) = 0. In particular, this applies to f(p) = p¢ for
all € € (0,1]. U]

The next definition of convergence in Q(X) coincides by the Portman-
teau theorem with weak convergence when restricted to probability mea-
sures v, vy (see Theorem D.10 for X’ Polish).

Definition 4.7.5 v, — vy in Q(X) if for any closed set F C X

limsup v (F) < vo(F) , (4.7.6)

e—0

and for any open set G C X,

limiglf v(G) > 1vy(G) . (4.7.7)

€E—

For probability measures v,y the two conditions (4.7.6) and (4.7.7) are
equivalent. However, this is not the case in general. For example, if v5(-) =0
(an element of Q(X)), then (4.7.7) holds for any v. but (4.7.6) fails unless
ve(X) — 0.

For a family of probability measures {u.}, the convergence of v, = u¢
to a sup-measure vy = e~ ! is exactly the LDP statement (compare (4.7.6)
and (4.7.7) with (1.2.12) and (1.2.13), respectively).

With this in mind, we next extend the definition of tightness and uniform
tightness from M;(X) to Q(X) in such a way that a sup-measure v = e~ is
tight if and only if the corresponding rate function is good, and exponential
tightness of {u.} is essentially the same as uniform tightness of the set
functions {uc}.

Definition 4.7.8 A set function v € Q(X) is tight if for each n > 0,
there exists a compact set K, C X such that v(Ky) < n. A collection
{ve} € Q(X) is uniformly tight if the set K, may be chosen independently

of €.
The following lemma provides a useful consequence of tightness in Q(X).

Lemma 4.7.9 Ifv € Q(X) is tight, then for any I' € By,

v(T) = lim v(I'%°) . (4.7.10)

6—0
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Remark: For sup-measures this is merely part (b) of Lemma 4.1.6.

Proof: Fix a non-empty set I' € By, n > 0 and a compact set K = K, for
which v(K;) < n. For any open set G C & such that I' C G, either K C G
or else the non-empty compact set K NG and the closed set I' are disjoint,
with inf,egnge d(z,T) > 0. In both cases, I'° N K = fd’o NK C G for
some § > 0, and by properties (b), (c) and monotonicity of set functions in

Q(X),

v(T) =inf{v(G): T C G open} > }in%) (1% N K)
> lim v(I%°) —n>v@) -n.
The limit as n — 0 yields (4.7.10). U

For v,v € Q(X), let

p(7, V)éinf{é >0:0(F) (F%°) 46 ¥V F C X closed,
7(G)>v(G%) =5 VG C Xopen}  (4.7.11)

When p(+,) is restricted to M7 (X) x M;(X), it coincides with the Lévy
metric (see Theorem D.8). Indeed, in this special case, if § > 0 is such that
7(F) < v(F%°) + 6 for a closed set F' C X, then 7(G) > v((F%°)°) — 6 =
v(G=?) — 6 for the open set G = F°.

The next theorem shows that in analogy with the theory of weak con-

vergence, (Q(X), p) is a metric space for which convergence to a tight limit
point is characterized by Definition 4.7.5.

<v
>v

Theorem 4.7.12
(a) p(-,-) is a metric on Q(X).
(b) For vy tight, p(ve, o) — 0 if and only if ve — vy in Q(X).

Remarks:

(a) By Theorem 4.7.12, the Borel probability measures { .} satisfy the LDP
in (X, d) with good rate function I(-) if and only if p(u¢,e~1) — 0.

(b) In general, one can not dispense of tightness of vy = e~! when relating
the p(ve, o) convergence to the LDP. Indeed, with uq a probability measure
on IR such that du; /dz = C/(1+ |z|?) it is easy to check that ju.(-)2u;(-/€)
satisfies the LDP in IR with rate function I(-) = 0 while considering the
open sets G, = (x,00) for z — 0o we see that p(u,e~!) =1 for all € > 0.
(c) By part (a) of Lemma 4.7.2, F C G~ for the open set G = F%° and
F%° c @ for the closed set F = G~9. Therefore, the monotonicity of the
set functions o, v € Q(X), results with

p(,v) =imf{6>0: #(F)<v(F*°) 44 and (4.7.13)
V(F) < o(F%°)+6 VYF CX closed}.
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Proof: (a) The alternative definition (4.7.13) of p shows that it is a non-
negative, symmetric function, such that p(v,v) = 0 (by the monotonicity
of set functions in Q(X)). If p(7,v) = 0, then by (4.7.11), for any open set
GCAX,
7(G) > limsup[v(G~?) — 8] = v(G)
6—0

(see property (d) of set functions in Q(X)). Since p is symmetric, by same
reasoning also v(G) > P(G), so that 7(G) = v(G) for every open set G C X.
Thus, by property (b) of set functions in Q(X') we conclude that 7 = v.

Fix v,v,w € Q(X) and 6 > p(¥,w), n > p(w,v). Then, by (4.7.11) and
part (b) of Lemma 4.7.2, for any closed set FF C X,

D(F) < w(F%°) + 6 < v((F&)10) + 647 < v(FCOFD0) 45419

By symmetry of p we can reverse the roles of 7 and v, hence concluding by
(4.7.13) that p(?,v) < 6 4+ n. Taking § — p(¥,w) and n — p(w,v) we have
the triangle inequality p(7,v) < p(7,w) + p(w, v).

(b) Suppose p(ve,vp) — 0 for tight vy € Q(X). By (4.7.11), for any open
set G C X,

limiélf v.(G) > }ir%(l/o(G_é) —0) =1(G) ,
yielding the lower bound (4.7.7). Similarly, by (4.7.11) and Lemma 4.7.9,
for any closed set F' C X

limsup v (F) < %irr(l) vo(F%°) = 1y(F) .
e—0 -

Thus, the upper bound (4.7.6) holds for any closed set FF C X and so
Ve — 1.

Suppose now that v — vy for tight vy € Q(X). Fixn > 0 and a compact
set K = K, such that vy(K°) < n. Extract a finite cover of K by open
balls of radius 7/2, each centered in K. Let {I';;¢ =0, ..., M} be the finite
collection of all unions of elements of this cover, with I'y O K denoting the
union of all the elements of the cover. Since v(T'§) < n, by (4.7.6) also
v.(T'§) < n for some €y > 0 and all € < eg. For any closed set F' C X there
exists an 7 € {0,..., M} such that

(FNTy) cT; C F21° (4.7.14)

(take for I'; the union of those elements of the cover that intersect F'NTy).
Thus, for € < €y, by monotonicity and subadditivity of v., vy and by the
choice of K,

Ve(F) < VE(F N FO) + VE(F(C)) < Oin%}f\/[{yf(fi) — l/o(fz)} + Vo(F21770) + .
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With eg, M, and {T';} independent of F, since v, — 1y, it thus follows that

limsup sup (Ve (F) — vo(F?7°)) <. (4.7.15)
=0 F closed

For an open set G C X, let F' = G~2" and note that (4.7.14) still holds
with I'; replacing I';. Hence, reverse the roles of vy and v, to get for all
€ § €0,

w(G) < max (10(T) ~ v(To)} + v ((G2)1) 4. (47.16)

Recall that (G=27)27° C G by Lemma 4.7.2. Hence, by (4.7.7), (4.7.16),
and monotonicity of v,

limsup sup (vo(G2") — v (G)) < 7. (4.7.17)
e—0 G open

Combining (4.7.15) and (4.7.17), we see that p(ve,vp) < 27 for all € small
enough. Taking 7 — 0, we conclude that p(v,, 1) — 0. ]

Exercise 4.7.18 Prove Lemma 4.7.2.

4.8 Historical Notes and References

A statement of the LDP in a general setup appears in various places, c.f.
[Var66, FW84, St84, Var84]. As mentioned in the historical notes referring
to Chapter 2, various forms of this principle in specific applications have
appeared earlier. The motivation for Theorem 4.1.11 and Lemma 4.1.21
comes from the analysis of [Rue67] and [Lan73].

Exercise 4.1.10 is taken from [LyS87]. Its converse, Lemma 4.1.23, is
proved in [Puk91]. In that paper and in its follow-up [Puk94a], Pukhalskii
derives many other parallels between exponential convergence in the form
of large deviations and weak convergence. Our exposition of Lemma 4.1.23
follows that of [deA97a]. Other useful criteria for exponential tightness
exist; see, for example, Theorem 3.1 in [deA85a].

The contraction principle was used by Donsker and Varadhan [DV76]
in their treatment of Markov chains empirical measures. Statements of
approximate contraction principles play a predominant role in Azencott’s
study of the large deviations for sample paths of diffusion processes [Aze80)].
A general approximate contraction principle appears also in [DeuS89b].
The concept of exponentially good approximation is closely related to the
comparison principle of [BxJ88, BxJ96]. In particular, the latter motivates
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Exercises 4.2.29 and 4.2.30. For the extension of most of the results of
Section 4.2.2 to Y a completely regular topological space, see [EicS96]. Fi-
nally, the inverse contraction principle in the form of Theorem 4.2.4 and
Corollary 4.2.6 is taken from [Io91a].

The original version of Varadhan’s lemma appears in [Var66]. As men-
tioned in the text, this lemma is related to Laplace’s method in an abstract
setting. See [Mal82] for a simple application in IR'. For more on this
method and its refinements, see the historical notes of Chapters 5 and 6.
The inverse to Varadhan’s lemma stated here is a modification of [Bry90],
which also proves a version of Theorem 4.4.10.

The form of the upper bound presented in Section 4.5.1 dates back (for
the empirical mean of real valued i.i.d. random variables) to Cramér and
Chernoff. The bound of Theorem 4.5.3 appears in [G&r77] under additional
restrictions, which are removed by Stroock [St84] and de Acosta [deA85al.
A general procedure for extending the upper bound from compact sets
to closed sets without an exponential tightness condition is described in
[DeuS89b], Chapter 5.1. For another version geared towards weak topolo-
gies see [deA90]. Exercise 4.5.5 and the specific computation in Exercise
6.2.19 are motivated by the derivation in [ZK95].

Convex analysis played a prominent role in the derivation of the LDP. As
seen in Chapter 2, convex analysis methods had already made their en-
trance in R, They were systematically used by Lanford and Ruelle in their
treatment of thermodynamical limits via sub-additivity, and later applied
in the derivation of Sanov’s theorem (c.f. the historical notes of Chap-
ter 6). Indeed, the statements here build on [DeuS89b] with an eye to the
weak LDP presented by Bahadur and Zabell [BaZ79]. The extension of the
Gértner—Ellis theorem to the general setup of Section 4.5.3 borrows mainly
from [Bal88] (who proved implicitly Theorem 4.5.20) and [Io91b]. For other
variants of Corollaries 4.5.27 and 4.6.14, see also [Kif90a, deA94c, OBS96].

The projective limits approach to large deviations was formalized by
Dawson and Gértner in [DaG87], and was used in the context of obtaining
the LDP for the empirical process by Ellis [ElI88] and by Deuschel and
Stroock [DeuS89b]. It is a powerful tool for proving large deviations state-
ments, as demonstrated in Section 5.1 (when combined with the inverse
contraction principle) and in Section 6.4. The identification Lemma 4.6.5
is taken from [deA97al], where certain variants and generalizations of The-
orem 4.6.1 are also provided. See also [deA94c] for their applications.

Our exposition of Section 4.7 is taken from [Jia95] as is Exercise 4.1.32.
In [OBV91, OBV95, OBr96], O’Brien and Vervaat provide a comprehen-
sive abstract unified treatment of weak convergence and of large deviation
theory, a small part of which inspired Lemma 4.1.24 and its consequences.



Chapter 5

Sample Path Large
Deviations

The finite dimensional LDPs considered in Chapter 2 allow computations
of the tail behavior of rare events associated with various sorts of empirical
means. In many problems, the interest is actually in rare events that de-
pend on a collection of random variables, or, more generally, on a random
process. Whereas some of these questions may be cast in terms of empirical
measures, this is not always the most fruitful approach. Interest often lies in
the probability that a path of a random process hits a particular set. Ques-
tions of this nature are addressed in this chapter. In Section 5.1, the case of
a random walk, the simplest example of all, is analyzed. The Brownian mo-
tion counterpart is then an easy application of exponential equivalence, and
the diffusion case follows by suitable approximate contractions. The range
of applications presented in this chapter is also representative: stochastic
dynamical systems (Sections 5.4, 5.7, and 5.8), DNA matching problems
and statistical change point questions (Section 5.5).

In this chapter, all probability measures are Borel with the appropriate
completion. Since all processes involved here are separable, all measurability
issues are obvious, and we shall not bother to make them precise. A word
of caution is that these issues have to be considered when more complex
processes are involved, particularly in the case of general continuous time
Markov processes.
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5.1 Sample Path Large Deviations for
Random Walks

Let X1, X5, ... be a sequence of i.i.d. random vectors taking values in IRd,
with A(N)2log E(eMX1)) < oo for all A € IRY. Cramér’s theorem (Theorem

n

2.2.30) allows the analysis of the large deviations of % > iy X;. Similarly,
the large deviations behavior of the pair of random variables %Z?:l X;

and %ZEZ/E] X, can be obtained, where [c¢] as usual denotes the integer
part of c. In this section, the large deviations joint behavior of a family of
random variables indexed by t is considered.

Define

Zn(t) ==Y Xi, 0<t<1, (5.1.1)

and let p, be the law of Z,(:) in Ly ([0,1]). Throughout, |x|=+\/(z,z)
denotes the Euclidean norm on R, || f || denotes the supremum norm on
Loo([0,1]), and A*(z)2 supyeme[(A, ) —A(A)] denotes the Fenchel-Legendre
transform of A(-).

The following theorem is the main result of this section.

Theorem 5.1.2 (Mogulskii) The measures p, satisfy in Loo([0,1]) the
LDP with the good rate function

JEAS((0) dt, if ¢ € AC, 6(0) =0
Io) = (5.1.3)

o0 otherwise,

where AC denotes the space of absolutely continuous functions, i.e.,

Acé{¢e o([0,1]) :

k k
D lte— sl = 0,80 <ty < sep1 <tepr =Y |d(te) — d(se)| — 0}-
=1 =1

Remarks:

(a) Recall that ¢ : [0,1] — IR? absolutely continuous implies that ¢ is
differentiable almost everywhere; in particular, that it is the integral of an
L;([0,1]) function.

(b) Since {py} are supported on the space of functions continuous from the
right and having left limits, of which D; is a subset, the preceding LDP
holds in this space when equipped with the supremum norm topology. In
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fact, all steps of the proof would have been the same had we been working
in that space, instead of L ([0, 1]), throughout.

(¢) Theorem 5.1.2 possesses extensions to stochastic processes with jumps
at random times; To avoid measurability problems, one usually works in the
space of functions continuous from the right and having left limits, equipped
with a topology which renders the latter Polish (the Skorohod topology).
Results may then be strengthened to the supremum norm topology by using
Exercise 4.2.9.

The proof of Theorem 5.1.2 is based on the following three lemmas,
whose proofs follow the proof of the theorem. For an alternative proof, see
Section 7.2.

Lemma 5.1.4 Let fi, denote the law of Z,(-) in Leo([0,1]), where

1>

Znt)

is the polygonal approxzimation of Z,(t). Then the probability measures iy,
and fi, are exponentially equivalent in Lo ([0, 1]).

1/6 2/6 1 t
Z,(")

Figure 5.1.1: Z,, and Zn for n = 6.

Lemma 5.1.6 Let X consist of all the maps from [0,1] to RY such that
t = 0 is mapped to the origin, and equip X with the topology of pointwise
convergence on [0,1]. Then the probability measures fi, of Lemma 5.1.4
(defined on X by the natural embedding) satisfy the LDP in this Hausdor(f
topological space with the good rate function I(-) of (5.1.3).

Lemma 5.1.7 The probability measures [, are erponentially tight in the
space Co([0,1]) of all continuous functions f : [0,1] — R such that f(0) =
0, equipped with the supremum norm topology.
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Proof of Theorem 5.1.2: By Lemma 5.1.6, {/i,, } satisfies the LDP in X.
Note that Dy C Cy([0,1]), and by (5.1.1) and (5.1.5), i,(Co([0,1])) =1
for all n. Thus, by Lemma 4.1.5, the LDP for {/i,,} also holds in the space
Co([0,1]) when equipped with the relative (Hausdorff) topology induced by
X. The latter is the pointwise convergence topology, which is generated by
the sets V; . s2{g € Co([0,1]) : |g(t) — x| < 8} with ¢ € (0,1], z € R and
0 > 0. Since each V; ;5 is an open set under the supremum norm, the latter
topology is finer (stronger) than the pointwise convergence topology. Hence,
the exponential tightness of {fi,,} as established in Lemma 5.1.7 allows, by
Corollary 4.2.6, for the strengthening of the LDP to the supremum norm
topology on Cy([0,1]). Since Cy([0,1]) is a closed subset of L ([0,1]), the
same LDP holds in L ([0,1]) by again using Lemma 4.1.5, now in the
opposite direction. Finally, in view of Lemma 5.1.4, the LDP of {u,} in
the metric space Loo([0,1]) follows from that of {f,} by an application of
Theorem 4.2.13. U]

Proof of Lemma 5.1.4: The sets {w : || Zn — Zy ||> 1} are obviously
measurable. Note that |Z,(t) — Z,(t)| < |X[ng41]/n. Thus, for any n > 0
and any A > 0,

P(||Z, — Zn|| > 1) < nP(|X1| > nn) < nE (eAlxll) e A

Since Dy = IRY, it follows, by considering first n — oo and then A — oo,
that for any n > 0,

1 ~
limsup — logP(||Z, — Zy,|| > n) = —cc.
n—oo N

Therefore, the probability measures p,, and ji,, are exponentially equivalent.
(See Definition 4.2.10.) U

The proof of Lemma 5.1.6 relies on the following finite dimensional LDP.

Lemma 5.1.8 Let J denote the collection of all ordered finite subsets of
(0,1]. Foranyj={0<ty <ty <--- <t <1} e€J and any f:[0,1] —
RY, let p;(f) denote the vector (f(tr), f(ta), ..., f(t;))) € (R, Then
the sequence of laws {jy, o pj*l} satisfies the LDP in (R with the good
rate function

11
20— 21
I:(z) = to —tp_ )N | ——— ), 5.1.9
=30t (52 (5.9
where z = (21,..., %)) and to =0, zo = 0.

Proof: Fix j € J and observe that u, Op;1 is the law of the random vector

Z32(Za(t1), Zalta), ..., Zaltyy).
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Let
YIE(Zo(tr), Zu(ts) = Zn(tr),- - Zultyy)) — Zu(ty1—1)) -

Since the map Y,/ +— ZJ of (R%)l7! onto itself is continuous and one to one,
the specified LDP for ZJ follows by the contraction principle (Theorem
4.2.1) from an LDP for Y7, with rate function

N |71 Ye
A’;(y):Z(te —tp_1)A” (t—) )

—ty_
=t =t

where y = (y1,...,¥;) € (R, Note that

A(y) = Z (te —te—1) sup {(Ae,ye/(te —te—1)) — A(Ne)}

/=1 Ae€R?
Kl

- sup { > eye) = (te = tm)A(N) }

AR
= sup {Qy)—AQ)},
AE(RA)I!
where A2(A1,..., ;) € (R%)I and
|51
A =D (b —te1)A(N).
=1
Thus, A} (y) is the Fenchel-Legendre transform of the finite and differen-
tiable function A;()). The LDP for Y/ now follows from the Gértner-Ellis
theorem (Theorem 2.3.6), since by the independence of X,
|51

lim 1 log E[e"2Y)] = lim P :1([ntdf[mg_1])/\(xg) =A). O
n—oo n
(=1

The probability measures {u, o pj’l} and {fi, o qu} are exponentially
equivalent in (IR?)V! as a consequence of Lemma 5.1.4. Thus, the following
is an immediate corollary of Lemma 5.1.8.

Corollary 5.1.10 For any j € J, {fin opj_l} satisfies the LDP in (IR%)!
with the good rate function I; of (5.1.9).

Proof of Lemma 5.1.6: A partial order by inclusions is defined on J as
follows. For i,j € J, i = {s1,...,s;} < j = {t1,...,t;} iff for any ¢,
s¢ = tq(e) for some q(£). Then, for i < j € J, the projection

pig + (R — (R
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is defined in the natural way. Let X denote the prOJectlve limit of {Y; =
( )m}jeJ with respect to the projections p;;, i.e., X = limY;. Actually,
X may be identified with the space X. Indeed, each f € X corresponds to
(p;(f))jers, which belongs to X since p;(f) = pij(pj(f)) fori<jedJ. In
the reverse direction, each point x = (z;)jc; of X may be identified with
the map f : [0,1] — RY, where f(t) = x4y for t > 0 and f(0) = 0. Further,
with this identification, the projective topology on X coincides with the
pointwise convergence topology of X, and p; as defined in the statement
of Lemma 5.1.8 are the canonical projections for X. The LDP for {/i,} in
the Hausdorff topological space X thus follows by applying the Dawson—
Gértner theorem (Theorem 4.6.1) in conjunction with Corollary 5.1.10.
(Note that (R®)V! are Hausdorff spaces and I; are good rate functions.)
The rate function governing this LDP is

k
Ix(f) = > (te—teo) (M) . (5.1.11)
{=1

0= t0<t1<tz< <tp<1 ty —ty_1

Since A* is nonnegative, without loss of generality, assume hereafter
that ¢, = 1. It remains to be shown that Ix(-) = I(-). The convexity of
A* implies by Jensen’s inequality that I(¢) > Ix(¢). As for the opposite
inequality, first consider ¢ € AC. Let g(t)=d¢(t)/dt € L1([0,1]) and, for
k > 1, define

o (D . 1
g"(1)2k / o(s)ds t € [0,1), g"(1) = / o(s)ds
[kt]/k 1

With these notations, observe that
ko ¢ -1
fminf > A (k]o(5) - o(5)])

= 1iminf/1 A*(g"(t))at . (5.1.12)

k—oo

Ix(9)

Y

By Lebesgue’s theorem (Theorem C.13), limy_. ¢*(t) = g(t) almost ev-
erywhere in [0,1]. Hence, by Fatou’s lemma and the lower semicontinuity
of A*(+),

1 1
lim inf/ A (gF(@t)dt > / liminf A*(g"(t))dt
0 0

k—oo k—o0

v

/OA*(g(t))dt:I(qb). (5.1.13)
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The inequality ITx(¢) > I(¢) results by combining (5.1.12) and (5.1.13).

Finally, suppose that ¢ € X and ¢ ¢ AC. Then there exist § > 0
and {s} <t} < --- < sp < {7 } such that Zlg;l(t? —s}) — 0, while
Zif;l |o(t}) — o(s})| > 6. Note that, since A* is nonnegative,

k
Ix(¢) = sup Y [(Ney @) — Blte-1)) — (te — te—1)A(Ao)]
onemd =1
k
> sup > (e blte) — d(se)) — (te — s)A(A)] -
e

Hence, for t, = t}, s; = s}, and A\, proportional to ¢(t;) — ¢(s¢) and with
|A¢] = p, the following bound is obtained:

kq kn
L) > msp{p 3 lofeF) = 605)] [0 A D006 =)} = .
n—oo =1 =r =1

(Recall that A(-) is continuous everywhere.) The arbitrariness of p implies
that Ix(¢) = oo, completing the proof of the lemma. |

The proof of Lemma 5.1.7 relies on the following one-dimensional result.

Lemma 5.1.14 Let X be a real valued random variable distributed accord-
ing to the law v. Then E [e‘mi(x)] < oo forall § < 1.

Proof: Let A, denotes the logarithmic moment generating function of X. If
Ay (X) = oo for all A # 0, then A} is identically zero and the lemma trivially
holds. Assume otherwise and recall that then T = F, [X] exists, possibly as
an extended real number. Observe that for any = € IR,
e[z, 0)) i A>0
NVVES

eMy((—oo,]) if A<0.
Hence, by (2.2.6) and (2.2.7),
—logv([z,0)) ifax>T
Aj(z) <
—logr((—o0,z]) fz<=Z.
Let 6 < 1. Then

E[JWX)} - / v(dz)e®h @) 4 / v(dz)eh @)

x

/E __vldw) _ . +/OO _vldz) . (5.1.15)

—oo V((=00,2])° 7 v([z,00))

IN
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For any M < Z such that v((—oo, M]) > 0, integration by parts yields

v(dx)
5

a v((—00,2])

/A: % = v((=00,T])' ™ — w((~00, M])'* +9

—00, T

Hence,

/x v(dz) ! 5{1/((—00,5])1*5 - u((—m7M1>1’5} <1

w v((—oo,a)d T 1

By monotone convergence, one may set M = —oo. Then, substituting the
last inequality into (5.1.15) and repeating this procedure for the integral on
[T, 00) yields

. 2
E [e‘mv(x)} < <o (5.1.16)

O

Proof of Lemma 5.1.7: To see the exponential tightness of fi,, in C([0, 1])
when equipped with the supremum norm topology, denote by X3 the jth
component of X7, define

A .
A;(N)= og ( Elexp(AxX])])
with Aj() being the Fenchel-Legendre transform of A;(-). Fix a > 0 and
VAN 1 .
Ki2{T € AC 5 10 =0, [ A5((0)ds < ).
0

where f;(-) is the jth component of f : [0,1] — IR®. Now let K,2 nd_, K.
Note that dZ,(t)/dt = Xint)+1 for almost all ¢ € [0,1). Thus,

in(KS) < d max P(% Z A;‘(Xf) > a) .

Since {X;}?, are independent, it now follows by Chebycheff’s inequality
that for any § > 0,

1 1 «(xd
- log fin(K§) < —da + - logd + m(éfdog E {e‘mi (Xl)} .
j:

In view of Lemma 5.1.14, it follows by considering § = % and a — oo that
limg —o0 lim sup,,_, o £ log fi,, (K§) = —oc.

By the Arzela—Ascoli theorem (Theorem C.8), the proof of the lemma
is complete as soon as we show that K, is a bounded set of equicontinuous
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functions. To see the equicontinuity, note that if f € K, then the continu-
ous function f is differentiable almost everywhere, and for all 0 < s <t <1
and j =1,2,...,d,

A;(fj(t)*fj(S))< 1 /tA;f(f'j(&))dag o

t—s “t—s t—s

Since Af(z) > M|x| —{A;(M)V Aj(=M)} for all M > 0, it follows that for
all (t—s)<§¢
113(8) = ()] < 37+ S{A5(M) v Ay (=D0)}) (5.1.17)

Since A (- ) is continuous on IR, there exist M; = M; () such that A;(M;) <
1/6, A; ( M;) < 1/6, and lims_.o M;(8) = oo. Hence, €(6)2max;—_1 ... 4(a+

1)/M; ( ) is a uniform modulus of continuity for the set K. Finally, K, is
bounded by (5.1.17) (for s = 0,5 = 1). U

Theorem 5.1.2 can be extended to the laws v, of

[£]
Yt)=€¢) Xi, 0<t<1, (5.1.18)

i=1

where p1,, (and Z,,(t)) correspond to the special case of € = n~1. The precise
statement is given in the following theorem.

Theorem 5.1.19 The probability measures v, induced on Lo ([0,1]) by
Y.(+) satisfy the LDP with the good rate function I(-) of (5.1.5).

Proof: For any sequence €,, — 0 such that e, are integers, Theorem 5.1.19
is a consequence of Theorem 5.1.2. Consider now an arbitrary sequence
€m — 0 and let n,2[e,,']. By Theorem 5.1.2, {u,, }%°_; satisfies an LDP
with the rate function I( ) of (5.1.3) and rate 1/n,,. Since npy,€, — 1, the
proof of the theorem is completed by applying Theorem 4.2.13, provided
that for any § > 0,

1
lim sup — log P(|| Y, I, |2 0) = —00. (5.1.20)

m
m—oo Tm

To this end, observe that €, n, € [1 — €, 1] and [ ] € {[nmt], [nmt] + 1}
Hence, by (5.1.1) and (5.1.18),
Ye, (t) = Zn,, 0] < (1 —emnm)|Zn,, )]+ 6m|X[$]|

< 26, max |X|.

- i=1,... Ny,
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Now, by the union of events bound,

1 1 1 )
—logP(|| Ye,, = Zy,, | 6) < —lognm, + —logP(|X1| > -—),
Noyn, ' Noyn, 2€

- _nm m

and the limit (5.1.20) follows, since, by Exercise 5.1.24,
1
lir%elogP(|X1| > -)=—-00. (5.1.21)
€e— €
O

Exercise 5.1.22 Establish the LDP associated with Y.(-) over the time inter-
val [0, 7], where T is arbitrary (but finite), i.e., prove that {Y.(-)} satisfies the
LDP in Lo ([0,T7]) with the good rate function

ST AR @()) dt, if € ACT,$(0) =0
I7(¢) = (5.1.23)

00 otherwise ,

where ACT is defined in the obvious way as the space of absolutely continuous
functions on [0, 7.

Exercise 5.1.24 Prove (5.1.21).
Hint: Include the event {|X;| > 1/€} within the union of 2d simpler one-
dimensional events.

Remark: Observe that (5.1.21) is false when A()\) = oo for some A € R%.
For example, check that (5.1.21) is false for d = 1 and X; ~ Exponential(1).

Exercise 5.1.25 Let Z,(t)21 S[,,j, where
1
Sk = Sk—1 +9(E Sp—1)+ X, k>1, S=0,

X} are as in Theorem 5.1.2, and ¢ : R?Y - R%is a bounded, deterministic
Lipschitz continuous function. Prove that Z,,(-) satisfy the LDP in L ([0, 1])
with the good rate function

JEAS () — g(d(1))) dt, if ¢ € AC,$(0) =0
I(¢) = (5.1.26)

00 otherwise .

Note that Theorem 5.1.2 corresponds to g = 0.
Hint: You may want to take a look at the proof of Theorem 5.8.14.

Exercise 5.1.27 Prove Theorem 5.1.2 for X; = f(Y;) where f is a deter-
ministic function, {Y;} is the realization of a finite state, irreducible Markov
chain (c.f. Section 3.1), and A* is replaced by I(-) of Theorem 3.1.2.
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5.2 Brownian Motion Sample Path
Large Deviations

Let wy, t € [0,1] denote a standard Brownian motion in IR?. Consider the

process
We (t) = \/E’lUt ’

and let v, be the probability measure induced by w(-) on Cy([0,1]), the
space of all continuous functions ¢ : [0,1] — IR? such that ¢(0) =
equipped with the supremum norm topology. The process w.(:) is a candl—
date for an LDP similar to the one developed for Y,(-) in Section 5.1. Indeed,
| we || g 0 in probability (actually, almost surely) and exponentially fast
in 1/e as implied by the following useful (though elementary) lemma whose
proof is deferred to the end of this section.

Lemma 5.2.1 For any integer d and any 7,€,0 > 0,

P( sup |we(t)] > (5) < Ade0"/2dTe (5.2.2)
0<t<t

The LDP for w,(-) is stated in the following theorem. Let H{2{ fo s)ds :
f € Ly(]0,1])} denote the space of all absolutely continuous functions Wlth
value 0 at 0 that possess a square integrable derivative, equipped with the

norm ||g| , =[f; [9(t)]? dt]?

Theorem 5.2.3 (Schilder) {v.} satisfies, in Cy([0,1]), an LDP with good
rate function

o= { HRIBOPa oc
(0. ¢]

otherwise .

Proof: Observe that the process

)

is merely the process Y¢(-) of Section 5.1, for the particular choice of X;,
which are standard Normal random variables in IR? (namely, of zero mean
and of the identity covariance matrix).

Thus, by Theorem 5.1.19, the probability laws of w.(-) satisfy the LDP in
Loo([0,1]) with the good rate function I(-) of (5.1.3). For the standard
Normal variables considered here,

1
AQ) =log B [eX¥0] = S,
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",Wb(-)
‘_”‘Gb(')

T/6 2/6 \/% :

Figure 5.2.1: Typical w, and . for e = 1/6.

implying that

1 1
A*(z) = sup {()\,x> ~3 /\|2} =3 |z|? . (5.2.4)
AeR?

Hence, for these variables D; = Hjp, and the rate function I(-) specializes
to Iy (+).
Observe that for any § > 0,
Pllwc— |28 < (1/d+ 0P (s 0] 2 0)
0<t<e
< dde (1 4+ 6)6_62/(2(162),

where the first inequality follows by the time-homogeneity of increments of
the Brownian motion, and the second by (5.2.2). Consequently,

lim sup elog P(|| we — e [|> 6) = —o0,

€E—

and by Theorem 4.2.13, it follows that {v.} satisfies the LDP in L ([0,1])
with the good rate function I, (-). The restriction to Cy([0, 1]) follows from
Lemma 4.1.5, since w.(-) € Cy([0, 1]) with probability one. U

Proof of Lemma 5.2.1: First note that

P(sup |we<t>|za) - P(sup wt|226152)

o<t<r 0<t<r

IN

52
dP ( sup (w)? > E) ,  (5.2.5)

0<t<r
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where (w;); is a Brownian motion in IR and the last inequality is a conse-
quence of the set inclusion

d
{xG]Rd:|x|22a}Cg{mele:IxiPZ%},

where z; is the ith coordinate of z € IR®. Since the laws of w; and VTWe )y
are identical, one obtains from (5.2.5) by time rescaling

P (s w012 5) <a (@ lz 2= ) (5.2.6)

Let w;=(w;)1, where W, is a one-dimensional Brownian motion. Since w;
and —w; possess the same law in Cy([0,1]),

P(| @, ||>n) < 2P( sup @, >n) =4P(w; > ) <4e /2, (5.2.7)
0<t<1

where the equality is Désiré André’s reflection principle (Theorem E.4), and
the last inequality follows from Chebychefl’s bound. Substituting (5.2.7)
into (5.2.6) yields the lemma. O

Exercise 5.2.8 Establish, for any T' < oo, Schilder's theorem in Cy([0,T7),
the space of all continuous functions ¢ : [0,7] — IR such that ¢(0) = 0,
equipped with the supremum norm topology. Here, the rate function is

1(6) = { 5 Jo B¢ € I0([0,T) (5.2.9)

otherwise ,

where Hy([0,T]) {fo s)ds : f € La([0,T])} denotes the space of absolutely
continuous functlons with value 0 at 0 that possess a square integrable deriva-
tive.

Exercise 5.2.10 Note that, as a by-product of the proof of Theorem 5.2.3,
it is known that I,,(-) is a good rate function. Prove this fact directly.

Exercise 5.2.11 Obviously, Theorem 5.2.3 may be proved directly.

(a) Prove the upper bound by considering a discretized version of w; and esti-
mating the distance between w; and its discretized version.

(b) Let ¢ € Hy be given and let . be the measure induced on Cy([0,1]) by
the process X; = —¢(t) + /ews. Compute the Radon—Nikodym derivative
dise/dv. and prove the lower bound by mimicking the arguments in the proof
of Theorem 2.2.30.

Exercise 5.2.12 Prove the analog of Schilder’'s theorem for Poisson pro-
cess. Specifically, let u. be the probability measures induced on L. ([0, 1])
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by eN(t/€), where N(-) is a Poisson process on [0, 00) of intensity one. Prove
that {u.} satisfies the LDP with the good rate function

Jo [3(t) log &(t) — d(t) + 1] dt
Ig(9) = if ¢ € AC, ¢ is increasing , ¢(0) =

00 otherwise .

Hint: The process EN([E]) is a particular instance of Y(-) of Section 5.1 for
d =1 and X; which are Poisson(1) random variables. Use part (a) of Exercise
2.2.23 to determine the rate function. Complete the proof by establishing the
analog of Theorem 5.2.3 and using Exercise 4.2.32.

Exercise 5.2.13 Show that the results of Exercise 5.2.12 hold for any Poisson
process N(-) of intensity 1 (t) over [0,00) provided that lim; o 9(t) = 1.
Hint: Let W(t fo s)ds, and represent N(t) = N(U(t)). Then show that
{eN(t/e),e > 0} and {eN(t/ ),€ > 0} are exponentially equivalent.
Exercise 5.2.14 For o < 1/2, let Lip,([0,1]) denote the space of « Holder
continuous functions in  Cy([0,1]), equipped with the norm |[|f|[o=
sup, . |f(t) — f(s)|/|t — s|*. Establish Schilder's theorem in Lip,, ([0, 1]).
Hint: Since v.(Lip,([0,1])) = 1, it is enough to prove the exponential tight-
ness of {v¢} in Lip,([0,1]). Fix o € (a,1/2) and consider the following
pre-compact subsets of Lip,, ([0, 1]) (c.f. [Joh70], Corollary 3.3)

Ks={6 € Co((0,1]) : || 6 < B -

Recall Borell's inequality [Bore75], which states that any centered Gaussian
process X; s, with a.s. bounded sample paths, satisfies

P ( sup | Xyl| > 5) < 2¢~(0-E)*/2V (5.2.15)

0<t,5<1

for all § > E, where E2E (supg<; o<1 |X1,s]) < 00, V = supgc, ;<1 B| Xy s|?
Apply this inequality to X, s = wy — ws) (where X, is defined to be

1
(t—s)e’ (
zero).

5.3 Multivariate Random Walk and
Brownian Sheet

The results of Sections 5.1 and 5.2 may be extended to the situation where
more than one time index is present. To avoid cumbersome notations, real
valued random variables are considered. The case of IRF-valued random
variables, being similar, is presented in Exercise 5.3.5.
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Let d be a given integer. Throughout, i = (i1,...,iq4) € Zﬁ is a multi-
index. Let {X;} denote a family of i.i.d. random variables with

A(A)élogE [e/\Xi] <oo forallAelR.

As usual, A*(z) = supycr{Az—A(X)} denotes the Fenchel-Legendre trans-
form of A().

Let t = (t1,...,tq) € [0,1]¢. Define the multi-index random process
[nl/dtl] [n'/%ta)
IR M
’Ll 1 Zd 1

and let y,, be the law of Z,(-) on L ([0, 1]).

Motivated by the results of Section 5.1, it is natural to look for the
large deviations behavior of {u,}. As a preliminary step, the notion of
absolute continuity is defined for functions on [0, 1]¢, in order to describe
the resulting rate function. Let ¢ be a map from [0, 1]¢ to IR, and let € > 0
be a given constant. The e approximate derivative of ¢ in the jth direction,
j=1,...,d,is defined as

1
A§¢(t) = — [¢(t1, .,tj +6,...,td) —¢(t1,...,tj,.. .,td)] .
€
Similarly, the € = (€1, ..., €4) mixed derivative of ¢ at ¢ is defined as
A9(t) = (Ag' - (AP (AT 9)))(F) -

Let Q denote the following collection of cubes in [0, 1]¢; ¢ € Q if either g is
the empty set, or ¢ = [a1,01) X [a2,b2) X -+ X [aq,bq) for some 0 < a; <
bj<1,j=1,...,d. For any ¢: [0,1]¢ — IR, define

d
o(q) = A%¢(aq,...,a ku—ak

where € = (by —a1,b2 — as,...,bg —ag), and ¢(0) = 0. The function ¢ is of
bounded variation if

Sup sup Y " 16(ge)| < o0
k q1,---,qk €Q =1
q1,...,q) disjoint

Hence, each ¢ : [0,1]¢ — IR defines an additive set function on Q. This
set function is extended in the obvious manner to an additive set function
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on the field generated by Q. If ¢ is of bounded variation, then this exten-
sion is also bounded and countably additive. In this case, it possesses a
unique extension, denoted f4, to a bounded (signed) measure on the o-field
generated by Q. The latter is exactly the Borel o-field of [0, 1]? (since every
open set in [0,1]? may be expressed as a countable union of elements of
Q). The function ¢ is called absolutely continuous if it is of bounded vari-
ation and pg is absolutely continuous with respect to the Lebesgue mea-
sure on [0,1]¢. By the Radon-Nikodym theorem (Theorem C.9), when
0%¢ /0ty - -- Oty € Li(m), where m denotes the Lebesgue measure on [0, 1]%,
then dpug/dm = 0%¢/0t; - Otq € L1(m) (m a.e.). Let

ACy 2 {¢: ¢ absolutely continuous,

B0, t2, ... tg) = (t1,0,. .. tg) = = d(t1,...,ta_1,0) = O}.
The following is the analog of Mogulskii’s theorem (Theorem 5.1.2).

Theorem 5.3.1 The sequence {1, } satisfies in Loo([0,1]¢) the LDP with
the good rate function

* du¢ .
I(¢) = { Jope A (2 ) dmif 6 € ACo (5.3.2)
00 otherwise.
Remark: Note that ACj is a subset of
Co([0,1)%) ={¢ € C((0,1]7) -
@(0,ta, ..., ta)=@(t1,0,...,tq)="--=¢(t1,...,ts—1,0)=0}.

Proof: The proof of the theorem follows closely the proof of Theorem 5.1.2.
Let fi, denote the law on L. ([0,1]¢) induced by the natural polygonal
interpolation of Z,(t). E.g., for d = 2, it is induced by the random variables

> [vnt1] [v/nts]

Zn(t) = Zn(=—= Jn o Jn )
o [@ﬂ){zn(wﬁ]ﬁﬂ’ i) g, /) V7))
[\fh]) [V/nts]

+ (t1 — Jn (ta — o )X ([t )41, [VAta]+1) -

By the same proof as in Lemma 5.1.4, {u,} and {fi,} are exponen-
tially equivalent on L. ([0, 1]¢). Moreover, mimicking the proof of Lemma
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5.1.7 (c.f. Exercise 5.3.6), it follows that {fi,} are exponentially tight on
Co([0,1]%) when the latter is equipped with the supremum norm topology.
Thus, Theorem 5.3.1 is a consequence of the following lemma in the same
way that Theorem 5.1.2 is a consequence of Lemma 5.1.6.

Lemma 5.3.3 Let X' consist of all the maps from [0,1]¢ to R such that the
azris (0,ta, ... tq), (t1,0,...,tq),..., (t1,...,ta—1,0) are mapped to zero,
and equip X with the topology of pointwise convergence on [0,1]%. Then the
probability measures [i, satisfy the LDP in X with the good rate function
I(-) of (5.5.2). O

Proof of Lemma 5.3.3: Applying the projective limit argument as in the
proof of Lemma 5.1.6, one concludes that [, satisfies the LDP in X with
the good rate function

k
* v
Ix(¢) = sup sup Zm(%)l\ (¢(Q)) .
k<oco  gi,...qk€Q
q1,..-,qk disjoint

o.0=J;_, a
By the convexity of A*, I(¢) > Ix(¢). As for the opposite inequality,

first consider ¢ absolutely continuous such that dus/dm € L1([0,1]9). Let

{Gx(0)}%, denote the cover of [0,1)4 by disjoint cubes of volume k=% and
equal side length. Then

k,d
. . 1 * d ~
Ix(¢) = hkrglcgf; = (R s (6(0)))
_ liminf / A (go(t))dt,
F=eo o1
where gy (t) is constant on each of the cubes G (¢), £ = 1,..., k% Moreover,

for each ¢ € [0,1)%, the sequence of cubes g, € {Gr(-)}, chosen such that
t € qi for all k, shrinks nicely to ¢ in the sense of Theorem C.13. Hence,
by this theorem, g,(t) —z %(t), for m-a.e. values of t. Therefore, by
Fatou’s lemma and the lower semicontinuity of A*(-),

Ix(¢) > liminf A (gr(t)) dt
k— o0 [0,1]4
> / liminf A* (g (¢)) dt
[O,l]d k—oo
e
> / A (S22 1)) dt = 1(6).
[0,1]¢

dm
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The remaining step is to check that Ix(¢) = oo whenever pg4 is not ab-
solutely continuous with respect to Lebesgue’s measure. Since for every
disjoint collection of cubes {q¢}5_,,

k

Ix(¢) > sup Y [Nedlgr) — m(q) A(N))]

Alyenny Ar€ER =1

vV
>

S 16(ae)| — max{A(=1),A(1)} ,
=1
it follows that Iy (¢) = oo whenever ¢ is of unbounded variation. Assume
now that ¢ is of bounded variation, but ug is not absolutely continuous
with respect to Lebesgue measure. Then there exist a § > 0 and a sequence
of measurable sets Ay, with m(Ax) ;=2 0 and [us(Ax)| > 0. Using the
regularity and boundedness (over [0, 1]?) of both m and p, it is enough to
consider Ay open. Hence, without loss of generality, assume that each Ay, is
a disjoint union of countably many cubes. Fix k, and let A, = J, ;. Then
for every p > 0,

Ix(¢) = sup Z[/\e/w(%) —m(qe)A(Ae)]

¢

M ER

v

P> l1s(ae)] — m(Ax) max{A(—p), A(p)}
L

plig(Ar)| — m(Ax) max{A(=p), A(p)} .

Hence, considering k — oo, we obtain

Ix(¢) > h,ﬁnfuP {plpe(Ar)| — m(Ag) max{A(—p),A(p)}} > pd.

v

Taking p — oo yields Iy (¢) = co and completes the proof. Ul

The following corollary is obtained in the same way as Theorem 5.2.3 is
obtained from Theorem 5.1.2, and yields the LDP for sample paths of the
Brownian sheet.

Corollary 5.3.4 Let Z;, t € [0,1]? be the Brownian sheet, i.e., the Gaus-
sian process on [0,1]% with zero mean and covariance
E(ZtZS) = (51 AN tl)(SQ A\ tg) .

Let p1. denote the law of \/eZ;. Then {u.} satisfies in Cy([0,1]?) the LDP
with the good rate function

2
1 f[0,1]2 (%) dm if % € La(m)
I(¢) =

00 otherwise .
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Exercise 5.3.5 Prove that Theorem 5.3.1 remains valid if {X;} take values
in ]Rk, with the rate function now being

. . due,
I(¢) = f[o,ud A* (%,-..,dﬁjﬁ) dm if, for all j, % € Ly(]0,1]%)
o0 otherwise ,
where ¢ = (¢1,...,¢%) and ¢; € Co([0,1]9) for j =1,... k.

Exercise 5.3.6 Prove the exponential tightness of {/i,,} in Cy([0,1]9).
Hint: Define the sets

d
K., = { ¢ of bounded variation : / A* (ﬁ) dm<ab .
[0,1]4 dm

Show that for every o < o0, the set K, is bounded, and equicontinuous. Then
follow the proof of Lemma 5.1.7.

Exercise 5.3.7 Complete the proof of Corollary 5.3.4.
Hint: As in Exercise 5.2.14, use Borell's inequality [Bore75].

5.4 Performance Analysis of DMPSK
Modulation

Large deviations techniques are useful in the asymptotic performance anal-
ysis of various communication systems. An example of such an analysis for
Differential Multiple Phase Shift Key (DMPSK) modulation, which is ex-
tensively used in digital optical communication systems, is presented here.
For references to the literature on such systems, see the historical notes at
the end of this chapter.

I
0* T k
V(t) . [DELAY LINE |gos j of

T t=kT

—L,QF_, NE tsz_Qk

Figure 5.4.1: A DMPSK receiver.
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A typical DMPSK system is depicted in Fig. 5.4.1. Let v, k= 1,2, ...
be a sequence of angles (phases) such that

2 Arw (M—-1)2rm
0, —, —,...,———— .

RURS { ’ Ma M) ’ M }

The phase difference (7y5—1—yx) represents the information to be transmitted
(with M>2 possible values). Ideally, the modulator transmits the signal

V(t) = cos(wot + g ]) = cos(fy[ ]) €OS Wot — sin(’y[ ]) sin wot, (5.4.1)

t t t
T T T

where w, is the carrier frequency and T is the time duration devoted to
each information symbol. Typically, w, > %, and, without loss of general-
ity, assume that w,T'(mod27) = 0. The (synchronous) DMPSK detection
scheme creates the quadrature signals

(k+1)T
Qr = /k V(t)V(t—T+ il ) dt

T 20(]0

(k+1)T

I = /kT VOVt —T)dt.

Note that I, = T cos(vi — Yk—1 + woT')/2 = T cos(yr — Yx—1)/2, and since
woT > 1, Qr ~ Tsin(vg — Ye—1 + woT)/2 = Tsin(vg — Yx—1)/2. Therefore,
A4, the phase of the complex number I +iQy, is a very good estimate of
the phase difference (v — Yi—1).

In the preceding situation, M may be taken arbitrarily large and yet
almost no error is made in the detection scheme. Unfortunately, in practice,
a phase noise always exists. This is modeled by the noisy modulated signal

V(t) = cos(wot + MNe) Vewy), (5.4.2)

T
where w; is a standard Brownian motion and the coefficient /e emphasizes
the fact that the modulation noise power is much smaller than that of
the information process. In the presence of modulation phase noise, the
quadrature components @y and I become

(k+1)T
Qr = /k V(t)V(t—T+ il ) dt

T 20.]0

1

1 DT T
5 / cos (Qwot + Yk + Yo—1 + Ve(ws + wi—r) + _) dt
kT

[\]

1 kDT .
+ —/ cos (fyk — Ye—1 + Ve(wy —wp_7) — —) dt  (5.4.3)
2 Jur 2
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and
(k+1)T
I = / V) V(t—T)dt
kT
(k+1)T
= 3 / cos (2wot + Vi + Y1 + Ve(w +wi_r)) dt
kT
(k+1)T
+ 5/ cos (Y — Yi—1 + Ve(wr — we_7)) dt.
kT

Since w,T > 1, the first term in (5.4.3) is negligible, and therefore,

(k+1)T
Qr ~ 3 / sin (g — V-1 + Ve(wy —wy_7)) dt . (5.4.4)
kT
Similarly,
1 k)T
I, ~ 3 / cos (Ve — Yr—1 + Ve(w, —wi_7)) dt. (5.4.5)
kT

The analysis continues under the assumption of equality in (5.4.4) and
(5.4.5). A discussion of this approximation is left to Exercise 5.4.19.

The decision rule is still based on the phase A%, of Iy + i@y and is
typically achieved by thresholding the ratio Qg /Ix. Since the probability of
error should not depend on the value of (7, —yx—1), it follows by symmetry
that the decision rule partitions the unit circle e, § € [~ ] into the

decision regions (=77, %], (45,35 ..., (=35, -]
Without loss of generality, assume now that (v —y5—1) = 0 and k = 1.

Then the error event is the event A U B, where

4 = fosnelonog))

= {w Iks1nM+chosM<0}

2T -
{w : / sin(M +Ve(wy —wi_7))dt < 0}

T

and

R P )

= {w: 1, sin%ka COS%<O}

2T -
= {w : / Sin(M —Ve(w, —wy_7))dt < 0} .

T
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Therefore, A = {w : F(y/ew.) < 0} where F : Cy([0, 27]) — IR is given by

F(¢) = / " in (6= ¢z +17) dt .

T

Similarly, B = {w : F(—/ew)) < 0}. The asymptotics as ¢ — 0 of
PS2P(A U B), the probability of error per symbol, are stated in the fol-
lowing theorem.

Theorem 5.4.6
. e . A
_25%6 log PS = (;Ielg IL,(¢)=Iy < o0,

where .
Iw(¢):{ 5 Jo o didt, ¢ e Hi([0,2T])

o0 otherwise

and
2{¢ € Cy([0,2T)) : F($) <0} .

Proof: Let ¢, = —mt/MT. Since F(¢) = 0, it follows that
2

T <

Io < I, (9) . (5.4.7)

Now, note that

P(F(Vew) <0) < F¢

< P(F(vew,) < 0)+ P(F(—Vew) < 0)
< ),

0
2P(F(yew,) <0

where the last inequality is due to the symmetry around zero of the Brow-
nian motion. Therefore,

lirr(l) lelog PS — e logv(®)] =0,

where v, is the law of /ew. on [0,277]. Since F(-) is continuous with respect
to convergence in the supremum norm, the set ® is a closed set containing
the open subset {¢ : F(¢) < 0}. Hence, by the version of Schilder’s theorem
described in Exercise 5.2.8,

- inf I, < liminfelog P 5.4.8
oot (¢) m inf e log (5.4.8)
< i log P° < — inf I,(¢) = —1I, .
< limsupelog P{ < (;Ielcb () 0

e—0

Now fix ¢ € H1([0,2T]) and let

Yy = —(t —T)cos (¢t — Qi1+ %) Liror)(t) -
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Note that ¢ € Hy([0,27]) and

2T
%F(qﬁ—i— w),_, = —/T (t — T) cos® (@ o+ %) <0,

with equality only if for some integer m, ¢ = ¢4 — 7/M + 7/2 + m,
for all ¢t € [T,2T]. In particular, equality implies that F(¢) # 0. Thus,
if F(¢) = 0, it follows that F(¢ + ny) < 0 for all n > 0 small enough.
Since I, (¢ +np) — L,(¢) as n — 0, the lower and upper bounds in (5.4.8)
coincide and the proof is complete. |

Unfortunately, an exact analytic evaluation of I seems impossible to
obtain. On the other hand, there exists a path that minimizes the good
rate function I,,(-) over the closed set ®. Whereas a formal study of this
minimization problem is deferred to Exercise 5.4.18, bounds on I and in-
formation on its limit as M — oo are presented in the following theorem.

Theorem 5.4.9

2 2
<Iy< . 4.1
oM2T = ° = M2T (5.4.10)
Moreowver,
3
: 27 _ 9 2
A}KHOOTM Iy = R (5.4.11)

Proof: The upper bound on Ij is merely (5.4.7), and it implies that

Iy = inf I,(¢),
PP

where )
R T
¢:q)m{¢:lw(¢)§m}-

Fix ¢ € ® ¢ H([0,2T]). Then for ¢ € [T,2TY, it follows from the Cauchy—
Schwartz inequality that

) 1 r27 " 1 [t ” 1 t 2
I,(¢ — qbsdsz—/ ¢Sds>—</ ¢>5d5>
2 0 2 t—T 2T t—T

- %m — i r|*. (5.4.12)

To complete the proof of (5.4.10), note that F'(¢) < 0 implies that
rEinf{t > T |éy — dpr| > %} <or,

and apply the inequality (5.4.12) for t = 7.
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Turning now to the proof of (5.4.11), observe that for all ¢ € P,

7 > 2TIw(¢) > sup |¢t - ¢t—T| .
te[T,2T)

Since |sinz — x| < |z[3/6, it follows that

/m T (14 v2)%73
te?;lgﬂ sm(M + ¢ — ¢t—T) - (M + ¢ — ¢t—T>‘ < —ar
Hence,
2 m (14 V2)*m%T
2T .
(1+V2)373T
< /T (aﬁt — i1 + %) dt + Tf . (5.4.13)

Let

27 2
é(a)={¢ € Co([0,277) Z/T (¢t = e + @) dt <0,1,(¢) < ]\;TQT} ;

then (5.4.13) implies that

@<1+M>C@C¢<1_M>_

M 6M3 M 6.M3
Consequently,
- (1+v2)3° (m o (1+v2)33
I|——n——— | < Lp<I]|—+—F— 4.14
(M 6M3 sh=M ™ onp o (G4l
where
~ A .
Ia)= inf I,(¢) .
ped(a)
Therefore, (5.4.11) follows from (5.4.14) and Lemma 5.4.15. |

Lemma 5.4.15 If |a| < 27/V/3M, then
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¥s

1

0 T 2T s

Figure 5.4.2: The function 1, .

Proof: Let ¢ = min{2T,T + s} — max{T, s} (see Fig. 5.4.2), and note
that for any ¢ € Hy([0,27]),

2T 2T t . 2T .
A (¢t - ¢t7T) dt = /T ~/t—T ¢s dsdt = ) (bs'@[]s ds.

Therefore,

2T 2T 2

ba) = {0 € Hi(0.21)) : | Dutbuds < —aT, [ s <

Hence, for ¢ € ®(a),

o o1 o7 2
< / P> ds> ( 2 ds) > ( bss ds> > o277,
0 0 0

implying that

a?T? a?T? 3a?
I(¢) > —o =— = (5.4.16)
2[5 w2ds 4 f) stds AT
Thus,
_ 2
fa)= inf I.(¢)> % . (5.4.17)
$€(a) AT

Observe now that the inequality (5.4.16) holds with equality if ¢, = \ify,

where A\ = —aT/( 02T Y2 ds). This results in ¢ € ®(a), provided that
302 /4T < 72/M?T. Hence, for these values of a, (5.4.17) also holds with
equality and the proof of the lemma is complete. |
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Exercise 5.4.18 Write down formally the Euler—Lagrange equations that cor-
respond to the minimization of I,, () over ® and those corresponding to the min-
imization over {¢ € H1([0,2T)) : 02T hsibsds < —aT}. Show that )\fot Ysds
is the solution to the Euler—Lagrange equations for the latter (where ¢, and A
are as defined in the proof of Lemma 5.4.15).

Exercise 5.4.19 Let k be fixed. Repeat the analysis leading to Theorem 5.4.6
without omitting the first term in (5.4.3) and in the corresponding expression
for Ij,. Show that Theorem 5.4.6 continues to hold true when w, — oo.
Hint: Take w, = 2mm/T,m = 1,2,... and show that Qj of (5.4.3) are
exponentially good approximations (in m) of the @, of (5.4.4).

5.5 Large Exceedances in IR?

In some applications related to DNA sequence matching, queuing networks
analysis, and abrupt change detection in dynamical systems, the following
problem is relevant: Let X;, ¢ =1,2,..., be i.i.d. R%valued random vari-
ables, with zero mean and logarithmic moment generating function A(\),
which is finite. Let b # 0 be a given drift vector in IR? and define

Zn:zn:(Xi—b).

The increments Z,, — Z,, of the random walk are of the form Z,, — Z,,, ~
—(n — m)b + &,—m, where &,_,, has zero mean and covariance of order
(n —m). Thus, with n — m large, it becomes unlikely that Z,, — Z,, is far
away from —(n—m)b. Interest then lies in the probability of the rare events
{Zn—Z, € A/e}, for small €, where A is a closed set that does not intersect
the typical ray {—ab}a>o0.

Some specific applications where the preceding problem occurs are as
follows. (For references, see the historical notes at the end of this chapter.)
First, the false alarm rate in the sequential detection of change points by
the commonly used generalized likelihood ratio test (also known as the
CUSUM method) corresponds to the location of the first such unlikely
event, where X; —b is the log-likelihood score for the ith variable, A = [1, 00)
and 1/e is the log-likelihood decision threshold. The same question also
appears in the analysis of long DNA sequences where X; — b are letter
scores measuring properties of biological importance. A third application
involves general one-server queues, where the events {Z,, — Z,, € A/e} are
related to unusually long waiting times for completion of service. Here, too,
A =[1,00), while X; — b is the net difference between the service time and
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inter-arrival time for the ith customer, and the condition b > 0 ensures that
the queue is stable.

To be able to handle this question, it is helpful to rescale variables. Thus,
define the rescaled time t = en, and the rescaled variables

YtezeZ[%]:e (X; =), t€[0,00).

The rare events of interest correspond to events of the form Y, — Y € A.
To formalize the results, define the following random times:

Teéinf{t : Js €[0,t) such that Y, —Yys € A},

rEsup{s € [0,T.): Vi —YS € Ay —¢, LET, —7,. (5.5.1)

\,
S

Figure 5.5.1: Typical A, Y, T, ..

The main results of this section are that, under appropriate conditions,
as € — 0, both € logT, and L. converge in probability. More notations
are now introduced in order to formalize the conditions under which such
convergence takes place. First, let I : Lo([0,t]) — [0,00] be the rate
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functions associated with the trajectories Y ¢, namely,

1t<¢>é{ Jo A (s +b)ds, if ¢ € ACt, ¢ =0

00 otherwise,

where AC* is the space of absolutely continuous functions ¢ : [0,#] — R%.
(See Exercise 5.1.22.) The cost associated with a termination point z € IR?
at time ¢ € (0, 00) is given by

yaN
V(z, t)= inf I,(¢). 5.5.2
@0= enc By gmsy 19 (5:5.2)

The following lemma motivates the preceding definition of V' (z,t).
Lemma 5.5.3 For all x € IRd,t >0,

V(z,t) = sup {(\z)+t[(\,b) — AN)]} = tA* (g + b) . (5.54)
AelR4 t

and V(x,t) = I;(3z). Moreover, with V (x,0)=00 for x # 0 and V(0,0) = 0,

V(x,t) is a convex rate function on IR? x [0, 00).

Proof: Recall that A*(-) is convex. Hence, for all ¢ > 0 and any ¢ € AC*
with ¢y = 0, by Jensen’s inequality,

f AR d L d _
1(¢) =t/ A (e + 1) zm*(/ (¢S+b)_‘9) :tA*(¢t o +b> 7
0 ¢ 0 t t
with equality for ¢, = sz /t. Thus, (5.5.4) follows by (5.5.2). Since A*(-) is
nonnegative, so is V' (x,t). By the first equality in (5.5.4), which also holds

for t = 0, V(x,t), being the supremum of convex, continuous functions is
convex and lower semicontinuous on IR% x [0, 00). O

The quasi-potential associated with any set I' C R? is defined as

V2 inf V(zt)= inf tA*(fH)).
z€l,t>0 z€l,t>0 t

The following assumption is made throughout about the set A.

Assumption 5.5.5 A is a closed, convex set and
(A-1) V4 = V4o € (0,00) (where A° denotes the interior of A).
(A-2) There is a unique pair T € A, t € (0,00) such that V4 = V(T,1).
Moreover, the straight line ¢*=(s/ 1) is the unique path for which the value
of V(z,1) is achieved.
(A-3)

TILIIQO VAﬁ{x:|x\>r} >2Vy .
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The need for this assumption is evident in the statement and proof of
the following theorem, which is the main result of this section.

Theorem 5.5.6 Let Assumption 5.5.5 hold. Then
Va= lir%elog T, in probability (5.5.7)

and
t= lirr(l) L. in probability. (5.5.8)
Let YEAYS | — Y<. Then

T

lim sup |V —¢*| =0 in probability. (5.5.9)
e—0 0<s<t
Finally, with pc = P(T. < 6.) and any 0. — oo such that elogf. — 0,
the random variables 0-1p.T. converge in distribution to an Ezponential(1)
random variable.

A
— e §
A—S
* s=t
2
x

Figure 5.5.2: Minimizing path for A.

Proof: The following properties of the cost function, whose proofs are de-
ferred to the end of the section, are needed.

Lemma 5.5.10

TEHolo xegl’gTV(a:,t) >2Vy . (5.5.11)

For all T > t,
li inf Viz,t) = inf Viz,t)=1V, 5.5.12
61—r>% xeA*lf?I,lte[o,T] (@) r€A°lyrtl€[01T] (@) 4 ( )

where A
A= {z: inf |z —y|>d}. (5.5.13)
y¢A

For all § > 0,

inf  V(z,t) > Va. (5.5.14)

TEA, [t—1|>6
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The main difficulty in proving Theorem 5.5.6 is that it involves events on an
infinite time scale; this excludes directly using the large deviations bounds
of Section 5.1. The proof is therefore based on decoupling the infinite time
horizon to finite time intervals that are weakly coupled. In these intervals,
we use the following short time estimates, which are a specialization of
Mogulskii’s theorem (Theorem 5.1.2), and whose proof is deferred to the
end of this section.

Lemma 5.5.15 For every fized T € (t,0),

lir%elog PT.<T)=-Vyu . (5.5.16)

Moreover, for all § > 0,

limsupelogP(|Le —t| >0 and T, <T) < —V4 (5.5.17)
e—0
and
limsupelogP( sup |V — ¢ > 8 and T. <T) < —Vy. (5.5.18)
e—0 0<s<t

Remark: The preceding estimates hold when T is replaced by any de-
terministic function of € whose range is a bounded subset of (f,00) that is
bounded away from ¢.

Equipped with Lemma 5.5.15, the large time estimates may be handled.
The first step in this direction is the following upper bound on T¢.

Lemma 5.5.19 For any § > 0,

lim P(T, > eVatdl/ey =g,

Proof: Let A = [(f + 2)/¢]e and split the time interval [0, e(V4+9)/€] into
disjoint intervals of length A each. Let N, be the (integer part of the)
number of such intervals. Observe that

P(T. > eVat)/e) < P(Yiat: = Yiars €4,
0<s<t<A,k=0,....,N.—1).
The preceding events are independent for different values of k as they cor-
respond to disjoint segments of the original random walk (Z,,). Moreover,

they are of equal probability because the joint law of the increments of Y¢
is invariant under any shift of the form ne with n integer. Hence,

P(T. > eVatd/e)y < [1 — P(T, < A)]N-.
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Note that A € [¢+ 1, + 2] for all ¢ < 1. Hence, for some 0 < ¢ < oo
(independent of €) and all € < 1,

]\]€ Z Ce(VA+5)/6

)

while for all € > 0 small enough,
P(T. < A)>P(T. <T+1) > e Vatd/2)/e

where the second inequality follows from (5.5.16). Combining all these
bounds yields

limsup P(T, > eVa+9/€) < limsup(1 — (27(‘/““3/2)/6)CE(VAH)/6
e—0 e—0
= limsup e’ = 0. ]

e—0

Lemma 5.5.19 is not enough yet, for the upper bounds on 7, are un-
bounded (as ¢ — 0). The following lemma allows for restricting attention
to increments within finite time lags.

Lemma 5.5.20 There exists a constant C < oo such that

lim P(L. > C) =

Proof: Observe that the process Y is constant over intervals of size e,
and T, and 7. are always the starting points of such intervals. Let K.2
[e_le(VAH)/E] denote the number of such points in (0, e(VA+5)/e], and define

KE

A
Qes= >, PYL-YS €A).

k,0=0,k—t>C/e

It suffices to show that lims_.glim._.o Qs = 0 for large enough constant
C, for then the proof of the lemma is completed by applying the union of
events bound together with Lemma 5.5.19. To this end, the invariance of
the law of increments of Y¢ to shifts of ne and the identity Y, = eZ,, for
all integer n yield the following upper bound on Q. 5.

Qes < K. P(YS, € A) < e 2e2Vat9/¢ max P(eZ, € A). (5.5.21
n;/e nax ( ). ( )
Let S,, denote the empirical mean of X7, ..., X,. Observe that

{eZ, € A} ={S, € A},
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where A2{z : en(z — b) € A} is a convex, closed set (because A is). Hence,
by the min—max theorem (see Exercise 2.2.38 for details),

elogP(eZ, € A) = elogP(S, € A) < —ne inf A*(z)
z€EA
= —ne inf A*(i +b) = — inf V(z,ne) .
z€A ne z€A

Combining this inequality and (5.5.21) yields, for all C, 4, e > 0,

Qes < 2 [infeeaezc Viwt)=2(Vatd)]/c

By (5.5.11), C can be chosen large enough so that for all § small enough
and all € small enough,

xe}qr,ltfzc V(x,t) > 2V4 + 36 — 2eloge,

yielding Q¢ s < e 0/, Ul

Returning now to the proof of the theorem, let C' be the constant from
Lemma 5.5.20 and define C.2¢[1 + C/¢] > C. For any integer n, define the
decoupled random times

Teméinf{t : Y —YS € A for some t > s> 2nC.[t/(2nCe)]} .

Lemma 5.5.22
lim lim P(T., #T.) =0 .

n—oo e—0

Proof: Divide [C,, c0) into the disjoint intervals I,=[(2¢ —1)C,, (2(+1)C,),
¢ =1,.... Define the events

Jgé{Yf —Y e A forsome 7 <t t, 7€},
and the stopping time
N =inf{¢{ > 1: Jy occurs } .

By the translation invariance, with respect to n, of Z,,, — Z, and the
fact that C¢ is an integer multiple of €, the events J; are independent and
equally likely. Let p = P(J;). Then P(N = ¢) = p(1 —p)*~' for L € Z..
Hence,

PUT. < T..}N{L. < C}) < P(fj (N = kn})

|
=
-
|
=
I
3
|
L
|
=
=
|
=
I
S|
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Since by definition T, < T¢,, and Cc. > C, the proof is completed by
applying the union of events bound and using Lemma 5.5.20. U]

Returning to the proof of the theorem, it is enough to consider the rare
events of interest with respect to the decoupled times for n large enough
(and finite). This procedure results with a sequence of i.i.d. random vari-
ables corresponding to disjoint segments of Y of length 2nC. each. The
short time estimates of Lemma 5.5.15 can then be applied. In particular,
with N.2 [(2nCe)_le(VA_6)/€] + 1 denoting the number of such segments in
[0,e(Va=9)/€] the following lower bound on T ,, is obtained

Nc—1 T
iy < Eo[B2] o8
nle
< N.UP(T., <2nC;) = N.P(T. < 2nC,)
(Va—)/c
< _ < .
< ( Tt 1) P(T. < 2nC.)

Therefore, with n large enough for 2nC > %, because lim._,o C. = C, the
short time estimate (5.5.16) implies that

(Va—d)/e
hm P(T < eVa- 5)/5) < lim ¢ e~ (Va=3/2)/e _

e—0 2nC'

Hence, for all § > 0,

hm P(T, < eVa=9/¢) = lim lim P(T., <29/ =0,

n—oo e€—0

and (5.5.7) results in view of the upper bound of Lemma 5.5.19. The proofs
of (5.5.8) and (5.5.9) as consequences of the short time estimates of Lemma
5.5.15 are similar and thus left to Exercise 5.5.29.

Suppose 0. /e are integers and 6. — oco. Let
Teygeéinf{t : Y —YS € A for some t> s> 0.[t/0]} .
By the same argument as in Lemma 5.5.22, as ¢ — 0,
P({T.o, < T} N{Lc < C}) < |0./(2C) )71 — 0.

Hence, by Lemma 5.5.20, also P(T.g, # T) — 0. Fix y > 0 and let
me = |y/pe] and y. = pem.. The event {0 'pT.o. > yc} is merely the
intersection of m. independent events, each of which occurs with probability
(1 = pc). Consequently,

P(ezlpsTeﬂe > ye) = (]- 7pe)me
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Since €log 6. — 0, it follows from (5.5.7) that p. — 0 and y. — y. Therefore,
(1 — pc)™ — e~¥ and the Exponential limit law of 6 'p.T. follows.

Since p. is not affected by replacing 6. with €|6./¢], the convergence in
law extends to possibly non-integer 6. /e (by the continuity of the Exponen-
tial law). U

Of particular interest is the case where X; are Normal random vectors
with uncorrelated components and unit variance. Then V (x,t) = |z+bt|? /2t
and is obtained uniquely by a straight line. The infimum (in t) of V (z,t)
is obtained uniquely at ¢t = |z|/[b], yielding Vs, = |2[[b] + (x,b). Vi) is
an homogeneous, continuous function, that is nonconstant on any ray other
than {—ab}y>0. Therefore, the Assumptions (A-1)—(A-3) are satisfied, for
example, when A is a closed, convex set of non-empty interior which, for
1 > 0 small enough, excludes the cone

N (x,b)
Cn—{x.l—k i [ 0] <77} .

Due to the exponential equivalence of the random walk and the (scaled)
Brownian motion, the following is proved exactly as Theorem 5.5.6. (See
Exercise 5.5.32 for an outline of the derivation.)

Theorem 5.5.23 Suppose A is a closed convex set of non-empty interior
with Cp, C A° for n > 0 small enough. Define

Y = —bt 4+ ew, (5.5.24)

where w_ is a d-dimensional Brownian motion. Then all the results of The-
orem 5.5.6 hold true.

Remark: In the definition (5.5.1) of 7, the —e term compensates for
discretization effects. It is omitted when considering the continuous time
process Y© of (5.5.24).

The proof of the auxiliary lemmas used before concludes this section.

Proof of Lemma 5.5.10: To establish (5.5.11), observe that VA(0) =
E(X;) = 0, so it follows by part (b) of Lemma 2.3.9 that A*(z) > 0 for
z # 0. Moreover, A*(-) is a good rate function, so also

a2 inf A" (z)>0.
|z—b|<[b]/2

Hence, by (5.5.4), for all » > 0,

inf inf V(z,t) > inf inf tA* (— +5b
lz|<r t>27/]b] t>2r/|b| |z|<tlt
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implying that

2ra

lim inf V(z,t) > lim min{ inf Vi, 0]

r—o00 €A, t>r 7—00 TzEA,|z|>r

}>2VA7

where the last inequality follows by Assumption (A-3).

Similarly, there exists an r < oo such that

Va=Vao = inf V(m,t), (5.5.25)
€A, |z|<rt<lr
and
zeljl,fzr V(z,t) >Va. (5.5.26)

Consider an arbitrary sequence (x,,t,) such that z, € A, |z,| < r, t, €
[0,7] and V(z,,t,) — Va. Such a sequence has at least one limit point,
e.g., (z,t), and by the lower semicontinuity of V (-, ),

Va= nlingo V(xn,tn) > V(x,t).
However, z € A and t < oo, implying by Assumption (A-2) that z = T,
t =t (and for all T > ¢, eventually ¢, € [0,7]). When combined with
(5.5.25) (or (5.5.26)), it yields (5.5.12) (or (5.5.14), respectively). Indeed,
A° may be replaced by A=°, § — 0, since for any x € A°, also x € A~ for
all § small enough. Ul

Proof of Lemma 5.5.15: Let 17_6 denote the polygonal approximation of
Y ¢, namely,

el re

Y=Y+ (= [t/ee)(Xpyg1 —b)
and define

Teéinf{t : s € [0,t) such that Y — Y e A} .

Recall that for any T € (0, 00), Y satisfy the LDP on L ([0,T]) with rate
function Ir(-). (See Exercise 5.1.22.) Moreover, the continuous processes
?6, being exponentially equivalent to Y¢ (see Lemma 5.1.4 and the proof
of Theorem 5.1.19), satisfy the same LDP on Cy([0,T7]). The proof is based
on relating the events of interest with events determined by Y and then
applying the large deviations bounds for Y.

Starting with upper bounding T¢, note that T. < T. with probability
one, and hence,

P(I.<T)<P(I.<T)=P(Y € V),
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where
UE{p € Co([0,T)) : o — o € Afor some 7 <t €[0,T]}.  (5.5.27)
As for lower bounding T, define for all § > 0

T;ééinf{t : 35 €[0,t) such that Y —Yfe A%},

where A~ is defined in (5.5.13), and define the sets ¥~ in analogy with
(5.5.27). Hence,

PV eU?) =P(I[["<T) <P(L.<T)+P(| Y=Y |2 4),
where || - || denotes throughout the supremum norm over [0, T7.
As for the proof of (5.5.17) and (5.5.18), note that

P(|Lc—t>dandT. <T) < P(Y* € ®5),
where

<I>5é{1/) € Co([0,T]) : ¢ — b, € A for some 7 <t €[0,7T],
such that ¢t —7€[0,f—68]U[t+0,T]},
and

P(sup |V —¢!>dand T, <T)<P(Y e d}),

0<s<t
where
*A n *
D5={p € Co([0,T +1]) : thy — br € A, Sup [Ysr — ¥y —¢5[ =6
0<s<t
for some 7 <t€0,T]}.

By these probability bounds, the fact that Y¢ satisfy the LDP in Cy([0, T])
with rate Ir(-), and the exponential equivalence of the processes Y€ and
Y€, (5.5.16)(5.5.18) are obtained as a consequence of the following lemma,
whose proof, being elementary, is omitted.

Lemma 5.5.28 The set ¥ is closed, and so are ®5 and ®5 for all § > 0,
while U9 are open. Moreover,
Va=inf [ =1 inf I
4= nf Ip(y) =l inf - Ir(y),
while for all § > 0,

inf I V.
Jnf 7(¥) > Va

and

wlél(}f; IT+E(’£/)) >Vy.
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Exercise 5.5.29 Define
7'57,1é sup{s: s €[0,Tcn) Y5 K —YS€A}—e.

Observe that T ,, > T, and if T ,, = T, then also 7., = 7. Complete the
derivation of (5.5.8) and (5.5.9) according to the following outline.

(a) Check that for all n and all €, the law governing the random segment
[Te.n » Ten] is the same as the law of [, T¢] conditioned on T, < 2nC..

(b) Check that the estimates of Lemma 5.5.15 imply that for all § > 0 and any
n large enough,

and
lim P( sup |Vs — %] > 0| T. < 2nC.) = 0.
=0 0<s<t

(c) Combine the preceding with Lemma 5.5.22 to deduce (5.5.8) and (5.5.9).

Exercise 5.5.30 Let X; and I(-) = A*(-) be as in Exercise 5.1.27. Prove the
analog of Theorem 5.5.6 for this setup.

Exercise 5.5.31 Prove that Theorem 5.5.6 still holds true if A is not convex,
provided that Assumption (A-3) is replaced with

Jim Veg(aynasjaeisry > 2Va s

where T0(A) denotes the closed convex hull of A.

Hint: The convexity of A was only used in the proof of Lemma 5.5.20 when
applying the min—max theorem. Check that under the preceding condition, you
can still establish this lemma with A replaced by €6(A) throughout the proof.

Exercise 5.5.32 The following outline leads to Theorem 5.5.23.

(a) Verify that if A is a convex, closed set of non-empty interior with C,, C A°
for some 7 > 0, then Assumptions (A-1)—(A-3) hold for A*(x) = |z|?/2.

(b) Observe that the analytic Lemmas 5.5.3, 5.5.10, and 5.5.28 are unchanged.
Combine them with the LDP derived in Theorem 5.2.3 (and Exercise 5.2.8) for
\/ew, to prove the short time estimates of Lemma 5.5.15.

(c) Observe that T, for the Brownian motion with drift is almost surely bounded
above by the stopping time T, associated with the random walk Z,, generated
by the standard Normal variables X;2e~1/2(w;.— w(i—1)c). Deduce that the
statement of Lemma 5.5.19 is valid for the Brownian motion with drift.

(d) Combine a union of events bound with the short time estimate of Lemma
5.2.1 to prove that for any > 0 and any M < oo,

limP( sup |V — Y[GL]J >n)=0.

e—0 OStSEM/"



212 5. SAMPLE PATH LARGE DEVIATIONS

(e) Use part (d) of this exercise to prove Lemma 5.5.20 for the Brownian motion
with drift.

Hint: Observe that Y . correspond to the (discrete time) random walk
introduced in part (c) and apply Lemma 5.5.20 for this random walk and for
the 1 closed blowups of A (with n > 0 sufficiently small so that indeed this
lemma holds).

(f) Check that Lemma 5.5.22 holds true with a minor modification of 7,
paralleling the remark below Theorem 5.5.23. (You may let C. = C, since
there are now no discretization effects.) Conclude by proving that (5.5.7)-
(5.5.9) hold.

5.6 The Freidlin-Wentzell Theory

The results of Section 5.2 are extended here to the case of strong solutions of
stochastic differential equations. Note that these, in general, do not possess
independent increments. However, some underlying independence exists in
the process via the Brownian motion, which generates the diffusion. This
is exploited in this section, where large deviations principles are derived by
applying various contraction principles.

First consider the following relatively simple situation. Let {«§} be the
diffusion process that is the unique solution of the stochastic differential
equation

dx§ = b(zg)dt + Vedw, 0<t<1, z5=0, (5.6.1)

where b : R — IR is a uniformly Lipschitz continuous function (namely,
|b(z) — b(y)] < Blx — y|). The existence and uniqueness of the strong
solution {z§} of (5.6.1) is standard. (See Theorem E.7.) Let fi. denote the
probability measure induced by {x¢} on Cy([0,1]). Then ji, = p. o F~1,
where p is the measure induced by {\/ew;}, and the deterministic map
F : Cy([0,1]) — Co([0,1]) is defined by f = F(g), where f is the unique

continuous solution of

f(t):/o b(f(s))ds +g(t), tel0,1]. (5.6.2)

The LDP associated with xz is therefore a direct application of the contrac-
tion principle with respect to the map F'.

Theorem 5.6.3 {x{} satisfies the LDP in Cy(]0,1]) with the good rate
function

A L@ - b(F@))Pdt , feH
I(f){ - e (5.6.4)
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Proof: Theorem 4.2.1 is applicable here, as F' is continuous on Cy([0, 1]).
Indeed, if fi = F(g1), f2 = F(9g2), then by (5.6.2),

mn<mo=AWﬁ@wwm@m@+mm—mm-

Define e(t)2]f1(t) — f2(t)| and consider any two functions g1, g2 € Co([0,1])
such that || g1 — g2 [|[< d. Then

e(t) S/O b(f1(s5)) = b(f2(s))|ds + [91(t) — g2(t)] SB/O e(s)ds +6,

and by Gronwall’s lemma (Lemma E.6), it follows that e(t) < de!. Thus,
| f1 — f2 ||< deP and the continuity of F is established. Combining
Schilder’s theorem (Theorem 5.2.3) and the contraction principle (Theo-
rem 4.2.1), it follows that f. satisfies, in Cy([0,1]), an LDP with the good

rate function )
1
I(f) = inf 7/ 72(t) dt .
() {9eH1:f=F(9)} 2 Jo g0

In order to identify I(-) with (5.6.4), observe that F' is an injection, and
further that g € Hy implies that f = F(g) is differentiable a.e. with

F&) =b(f() +9(t), f(0)=0.
Thus,

IﬂMSBAIﬂﬂ%+WW+MML

and consequently, by Gronwall’s lemma (Lemma E.6), g € H; implies that
f=F(g) € H as well. U

Now, let {z§} be the diffusion process that is the unique solution of the
stochastic differential equation

dx§ = b(z§)dt + Veo(x)dwy, 0<t<1, zf{=ux, (5.6.5)

where € R? is deterministic, b : IR? — R? is a uniformly Lipschitz
continuous function, all the elements of the diffusion matrix ¢ are bounded,
uniformly Lipschitz continuous functions, and w. is a standard Brownian
motion in IR, The existence and uniqueness of the strong solution {z} of
(5.6.5) is standard. (See Theorem E.7.)

The map defined by the process ¢ on C([0,1]) is measurable but need
not be continuous, and thus the proof of Theorem 5.6.3 does not apply
directly. Indeed, this noncontinuity is strikingly demonstrated by the fact
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that the solution to (5.6.5), when w; is replaced by its polygonal approxi-
mation, differs in the limit from 2 by a nonzero (Wong-Zakai) correction
term. On the other hand, this correction term is of the order of €, so it is
not expected to influence the large deviations results. Such an argument
leads to the guess that the appropriate rate function for (5.6.5) is

1 1
IL(f) = . if —/ lg(t)?dt, (5.6.6)
{geHy:f (=2 [ b(f())ds+ [ o (f(5))g(s)ds} 2 Jo

where the infimum over an empty set is taken as +00, and | - | denotes both
the usual Euclidean norm on IR? and the corresponding operator norm of
matrices. The spaces Hy, and Ly ([0, 1]) for IR%-valued functions are defined
using this norm.

Theorem 5.6.7 If all the entries of b and o are bounded, uniformly Lip-
schitz continuous functions, then {x§}, the solution of (5.6.5), satisfies the
LDP in C([0,1]) with the good rate function I.(-) of (5.6.6).

Remark: For o(), a square matrix, and nonsingular diffusions, namely,
solutions of (5.6.5) with a(-)2¢(-)o’(-) which is uniformly positive definite,
the preceding formula for the rate function simplifies considerably to

L(p = { RGO O GO0 -ured s s
i x . feHf,

where HYS{f : f(t) =z + fot o(s)ds, ¢ € La([0,1])}.
Proof: It suffices to prove the theorem for z = 0 (as  may always be moved
to the origin by a translation of the coordinates). Then the measure fi. of
x¢ is supported on Cy([0,1]). The proof here is based on approximating the
process z¢ in the sense of Theorem 4.2.23. To this end, let 2™, m =1,2,...
be the solution of the stochastic differential equation

dey™ = b(xh )dt + Veo (a9l )dw, 0<t<1, z5™ =0, (5.6.8)

m

m m

in which the coefficients of (5.6.5) are frozen over the time intervals [£ ££L),

Since z¢ and 2™ are strong solutions of (5.6.5) and (5.6.8), respectively,
they are defined on the same probability space. The following lemma, whose
proof is deferred to the end of the section, shows that =™ are exponentially
good approximations of z¢.

Lemma 5.6.9 For any § > 0,

lim limsupelogP(]| ™ — ¢ ||> §) = —oc0.

m—oo e€—0
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Let the map F™ be defined via h = F™(g), where

0 =) +0(G) (1= ) +o(1G0) (50 - 96)).

m m

Now, observe that F™ is a map of Cy([0,1]) onto itself and that x&™ =
F™(\/ew)). Let g1,92 € Co([0,1]) and e£|F™(g1) — F™(g2)|- Then by the
assumptions on b(-) and o(-),

sup  e(t) < C(6(%> + g1 —ng) ;

k
e[k, bl

where C' < oo is some constant that depends only on ||g;||. Since e(0) = 0,
the continuity of F™* with respect to the supremum norm follows by iterating
this bound over k =0,...,m — 1.

Let F' be defined on the space H; such that f = F(g) is the unique
solution of the integral equation

1) = [ bseds+ [ otnitsis o<t <1.

The existence and uniqueness of the solution is a consequence of the Lip-
schitz continuity of b and ¢ and is standard. In view of Lemma 5.6.9, the
proof of the theorem is completed by combining Schilder’s theorem (Theo-
rem 5.2.3) and Theorem 4.2.23, as soon as we show that for every a < oo,

lim sup | F™(g) — F(g) ||=0. (5.6.10)

m—=0 {g:||g]|r, <a}

To this end, fix & < 0o and g € Hy such that ||g||g, < «. Let h = F™(g),
f=F(g), and e(t) = |f(t) — h(t)|?. Then for all ¢ € [0, 1],

h(t)_/Otb(h([zlns]))der/Otcr(h(h?ns]))g(s)ds.

By the Cauchy—Schwartz inequality and the boundedness of b(-) and o(-),
sup |h(t) fh(M)’ < (a+ 1) , (5.6.11)
0<t<1 m

where §,, are independent of g, and converge to zero as m — oco. Applying
the Cauchy—Schwartz inequality again, it follows by the uniform Lipschitz
continuity of b(-) and o(-) that

1/2

0= 101 < @+ 0 | [ 1766 = 1 2hpas
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for some constant C' < oo independent of m and g. Thus, due to (5.6.11),
t
e(t) < K/ e(s)ds + K62, , (0) =0,
0

where K is some constant that depends only on C' and a. Hence, by Gron-
wall’s lemma (Lemma E.6), e(t) < K§2,et. Consequently,

I E(g) = F™(9) |< VE8me /2,

which establishes (5.6.10) and completes the proof of the theorem. U

The following theorem (whose proof is deferred to the end of the section)
strengthens Theorem 5.6.7 by allowing for € dependent initial conditions.

Theorem 5.6.12 Assume the conditions of Theorem 5.6.7. Let {X;Y}
denote the solution of (5.6.5) for the initial condition Xo =y. Then:
(a) For any closed F' C C([0,1]),

limsupelogP(X“Y € F) < — (;nlfw L(¢). (5.6.13)
€

e—0
Yy—x

(b) For any open G C C([0,1]),

liminf elogP(XY € G) > — inf I,(¢). (5.6.14)
579 ' ocC

The following corollary is needed in Section 5.7.

Corollary 5.6.15 Assume the conditions of Theorem 5.6.7. Then for any
compact K ¢ R® and any closed F ¢ C([0,1]),

limsup elog sup P(X¥ € F') < — inf I,(¢). (5.6.16)
e—0 yeK qﬁEII;
S

Similarly, for any open G C C([0,1]),

liminf elog inf P(X*¥ € G) > — sup inf I,(¢). (5.6.17)
e—0 yeK : yeK ¢€G

Proof: Let —Ix denote the right side of (5.6.16). Fix 6 > 0 and let
I22min{Ix — ,1/5}. Then from (5.6.13), it follows that for any z € K,
there exists an e, > 0 such that for all € < ¢,

clog sup P(X%Y € F) < —TI%.
YEBz ¢y
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Let x1,...,2, € K be such that the compact set K is covered by the set
Uit Ba, e, Then for € <mini”, e,

elog sup P(XY € F) < —I% .
yeK

By first considering € — 0 and then § — 0, (5.6.16) follows. The inequality
(5.6.17) is obtained from (5.6.14) by a similar argument. U

The proofs of Lemma 5.6.9 and Theorem 5.6.12 are based on the follow-
ing lemma.

Lemma 5.6.18 Let b;, o; be progressively measurable processes, and let
dZt = btdt + \/EO'tdIUt y (5619)

where zg is deterministic. Let 71 € [0,1] be a stopping time with respect to
the filtration of {wy,t € [0,1]}. Suppose that the coefficients of the diffusion
matriz o are uniformly bounded, and for some constants M, B, p and any
te [O, 7'1],

M (,02 4 |Zt|2)1/2
B (p* + \zt|2)1/2 :

IN

ot

[be |

N

(5.6.20)

Then for any § >0 and any e < 1,

2 2
p” + |20l
elogP( sup |z]>9) < K +log <7> ,
te[O;rl]I p? + 02
where K = 2B + M?(2 + d).

Proof: Let u; = ¢(z), where ¢(y) = (p + |y|>)'/¢. By Ito’s formula, u, is
the strong solution of the stochastic differential equation

duy = Vo(z) dzy + %Trace (0101 D*¢(2)] A2 g dt + Grdw; (5.6.21)

where D2¢(y) is the matrix of second derivatives of ¢(y), and for a matrix
(vector) v, v’ denotes its transpose. Note that

_ 29(y)
Vo(y) = 7+ )

)

which in view of (5.6.20) implies

QB|Zt|¢(Zt) 2B
v | < /R < Ty,
Vol bl < i = o™
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Similarly, for e < 1,

M?(2+d
%Trace[atagDquﬁ(zt)] < ﬁut.
€

These bounds imply, in view of (5.6.21), that for any ¢ € [0, 1],

K
g < —* (5.6.22)

€

where K = 2B + M?(2 + d) < oo.

Fix § > 0 and define the stopping time m2=inf{t : |2;| > §} A 7. Since
|6¢] < 2Mwuy/+/€ is uniformly bounded on [0, 73], it follows that the stochas-
tic It6 integral u; — fot gsds is a continuous martingale up to 7. Therefore,
Doob’s theorem (Theorem E.1) is applicable here, yielding

tAT2
Eluipnr,] =uo+ E {/ gsds} .
0

Hence, by (5.6.22) and the nonnegativity of u_,

K tAT2 K tAT2
ug + —F [/ usds] =up+ —F [/ usATzds]
€ 0 € 0

K [!
< up+ — / E[us/\Tg]ds .
€ Jo

Eluinr,]

IN

Consequently, by Gronwall’s lemma (Lemma E.6),
Elus,| = Eluias,] < ugeX/c = ¢(ZO)6K/€.

Note that ¢(y) is positive and monotone increasing in |y|. Therefore, by
Chebycheff’s inequality,

Elp(z)] _ Elun,]
o6 90)

Combining the preceding two inequalities yields

p* + |z0]?
elogP(|z,| > 0) < K + elog ¢(z0) — elog p(§) = K + log <7> .

p2 + 52
The proof of the lemma is completed as sup,¢g ;] |z¢| > §iff |z, > 6. U

Proof of Lemma 5.6.9: Fix § > 0. Let z,22;™ — x¢, and for any p > 0,
define the stopping time
o =inf{t: |ap™ —zUh| > pF AL

[mt
m
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The process z; is of the form (5.6.19), with z9 = 0, b;2b(z [mt]/m) b(xf)

PN
and atza(xf;gz

and o(-) and the definition of 71, it follows that Lemma 5.6.18 is applicable
here, yielding for any § > 0 and any € < 1,

]/m) —o(z§). Thus, by the uniform Lipschitz continuity of b(-)

2

€,m p

elogP( sup |ap™ —af| > d) < K +log (7> )
telom] ! p* + 62

with K < oo independent of ¢, §, p, and m. Hence, by considering first
€ — 0 and then p — 0,

lim sup limsupelogP( sup |zp™ —zf| > §) = —c0.
p—0 m21 =0 t€[0,]

Now, since

{]] =™ —z° ||> 6} C {m <1} U{ sup |z™ —zf| > 4§},
tel0,m

the lemma is proved as soon as we show that for all p > 0,

lim lim sup € log P( sup |lzy™ — x[mt]| >p)=—00. (5.6.23)

m—oo  €—0 0<t<1

To this end, observe first that

<C[ + Jethax  sup |U}S+k—wk‘:|7

€,m
Ty CU[mt] £
k=0 o<s<L

m

where C' is the bound on |o(-)| and |b(+)|. Therefore, for all m > C/p,

€ pic/m
P(sup |zo™ —257 | > < mP( sup |w Z—)
(ogtgl |z} [mt] t]| P) OSSS%| s JeC

< 4d,rne—m(p—C/m)2/211602 ,

where the second inequality is the bound of Lemma 5.2.1. Hence, (5.6.23)
follows, and the lemma is established. ]

Proof of Theorem 5.6.12: By Theorem 4.2.13, it suffices to prove that
X% are exponentially equivalent in C([0,1]) to X% whenever z. — .
Fix z. — and let 22X, " — X;®. Then 2 is of the form (5.6.19), with
20 = T — ¥, 020 (X)) — o (X} ”:) and b;2b(X;") — b(X;"). Hence, the
uniform Lipschitz continuity of b(-) and o(-) implies that (5.6.20) holds for
any p > 0 and with 7y = 1. Therefore, Lemma 5.6.18 yields

2 2
€,T¢ €,T 14 + |x6 B $|
elog P(|| X&% — X% ||> 6) < K + log (7[)“52 )
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for any § > 0 and any p > 0 (where K < oo is independent of €, J, and p).
Considering first p — 0 and then € — 0 yields

2
limsup elog P(|| X% — X% ||> §) < K + limsup log <m€572x|) =—00.
e—0 e—0

With X% and X" exponentially equivalent, the theorem is established.
U]

Exercise 5.6.24 Prove that Theorem 5.6.7 holds when b(-) is Lipschitz con-
tinuous but possibly unbounded.

Exercise 5.6.25 Extend Theorem 5.6.7 to the time interval [0, 7], T < oo.
Hint: The relevant rate function is now

: IV

L(f) = inf t 5/ lg(t)|*dt .
{g€HL([0,T)) :f (W) =a+ [ b(f(s))ds+ [ o(f(s)g(s)ds} = /O

(5.6.26)

Exercise 5.6.27 Find I(-) for z¢, where
dey = yidt , x5 =0,

dy; = b(xf, yf)dt + Veo(xf, yf)dw, , y5 =0,
and b,o : R?> — R are uniformly Lipschitz continuous, bounded functions,
such that inf, , o(z,y) > 0.

Exercise 5.6.28 Suppose that x§, the initial conditions of (5.6.5), are random
variables that are independent of the Brownian motion {w;, ¢ > 0}. Prove that
Theorem 5.6.7 holds if there exists z € IR? such that for any § > 0,

limsup elog P(|z{ — x| > §) = —0.

€E—

Hint: Modify the arguments in the proof of Theorem 5.6.12.

5.7 The Problem of Diffusion Exit from a
Domain

Consider the system
dz§ = b(zf)dt + Veo(x$)dw,, =€ RY, z5=z, (5.7.1)

in the open, bounded domain G, where b(-) and o(-) are uniformly Lipschitz
continuous functions of appropriate dimensions and w._ is a standard Brow-
nian motion. The following assumption prevails throughout this section.
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Assumption (A-1) The unique stable equilibrium point in G of the d-
dimensional ordinary differential equation

¢ = b(r) (5.7.2)
is at 0 € G, and
oG = V>0, ¢ € G andtlim ¢ =0.

When € is small, it is reasonable to guess that the system (5.7.1) tends
to stay inside G. Indeed, suppose that the boundary of GG is smooth enough
for

T 2inf{t > 0: 25 € IG)}

to be a well-defined stopping time. It may easily be shown that under mild
conditions, P(7¢ < T') —g 0 for any T" < oo. (A proof of this fact follows
from the results of this section; c.f. Theorem 5.7.3.) From an engineering
point of view, (5.7.1) models a tracking loop in which some parasitic noise
exists. The parasitic noise may exist because of atmospheric noise (e.g., in
radar and astronomy), or because of a stochastic element in the signal model
(e.g., in a phase lock loop). From that point of view, exiting the domain
at JG is an undesirable event, for it means the loss of lock. An important
question (both in the analysis of a given system and in the design of new
systems) would be how probable is the loss of lock. For a detailed analysis
of such a tracking loop, the reader is referred to Section 5.8.

In many interesting systems, the time to lose lock is measured in terms
of a large multiple of the natural time constant of the system. For example,
in modern communication systems, where the natural time constant is a bit
duration, the error probabilities are in the order of 10~7 or 10~°. In such
situations, asymptotic computations of the exit time become meaningful.

Another important consideration in designing such systems is the ques-
tion of where the exit occurs on 9G, for it may allow design of modified
loops, error detectors, etc.

It should be noted that here, as in Section 5.6, the choice of the model
(5.7.1) is highly arbitrary. In particular, the same type of theory can be
developed for Poisson processes, or more generally for Lévy processes. How-
ever, beware of using “natural” approximations, as those need not neces-
sarily have similar large deviations behavior. (Such a situation is described
in Section 5.8.)

Throughout, F, denotes expectations with respect to the diffusion pro-
cess (5.7.1), where 2§ = x. The following classical theorem (see [KS88, page
365]) characterizes such expectations, for any €, in terms of the solutions of
appropriate partial differential equations.
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Theorem 5.7.3 Assume that for any y € 0G, there exists a ball B(y) such

that G N B(y) = {y}, and for some n > 0 and all x € G, the matrices
o(z)o'(x) —nl are positive definite. Then for any Holder continuous func-

tion g (on G) and any continuous function f (on 0G), the function

€

flas) + / " gt

u(m)éEz

has continuous second derivatives on G, is continuous on G, and is the
unique solution of the partial differential equation

L'v = —g in G,
u = f on 0G,

where the differential operator L€ is defined via

8%v

Bxif)xj

Lévég Z(O'O'/)ij (J?)

1,9

+b(x)' Vu.

The following corollary is of particular interest.

Corollary 5.7.4 Assume the conditions of Theorem 5.7.3. Let ui(x) =
E.(7¢). Then uy is the unique solution of

Luy=-1, in G ; u =0, on 0G. (5.7.5)

Further, let uz(z) = Ey(f(zS)). Then for any f continuous, ug is the
unique solution of

Luy =0, in G ; wuy=/f, on 0OG. (5.7.6)

Proof: To establish (5.7.5), specialize Theorem 5.7.3 to f =0 and g = 1.
Similarly, let g = 0 in Theorem 5.7.3 to establish (5.7.6).

Remark: Formally, for f(z) = J,,(z) and z, € 9G, the fundamental
solution (Green function) us of (5.7.6), as a function of z,, describes the
exit density on 0G.

In principle, Corollary 5.7.4 enables the computation of the quantities
of interest for any e. (Specific examples for d = 1 are presented in Exercises
5.7.32 and 5.7.35.) However, in general for d > 2, neither (5.7.5) nor (5.7.6)
can be solved explicitly. Moreover, the numerical effort required in solving
these equations is considerable, in particular when the solution over a range
of values of € is of interest. In view of that, the exit behavior analysis from
an asymptotic standpoint is crucial.
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Since large deviations estimates are for neighborhoods rather than for
points, it is convenient to extend the definition of (5.7.1) to R?. From here
on, it is assumed that the original domain G is smooth enough to allow for
such an extension preserving the uniform Lipschitz continuity of b(-), o ().
Throughout this section, B < oo is large enough to bound sup, & [b(7)]
and sup, ¢z |o(x)| as well as the Lipschitz constants associated with b(:)

and o(-). Other notations used throughout are B,2{z : |z| < p} and
S,2{z : |z| = p}, where, without explicitly mentioning it, p > 0 is always
small enough so that B, C G.

Motivated by Theorem 5.6.7, define the cost function

Viy,2,t) = (¢) (5.7.7)

inf I
(sec((0 )=z} '

1 t
= inf —/ lus|?ds
{u.€L2([0,4]):6. == Where ¢.=y+ [ b(¢0)db+ [ " o(de)usdd} 2 Jo

where I, ,(+) is the good rate function of (5.6.26), which controls the LDP
associated with (5.7.1). This function is also denoted in as I(-), I;(-) or
I() if no confusion may arise. Heuristically, V (y, z,t) is the cost of forcing
the system (5.7.1) to be at the point z at time ¢ when starting at y. Define

VAN
V(y,Z):tH;g V(y,z,1t) .

The function V (0, 2) is called the quasi-potential. The treatment to follow is
guided by the heuristics that as € — 0, the system (5.7.1) wanders around
the stable point £ = 0 for an exponentially long time, during which its
chances of hitting any closed set N C G are determined by inf,cn V(0, 2).
The rationale here is that any excursion off the stable point x = 0 has an
overwhelmingly high probability of being pulled back there, and it is not
the time spent near any part of G that matters but the a priori chance
for a direct, fast exit due to a rare segment in the Brownian motion’s path.
Caution, however, should be exercised, as there are examples where this
rationale fails.

Subsets of the following additional assumptions are used in various parts
of this section.

Assumption (A-2) All the trajectories of the deterministic system (5.7.2)
starting at ¢pg € OG converge to 0 as t — oo.

Assumption (A-3) VZinf,coq V(0,2) < cc.

Assumption (A-4) There exists an M < oo such that, for all p > 0
small enough and all x,y with |z — z| + |y — z| < p for some z € G U {0},
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there is a function u satisfying that ||ul| < M and ¢7(,) =y, where

¢ ¢
oy = $+/0 b(¢s)d8+/0 o(¢s)usds

and T(p) — 0 as p — 0.

Assumption (A-2) prevents consideration of situations in which 0G is the
characteristic boundary of the domain of attraction of 0. Such boundaries
arise as the separating curves of several isolated minima, and are of mean-
ingful engineering and physical relevance. Some of the results that follow
extend to characteristic boundaries, as shown in Corollary 5.7.16. However,
caution is needed in that case. Assumption (A-3) is natural, for otherwise
all points on G are equally unlikely on the large deviations scale. Assump-
tion (A-4) is related to the controllability of the system (5.7.1) (where a
smooth control replaces the Brownian motion). Note, however, that this is
a relatively mild assumption. In particular, in Exercise 5.7.29, one shows
that if the matrices o(x)o’(x) are positive definite for 2 = 0, and uniformly
positive definite on 0G, then Assumption (A-4) is satisfied.

Assumption (A-4) implies the following useful continuity property.

Lemma 5.7.8 Assume (A-4). For any § > 0, there exists p > 0 small
enough such that
sup inf V(z,y,t) <9 (5.7.9)
z,y€B, t€[0,1]
and
sup inf V(x,y,t) <9d. (5.7.10)
{zyinf.coc(ly—zl+lz—z))<p }  t€[0,1]

Proof: Observe that the function ¢, described in Assumption (A-4) results
in the upper bound V(x,y,t) < M?t/2, where t = T(|z — y|) — 0 as
|z —y| — 0. Equations (5.7.9) and (5.7.10) follow from this bound. U

The main result of this section is the following theorem, which yields
the precise exponential growth rate of 7¢, as well as valuable estimates on
the exit measure.

Theorem 5.7.11 Assume (A-1)-(A-4).
(a) For all x € G and all 6 > 0,

lim P, (eVH0/e 5 7€ 5 o(V=0)/ey = 1, (5.7.12)

e—0

Moreover, for all x € G,

1in(1)elog E.(t9)=V. (5.7.13)
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(b) If N C OG is a closed set and inf.cn V(0,2) >V, then for any x € G,

lim P, (. € N) =0. (5.7.14)

In particular, if there exists z* € OG such that V(0,2z*) < V(0,z) for all
z # 2%, z € 0G, then

Vo > 0,Vz € G, lir% Po(Jzie — 2% < 6) =1. (5.7.15)

Often, there is interest in the characteristic boundaries for which As-
sumption (A-2) is violated. This is the case when there are multiple stable
points of the dynamical system (5.7.2), and G is just the attraction region
of one of them. The exit measure analysis used for proving part (b) of the
preceding theorem could in principle be incorrect. That is because the sam-
ple path that spends increasingly large times inside G, while avoiding the
neighborhood of the stable point x = 0, could contribute a non-negligible
probability. As stated in the following corollary, the exit time estimates of
Theorem 5.7.11 hold true even without assuming (A-2).

Corollary 5.7.16 Part (a) of Theorem 5.7.11 holds true under Assump-
tions (A-1), (A-3), and (A-4). Moreover, it remains true for the exit time of
any processes {1} (not necessarily Markov) that satisfy for any T',§ fized,
and any stopping times {T.} (with respect to the natural filtration {Fi}),
the condition

67

limsupelogP< sup |vy — Ty | >0 | Fr.,

e—0 t€[0,77]

€ ~ |<5
Ty — T — | =—00.
0 T D)

(5.7.17)

Remarks:
(a) Actually, part (b) of Theorem 5.7.11 also holds true without assuming
(A-2), although the proof is more involved. (See [Day90a] for details.)

(b) When the quasi-potential V' (0, -) has multiple minima on G, then the
question arises as to where the exit occurs. In symmetrical cases (like the
angular tracker treated in Section 5.8), it is easy to see that each mini-
mum point of V(0,-) is equally likely. In general, by part (b) of Theorem
5.7.11, the exit occurs from a neighborhood of the set of minima of the
quasi-potential. However, refinements of the underlying large deviations es-
timates are needed for determining the exact weight among the minima.

(c¢) The results of this section can be, and were indeed, extended in vari-
ous ways to cover general Lévy processes, dynamical systems perturbed by
wide-band noise, queueing systems, partial differential equations, etc. The
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reader is referred to the historical notes at the end of this chapter for a
partial guide to references.

The following lemmas are instrumental for the proofs of Theorem 5.7.11
and Corollary 5.7.16. Their proof follows the proof of the theorem.

The first lemma gives a uniform lower bound on the probability of an
exit from G.

Lemma 5.7.18 For any n > 0 and any p > 0 small enough, there exists a
To < oo such that

limiélfelog ian P.(t*<Ty) >—(V+n).
e— rEB),

Next, it is shown that the probability that the diffusion (5.7.1) wanders in
G for an arbitrarily long time, without hitting a small neighborhood of 0,
is exponentially negligible. Note that the proof of this lemma is not valid
when 0G is a characteristic boundary (or in general when Assumption (A-2)
is violated).

Lemma 5.7.19 Let
o,2inf{t : t > 0,25 € B,UIG} (5.7.20)
where B, C G. Then

lim limsupelogsup P,(o, >t) = —o0.
t—oo e—0 zeG

The following upper bound relates the quasi-potential with the probability
that an excursion starting from a small sphere around 0 hits a given subset
of OG before hitting an even smaller sphere.

Lemma 5.7.21 For any closed set N C 0G,

lim limsupelog sup P,(z
p—0 €e—0 yESa,

g

¢ e€N)<-—inf V(0,z2),
r zEN

where o, is the stopping time defined in (5.7.20).

In order to extend the upper bound to hold for every x§ € G, observe that
with high probability the process z° is attracted to an arbitrarily small
neighborhood of 0 without hitting dG on its way, i.e.,

Lemma 5.7.22 For every p > 0 such that B, C G and all x € G,

o, €By)=1.

i Po(a
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Figure 5.7.1: o, hitting times for different trajectories.

Finally, a useful uniform estimate, which states that over short time intervals
the process z¢ has an exponentially negligible probability of getting too far
from its starting point, is required.

Lemma 5.7.23 For every p > 0 and every ¢ > 0, there exists a constant
T(c,p) < oo such that

limsupelogsup P,( sup |zg—=x| >p) < —c .
e—0 z€G te[0,T(c,p)]

All the preliminary steps required for the proof of Theorem 5.7.11 have now
been completed.

Proof of Theorem 5.7.11: (a) To upper bound 7€, fix 6 > 0 arbitrarily
small. Let n =6/2 and p and T be as in Lemma 5.7.18. By Lemma 5.7.19,
there exists a T7 < co large enough that

limsup elog sup P,(0, > T1) < 0.
e—0 zeG

Let T = (To + T1). Then there exists some ey > 0 such that for all € < ¢,
A
=i €< > i < i €<
q ;gg P.(r°<T) > ;gg Py(o, <Ty) xlensfp P, (1€ <Tp)

> e~ (VHm/e, (5.7.24)
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Considering the events {7¢ > kT'} for k = 1,2, ... yields

Py(r* > (k+ 1)T)

1—Py(7¢ < (k+1)T|7° > kT)|P,(7° > kT)
(1—q)P,(7° > kT).

IN

Iterating over kK = 1,2,... gives

sup Py (16 > kT) < (1 —¢)* .

zeG
Therefore,
c = ] > . T
sup B,() ST[14 Y sup Po(r* > K1) | < TS (1 - )" = =,
zeCG 1 zeCG =0 q
and since g > e~(V+m/e,
sup B, (r¢) < TeVHm/e. (5.7.25)

zeG

Now, by Chebycheff’s bound,
Pm(Te > e(VJré)/e) < 67(7+6)/6E$(7_e) < T676/267

and the announced upper bound on 7€ is established by considering ¢ — 0.

To prove the lower bound on 7€, let p > 0 be small enough that S», C G
(p is to be specified later). Let 6y = 0 and for m = 0,1,... define the
stopping times

T = inf{t: t>6,, zj € B,UJIG},
Omi1 = inf{t: t>7,, i € Sa,},
with the convention that 6,11 = oo if 7,,, € 0G. Each time interval

[Tm, Tm+1] represents one significant excursion off B,. Note that necessarily
7¢ = T, for some integer m. Moreover, since 7, are stopping times and x§
: YN . .

is a strong Markov process, the process z,,=z% is a Markov chain.

For V = 0, the lower bound on 7€ in (5.7.12) is an easy consequence of
Lemmas 5.7.22 and 5.7.23. Hence, assume hereafter that V' > 0, and fix
6 > 0 arbitrarily small. Note that OG is a closed set and choose p > 0 small
enough as needed by Lemma 5.7.21 for

limsupelog sup Py(x
e—0 YyESs,

o

N

¢ €0G) < -V +
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G
G
X
TO/'
B
71 6
0z
Tg=T%

Figure 5.7.2: Stopping times 0,,, T, .

Now, let ¢ = V and let Ty = T'(c, p) be as determined by Lemma 5.7.23.
Then there exists €y > 0 such that for all € < ¢y and all m > 1,

sup Py (7€ = 7p,) < sup Py(z; €0G) < e~ (V=0/2)/e (5.7.26)
zeG yESa, ?

and

sup Px(om, — Tm-1 < TO) < sup Pz( sup |I; — l" > p) < 67(776/2)/6 .
zeG z€G t€[0,To]

(5.7.27)
The event {7¢ < kT,} implies that either one of the first k£ + 1 among the
mutually exclusive events {7¢ = 7,,,} occurs, or else that at least one of the
first k excursions [T, Tm1] off B, is of length at most Ty. Thus, by the
union of events bound, utilizing the preceding worst-case estimates, for all
z € G and any integer k,

k
Py(r° < KkTp) < Z P.(m¢=71m) + Pm(lgigk{ﬂm — Tm-1} < Tp)

m=0

< P(t°=70)+ ke~ (V=0/2)/¢

Recall the identity {r° = 70} = {2, ¢ B,} and apply the preceding
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inequality with k = [Tofle(vf‘s)/e] + 1 to obtain (for small enough ¢)
Pp(r < elV70/) < Pu(7° < kTy) < Pu(al, ¢ B,) + 4T, Te /%

By Lemma 5.7.22, the left side of this inequality approaches zero as ¢ — 0;
hence, the proof of (5.7.12) is complete. By Chebycheff’s bound, (5.7.12)
implies a lower bound on E,(7¢), which yields (5.7.13) when complemented
by the upper bound of (5.7.25).

(b) Fix a closed set N C OG such that Viy = inf.cy V(0,2) > V. (If
VN = oo, then simply use throughout the proof an arbitrarily large finite
constant as Vy.) The proof is a repeat of the argument presented before
when lower bounding 7¢. Indeed, fix 7 > 0 such that n < (Vi — V)/3, and
set p, eg > 0 small enough as needed by Lemma 5.7.21 for

sup Py(z
y€ESa,

f,p EN)< e~ WN=m/e ye < g .
Let ¢ = Vy —n and Ty = T(c, p) as determined by Lemma 5.7.23. Then
reducing €, if necessary, this lemma implies that for every € < ¢y and every
integer /,

sup Py (1p < 0Ty) < £sup Py( sup |af — x| > p) < le~(Vn=m/e
z€G ©€G  te[0,To)

Decomposing the event {z¢. € N}, for all y € B, (for which 7¢ > 75 = 0),
and all integer /¢, yields

¢
Py(z5c € N) < Py(t°>m)+ Z Py(7¢ > Tm—1)Py(zm € N|7° > Tpp_1)

m=1

< ,Py(’T6 > ETO) + Py(Tg < ET())
¢
+ 3 Py > 1) Ey[Pay (x5, € N)|7¢ > 7 1]
m=1
< Py(7°> o) + Py(re < lTp) + L sup Py(z;, € N)

€S2,
< Py(1°> (Tp) 4 2te=(Vn—m/e |

Further reducing €g as needed, one can guarantee that the inequality (5.7.25)

holds for some T' < 0o and all € < ¢. Choosing ¢ = [e(VF2/] it then
follows that

T —
limsup sup Py(z:. € N) < limsup <—6(VJ”7)/E + 2€e(VN”)/E) =0.
e—0 yeB, e—0 Z,110
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(Recall that 0 < n < (Viy — V))/3.) The proof of (5.7.14) is now completed
by combining Lemma 5.7.22 and the inequality

Py(z5e € N) < Py(f,, ¢ By) + sup Py(z7. € N).
yeB,

Specializing (5.7.14) to N = {z € G : |z — z*| > §} yields (5.7.15). U

Proof of Corollary 5.7.16: Let G *2{z € G: |r—z|>p Vz€0G}.
Observe that G~ are open sets with G—? C G. Hence, Assumption (A-2)
holds for these sets, and for p > 0 small enough, so does Assumption (A-4).
Therefore, Theorem 5.7.11 is applicable for the sets G™”. The stopping
times 7€ related to G~ are monotonically decreasing in p. This procedure
results with the announced lower bound on 7¢ because the continuity of
the quasi-potential as p — 0 is implied by (5.7.10). The upper bound on
7€ is derived directly for G exactly as in Theorem 5.7.11. It only needs
to be checked that the uniform bound of (5.7.24) holds. With G replaced
by G~*, this bound can be derived exactly as before (since Assumption
(A-2) is not required for Lemma 5.7.18, and Lemma 5.7.19 is now valid
for x € G7P). Moreover, when z§ is near G, the probability of a (fast)
direct exit of G is large enough for reestablishing the uniform lower bound
of (5.7.24). Specifically, by a construction similar to the one used in the
proof of Lemma 5.7.18, utilizing (5.7.10) and the compactness of G\G ™7,
for any 1 > 0 there exists p > 0 such that

lim inf €l inf P(r°<1)>-n .
tlptelos, JG, BTs D=

Finally, by Theorem 4.2.13, x§ and Z{ share the same large deviations
properties on any fixed time interval. In the proof of (5.7.12), the Markov
structure of x§ is used over exponentially growing time horizon twice. First,
it is used in (5.7.24) and in the equation following it when deriving the
upper bound on 7¢. Note, however, that by relating the exit from G for z{
to the exit from G° for x§, it still holds that for any k (even e-dependent),

inf Py (r < (k+ DT|7" > kT) > e~ V2V,
faS]

and the rest of the proof of the upper bound is unchanged. The Markov
property of zf is used again when deriving the worst-case estimates of
(5.7.26) and (5.7.27), where the strong Markov property of the chain z,,
is of importance. Under condition (5.7.17), these estimates for Z§ can be
related to those of z§. The details are left to Exercise 5.7.31. U

The proofs of the five preceding lemmas are now completed.

Proof of Lemma 5.7.18: Fix n > 0, and let p > 0 be small enough
for B, C G and for Lemma 5.7.8 to hold with § = 1/3. Then for all
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x € B,, there exists a continuous path 3 of length ¢, < 1 such that
I(y") < n/3, ¥§ = =, and ¢f = 0. By (5.7.10) and Assumption (A-3),
there exist 2 ¢ G, Ty < oo and ¢ € C([0,T}]) such that Iy 1, (¢) <V +n/3,
¢o = 0, and ¢, = z. The distance A between z ¢ G and the compact
set G is positive. Let ¢® denote the path obtained by concatenating t®
and ¢ (in that order) and extending the resulting function to be of length
To = T1 + 1 by following the trajectory of (5.7.2) after reaching z. Since
the latter part does not contribute to the rate function, it follows that
I.1,(¢") <V +2n/3.

t- t!+T1

Figure 5.7.3: The exit path ¢*.

Consider the set

w2 J {we 00,1 s v — o7 < A/2}

z€B,

Observe that ¥ is an open subset of C([0,7p]) that contains the functions
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{¢"}zeB,- Therefore, by Corollary 5.6.15,

liminfelog inf P,(z®€ ¥) > — sup inf I, 7, (¢)
e—0 z€B, z€B, YET
> —sup Ly (¢7) > —(V +n).

rz€B,

If 1 € U, then ¢4 ¢ G for some ¢ € [0,7p]. Hence, for 2§ = = € B, the
event {z¢ € ¥} is contained in {7¢ < Ty}, and the proof is complete. ]

Proof of Lemma 5.7.19: If z§ = x € B,, then 0, = 0 and the lemma
trivially holds. Otherwise, consider the closed sets

U,2{p e C(0,t]): ¢.€G\B, Vs 0,4},

and observe that, for zf§ = = € G, the event {0, > t} is contained in
{z¢ € ¥;}. Recall that Corollary 5.6.15 yields, for all ¢ < oo,

limsupelog sup P,(zfe¥,) < — mf I(¢),
=0 z€G\B, b

where throughout this proof (1) stands for I, (1), with ¢y € G. Hence,
in order to complete the proof of the lemma, it suffices to show that

lim inf I;(v) = o0. (5.7.28)

t—ooheW,

Let ¢” denote the trajectory of (5.7.2) starting at ¢9g = = € G\B,. By
Assumption (A-2), ¢* hits S,/3 in a finite time, denoted T,. Moreover,
by the uniform Lipschitz continuity of b(-) and Gronwall’s lemma (Lemma
E.6), there exists an open neighborhood W, of = such that, for all y € W,
the path ¢¥ hits Sy, /3 before T;,. Extracting a finite cover of G\ B, by such
sets (using the compactness of G\B,), it follows that there exists a T' < oo
so that for all y € G\ B,, the trajectory ¢V hits S5,/3 before time T'. Assume
now that (5.7.28) does not hold true. Then for some M < oo and every
integer n, there exists ¥ € U, such that I, (¢"™) < M. Consequently,
for some p™F € Wy,

M2 L") =3 Ir) 2 i L ()

Hence, there exists a sequence ¢" € U with lim,_,o I7(¢™) = 0. Since
{¢: Iy, 7(¢) <1, ¢o € G} is a compact subset of C([0,77]), the sequence
@™ has a limit point ¢* in ¥r. Consequently, I7(¥*) = 0 by the lower
semicontinuity of Ir(:), implying that ¢* is a trajectory of (5.7.2). This
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trajectory, being in Wz, remains outside of S;,/3 throughout [0,77], con-
tradicting the earlier definition of 7". In conclusion, (5.7.28) holds and the
proof of the lemma is complete. O

Proof of Lemma 5.7.21: Fix a closed set N C 9G. Fix § > 0 and define
VnE(inf,en V(0,2) — §) A1/8. By (5.7.9), for p > 0 small enough,

Vy,z) > ig}va(O,z) — sup V(0,y) > Vn.

inf
yESa,,2EN y€Sa,

Moreover, by Lemma 5.7.19, there exists a T' < oo large enough for

limsupelog sup Py(o, >T) < —Viy.
e—0 yES2,

Consider the following closed subset of C([0,T]):

2{¢ € C([0,T]) : 3t € [0,T] such that ¢, € N }.

Note that

Iyr(¢) > nf  V(y,z)>Vy,

inf >
YyES2,,pcP YyESa2,,2EN

and thus by Corollary 5.6.15,

limsupelog sup Py(z¢ € ®) < — inf I, 7(¢p) < —-Vn.
e—0 gyeSzp y( ) YE€S2p,0€P o (¢)

Since
Py(xz, € N) < Py(o,>T)+ Py(z° € ®),

it follows that

limsupelog sup Py(zi € N) < —Vn.
e—0 y€ESa, ?

Taking § — 0 completes the proof of the lemma. Ul

Proof of Lemma 5.7.22: Let p > 0 be small enough so that B, C G.
For x € B,, there is nothing to prove. Thus, fix € G\B,, let ¢ denote the
trajectory of (5.7.2) with initial condition ¢y = x, and let T2inf{t : ¢; €
S,/2} < 00. Since ¢ is a continuous path that does not hit the compact set
0G, there exists a positive distance A between {¢;};<r and 0G. Let A be
smaller, if necessary for A < p, and let z¢ be the solution of (5.7.1), with
x5 = x. Then

A
sup |z — @] < 5 = rg, € B,.
t€[0,T]
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By the uniform Lipschitz continuity of b(:),

s ¢>t|<B/ ot —¢s|ds+f|/ duw, .

Hence, by Gronwall’s lemma (Lemma E.6),

t

sup |z§ — ¢¢| < VeePT sup | [ o(af)dwsl
t€[0,7] tef0, 7] Jo
and
€ € A
Py(z;, € 0G) < Py sup |zp—¢] > D)
t€[0,T)
t —BT
< P sup | [ o(zf)dws| >
te[0, 7] Jo \/_
<

T
ecE, (/0 Trace [o(z$)o(zS)'] ds) — 0,

where the last inequality is an application of the Burkholder—Davis—Gundy
maximal inequality (Theorem E.3), and ¢ < oo is independent of e. U

Proof of Lemma 5.7.23: For all p > 0 and all T < p/(2B),

te[0,T] te[0,T]

t
Jté/ o(zf)dws
0

is a continuous, square integrable martingale. By the union of events bound,
it suffices to consider the one-dimensional case (possibly changing the con-
stant p/2 into Op with some dimensional constant (). Thus, from here
on, o(z5) = o, is a scalar function bounded by B, and w; is a standard
one-dimensional Brownian motion. By the time change in Theorem E.2, a
standard one-dimensional Brownian motion, denoted v;, may be defined on
the same probability space, such that almost surely J; = v,(;), where

¢
'r(t)é / oadh .
0

P.( sup |z;—2|>p) <P (x/E sup |J| > g) ,

where



236 5. SAMPLE PATH LARGE DEVIATIONS

Moreover, almost surely, 7(t) < B?t and is a continuous, increasing function.
Therefore,

P, (x/E sup |Jy| > 6/)) =P, <\/g sup vy (p| > 6/7)
T

t€[0,7] te[0,T]

< P, | Ve sup lvr| > Bp | < 4€7ﬁzp2/(2632T)7
7€[0,B2T)

where the last inequality follows by the estimate of Lemma 5.2.1. The proof
is completed by choosing T'(c, p) <min{p/(2B), 3%p?/(2B%c)}. U

Exercise 5.7.29 (a) Suppose that o(z)o’(x) — nl are positive definite for
some 17 > 0 and all « on the line segment connecting y to z. Show that

Viy,z, |z —y)) <Kn %z —y|,

where K < oo depends only on the bounds on |b(:)| and |o(-)].
Hint: Consider the path ¢5 =y + s(z —y)/|z — y|, and

Us = U(¢S)/[U(¢S)0/(¢S)}il(és —b(¢s)) -

Check that |us| < Kyn~! for all s € [0, ]z — y|] and some K; < oo.
(b) Show that for all z,y, z,

Viz,z) <V(z,y) +V(y, 2).

(c) Prove that if there exists 77> 0 such that the matrices o(z)o’(z) —nl are
positive definite for all z € G U {0}, then Assumption (A-4) holds.

Hint: Observe that by the uniform Lipschitz continuity of o(-), the positive
definiteness of o(-)o(-)’ at a point xg implies that the matrices o(z)o’(x) —nl
are positive definite for all |z — xg| < p when 7, p > 0 are small enough.

Exercise 5.7.30 Assume (A-1)-(A-4). Prove that for any closed set N C
oG,

lim limsup elog sup P,(zt. € N) < —(inf V(0,2) — V).
p—0 €e—0 yEB, zEN

Exercise 5.7.31 Complete the proof of Corollary 5.7.16.

Exercise 5.7.32 Consider the stochastic differential equations
dr§ = Vedw;, zf € R, (5.7.33)

dr; = —azidt + edwy, z{€R, a>0. (5.7.34)

Let G = (a,b). Apply Theorem 5.7.3 for both cases to evaluate the following
expressions and limits.
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(a) Compute E,(7¢) and lim._,q elog E,(7¢); compare the x dependence in
both cases.

(b) Let b — oco. What happens to the asymptotic behavior of E.(7¢) in both
cases? Compare to the case in which o < 0 in (5.7.34).

(c) Compute P,(z) = P, (exit at z = a). Compare (5.7.33) and (5.7.34) to
see the influence of x when ¢ — 0.

Exercise 5.7.35 Viterbi [Vit66, page 86] proposes the following model for a
first-order phased locked loop that tracks a constant phase:

d¢t = (A — AK sin ¢t)dt + det 5

where A is a constant (which reflects the demodulated frequency), AK > A,
and A, K are given constants.

A cycle slip is defined as an exit from the basin of attraction of ¢p2
sin"'(A/AK). Compute the mean exit time. What happens when K — 0 ?

Exercise 5.7.36 In this exercise, the Hamilton—Jacobi equations associated
with the quasi-potential are derived.

(a) Consider the following optimization problem. Let L(x,y,t) be a function
that is convex in the variable y, C° in all its variables and bounded in the
variable . Define

t
W(x,t)= inf / L(xs, s, 8)ds
0

zo=0,z:=x

and
H(z,p,t) = ir;f[L(%y,t) —(p, )]

Note that H(z,-,t) is (up to sign) the Fenchel-Legendre transform of L(x, -, t)
with respect to the variable y. Assume that W is C! with respect to (x,t).

Prove that
ow

S = H@Wat), (5.7.37)

where W,20W /0.
Hint: Use the optimality of W to write

Wz, t+ At) — W(z,1)
T —z

At

t+At
~ inf W(x’,t)—W(x,t)—&—/ Lz,
t

x

,8)ds|

and use the regularity assumption on W to get (5.7.37).
(b) Suppose that L(x,y,t) = L(x,y), and define

¢
W(z) = inf / L(zg,s)ds.
0

- t>0,20=0,xs=x
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Prove that

H(z,W,)=0. (5.7.38)
Remark: Consider (5.7.1), where for some 1 > 0 the matrices o(x)o(z)" —
nl are positive definite for all = (uniform ellipticity), and b(z),o(z) are C*

functions. Then the quasi-potential V' (0,x) = W (z) satisfies (5.7.38), with

L(z,y) = % {y = b(x), (o(x)o(x)) " (y — b(x))) ,
and hence, )
H(z,p) = =(p,b()) = 5lo(@)p*.

Exercise 5.7.39 Consider the system that is known as Langevin's equation:

dl‘l = xgdt, (5740)
dee = —(zo+U'(21))dt +V2v/edw; ,
where w_is a standard Brownian motion (and U’(z) = dU/dx). By adding
a term [(y/edv; to the right side of (5.7.40), where v; is a standard Brownian

motion independent of w;, compute the Hamilton—Jacobi equation for W (z) =
V(0,x) and show that as 5 — 0, the formula (5.7.38) takes the form

oW, — (22 + U’ (21))Wa, + W2, = 0. (5.7.41)

Show that W (x1,22) = U(z1) + 23/2 is a solution of (5.7.41). Note that, al-
though W can be solved explicitly, Green's fundamental solution is not explicitly
computable.

Remark: Here, W is differentiable, allowing for the justification of asymptotic
expansions (c.f. [Kam78]).

5.8 The Performance of Tracking Loops

In this section, two applications of the problem of exit from a domain to
the analysis of tracking problems are considered. In both cases, the bounds
of Section 5.7 are used to yield exponential bounds on the time to lose lock
and thus on the performance of the tracking loops.

5.8.1 An Angular Tracking Loop Analysis

Consider a radar tracking the angular location of a target. The angular
location of the target is modeled by the solution of the following stochastic
differential equation

d9t = m(@t) dt + dwt, 00 = 0, (581)
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where w; is a two-dimensional Brownian motion, § € IR? consists of the
elevation and azimuthal angles, and m(-) is assumed to be bounded and
uniformly Lipschitz continuous. The random element in (5.8.1) models un-
certainties in the dynamics, such as random evasive maneuvers of the target.
The information available to the tracker comes from an observation device
(antenna or lens). Denoting by u; € IR? its angle, this information may be
modeled as the solution of the equation

dyy = (0 — ug) dt + edvy (5.8.2)

where v; is a (two-dimensional) Brownian motion, independent of w, and
0., which models the observation noise. Typical tracking loops are designed
to achieve good tracking. In such loops, the observation noise is small
compared to 6; — ug, which is why the factor ¢ < 1 appears in (5.8.2). On
the other hand, the dynamics noise in (5.8.1) is not necessarily small.

Since the observation device has a limited field of view (which is mea-

sured in terms of its beam-width 6.,.), the diffusion equation (5.8.2) ceases
to model the observation process as soon as the tracking error 6, — u; exits
from the field of view of the tracking device. In general, this field of view
can be seen as a domain D in IR%. Two particular cases are of interest here:
(a) D1 = By,,,. This is the case of a symmetric observation device.
(b) Dy = (—6%.,6%) x (—0Y.,6Y). This corresponds normally to decou-
pled motions in the elevation and azimuthal axis, and often is related to a
situation where 6Y. > 0%, or to situations where the elevation motion is
not present, both in the dynamics model and in the observation, making
the observation process one-dimensional. Therefore, consideration is given
to the case Dy = (—0.,60.) x R. The exit event is referred to as track
loss. Based on the available observations {ys, 0 < s < t}, the tracker may
modify wu; in order to minimize the probability to lose track in a certain
interval [0, T, or to maximize the mean time to lose track. Such a notion
of optimality may in general be ill-posed, as an optimal solution might not
exist in the class of strong solutions of diffusions driven by the observation
process y. of (5.8.2). Therefore, the problem of designing an optimal control
uy is not dealt with here. Rather, the performance of a simple, sub-optimal
design is analyzed. However, when the motions in the elevation and az-
imuthal angles are decoupled, this sub-optimal design actually maximizes
the logarithmic rate associated both with the mean time to lose track and
the probability to lose track in [0,T]. (See [2Z92] for details.)

The tracking loop to be analyzed corresponds to u; such that

1
dus = m(us)dt + = dyt , up =0. (5.8.3)
€
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PHOTOELECTRIC CELL

TRANSMISSION

CELL SENSITIVITY .
CHARACTERISTIC 72X

NOISY ERROR SIGNAL

Figure 5.8.1: Tracking system.!

Since m(-) is uniformly Lipschitz continuous, a strong solution exists to
the system of equations (5.8.1)—(5.8.3). Let 7 = inf{s : |05 — us| > 6.}
be the time until the first loss of track starting with a perfect lock, where
| - | is understood in case D; as the Euclidean norm and in case Dy as the
one-dimensional norm. The limiting behavior of 7, as ¢ — 0, is stated in
the following theorem.

Theorem 5.8.4

2
cr

lEI(I)G log E(1) = -

Proof: Let z; = 6; — u; denote the angular tracking error. Then z; satisfies
the equation

1
dzy = (m(0;) — m(uy))dt — = zedt — dvy + dwy, 29 =0,
€

which under the time change ¢’ = t/e becomes

dzy = e(m(0y) — m(uy)) dt’ — zpdt' +2edivy

L Adapted with permission from [ZZ92]. (©)1992 by the Society for Industrial and
Applied Mathematics, Philadelphia, Pennsylvania. All rights reserved.
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where 10y 2(weyr — verr)/V/2€ is a standard Brownian motion. Note that

T T’éinf{s’ D zer| = 0}
€

Let 2 be the solution of
dzy = —2pdt + V2edwy 2 =0. (5.8.5)

By Theorem 5.7.11 (applied to #7/2inf{s’ : |24| > 6...}), it follows that

, P N
i 2elog B(7) = jf, i, 5 [l o

‘¢T‘=90r

where again the norm is the two-dimensional Euclidean norm in case D
and the one-dimensional norm in case Dy. It is worthwhile to note that
in both cases, the behavior of the model (5.8.5) is either a one-dimensional
question (in case D3) or may be reduced to such (by noting that |24| is a
one-dimensional Bessel process), and therefore can in principle be analyzed
explicitly. The large deviations approach allows both a reduction to the
model (5.8.5) and a simplification of the computations to be made.

The proof of the following lemma is left to Exercise 5.8.10.

Lemma 5.8.6 In both cases D1 and D,

I
inf  inf —/ e + |2 dt = 62, (5.8.7)
T>0 ¢: =0 2 0
|¢T|:96r

Hence, it suffices to show that lim._,q €| log E(7') — log E(7’)| = 0 in order
to complete the proof of the theorem. This is a consequence of the following
lemma, which allows, for any n > 0, to bound 7’ between the values of 7/
corresponding to .. — 1 and 6., + 7, provided that e is small enough.

Lemma 5.8.8

sup |z — Zp| < 2e sup |m(z)| almost surely .
t'>0 z€lR?

Proof: Let ey =z — Zy. Then
ey =e(m(fy) —m(uy)) —ey , e =0.
Hence,

t/
ey = e/ (m(8,) — m(us))e~ " ~*)ds.
0
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Therefore,

t/
les] < 2e sup |m(m)|/ e ('=9)qs. ]
z€IR? 0

Exercise 5.8.9 Prove that Theorem 5.8.4 holds for any tracking system of
the form

1
duy = f(ug)dt + - dys , ug =0

as long as f(-) is bounded and uniformly Lipschitz continuous.

Remark: In particular, the simple universal tracker u; = y;/e can be used
with no knowledge about the target drift m(-), yielding the same limit of
elog E(7).

Exercise 5.8.10 Complete the proof of Lemma 5.8.6.

Hint: Observe that by symmetry it suffices to consider the one-dimensional
version of (5.8.7) with the constraint ¢7 = 6.,. Then substitute Uy =y + &y
and paraphrase the proof of Lemma 5.4.15.

5.8.2 The Analysis of Range Tracking Loops

An important component of radar trackers is their range tracking abilities.
By transmitting a pulse s(¢) and analyzing its return from a target s(t — ),
one may estimate 7, the time it took the pulse to travel to the target and
return. Dividing by twice the speed of light, an estimate of the distance to
the target is obtained.

A range tracker keeps track of changes in 7. Suppose 7 is itself a random
process, modeled by

Thpr =Tk — €TB 7 + €T 20y, (5.8.11)

where 75 denotes the value of 7 at the kth pulse transmission instant, {vy}
denotes a sequence of zero mean i.i.d. random variables, T is a deterministic
constant that denotes the time interval between successive pulses (so 1/T is
the pulse repetition frequency), and 3 is a deterministic constant related to
the speed in which the target is approaching the radar and to the target’s
motion bandwidth. The changes in the dynamics of the target are slow in
comparison with the pulse repetition frequency, i.e., low bandwidth of its
motion. This is indicated by the € <« 1 factor in both terms in the right
side of (5.8.11).

If {vy} are standard Normal, then (5.8.11) may be obtained by discretiz-
ing at T-intervals the solution of the stochastic differential equa-
tion dr = —ef7dt + eadvy, with v, a standard Brownian motion, 8 =
(1—ePT)/eT ~ 3 and a2 = 2¢3T/(1 — e 2PT) ~ 1.
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The radar transmits pulses with shape s(-) at times kT, k = 0,1,...,
where s(¢) = 0 for [t| > £ and § < T. The kth pulse appears at the receiver
as s(t — kT — 1), and to this noise is added. Hence, the receiver input is

oo

dyy = Zs(t— kT — 1) dt + No dwy
k=0

where w; is a standard Brownian motion independent of {v} and 7y, while
Ny is a deterministic fixed constant reflecting the noise power level. Usually,
T is chosen such that no ambiguity occurs between adjacent pulses, i.e., T'
is much larger then the dynamic range of the increments (7441 — 7%). A

dYt/\\v«/-/\\w //

h( -—y/zT—?k)

Figure 5.8.2: Block diagram of a range tracker.

typical radar receiver is depicted in Fig. 5.8.2. It contains a filter h(:)
(the range gate) that is normalized such that fi/siz |h(t)|? dt = 1/§ and is

designed so that the function
5/2
glz) = / s(t+x)h(t)dt

—6/2

is bounded, uniformly Lipschitz continuous, with ¢g(0) = 0, ¢’(0) < 0 and
zg(z) < 0 for 0 < |z| < 4.

A typical example is

for which
ote) = —siwnte) (5 e + (1= 5 ) 1 500D

The receiver forms the estimates
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s(t)
1
 I——
—-é/2 é/2 t
h(t)
1/6;
-6/2
é/2 t
g(t)
-1/2
By S 73 /2 7% t
-1/2}

Figure 5.8.3: Typical range gate characteristics.

Fo+kT+5/2
7A'k+1=7ﬁk—€Tﬂ7A'k—|-€KT/ h(t — 7, — kT)dy; , (5.8.12)
Fr+kT—6/2
where K > 0 is the receiver gain. The correction term in the preceding
estimates is taken of order e to reduce the effective measurement noise to
the same level as the random maneuvers of the target.

Since T > ¢, adjacent pulses do not overlap in (5.8.12), and the update
formula for 75 may be rewritten as

NoKT

7A'k+1 = 7/\—]@ — ETﬂf']g + €KTg(7A'k; — Tk) + EW

Wy ,

where wy, ~ N(0, 1) is a sequence of i.i.d. Normal random variables. As-
sume that 7o = 79, i.e., the tracker starts with perfect lock. Let Z, = 7, — 7%
denote the range error process. A loss of track is the event {|Z;| > 0}, and
the asymptotic probability of such an event determines the performance of
the range tracker. Note that Zj satisfies the equation

Zyr1 = Zi +eb(Zy) +evy, Zo =0, (5.8.13)
where b(2)2 — T8z + KTg(z) and 1,2 1\:;011/{2ka T2y,
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In the absence of the noise sequence {4} and when 3 > 0, the dynamical
system (5.8.13) has 0 as its unique stable point in the interval [—d, d] due to
the design condition zg(z) < 0. (This stability extends to 5 < 0 if K is large
enough.) Therefore, as ¢ — 0, the probability of loss of lock in any finite
interval is small and it is reasonable to rescale time. Define the continuous
time process Z(t), t € [0, 1], via

Ze(t) = Zyje + €1 (t—eft/e]) (Z[t/e]+1 — Zjy)q) ) :

Let A(:) be the logarithmic moment generating function of the random
variable v; and assume that A(\) < oo for all A € IR.

The large deviations behavior of Z,(-) is stated in the following theorem.

Theorem 5.8.14 {Z.(-)} satisfies the LDP in Cy([0, 1]) with the good rate
function

1(6) = { Jo A*(6(2) “HOmd P ACH0=0 (54

Proof: Note first that, by Theorem 5.1.19, the process
[t/e]-1

.
k=0
satisfies an LDP in L. ([0, 1]) with the good rate function

L(6) = { Jo (@), 6 € AC, 6(0) =0 (5.8.16)

00 otherwise .

Let Y,(t) be the polygonal approximation of Y,(t), namely,

YVe(t)2Ye(t) + (¢ — elt/e]) vieye -

Then the same arguments as in the proof of Lemma 5.1.4 result in the
exponential equivalence of Y,(-) and Y.(-) in Lo ([0,1]). Hence, as Y.(t)
takes values in Cy([0,1]), it satisfies the LDP there with the good rate
function I, () of (5.8.16).

Since b(-) is Lipschitz continuous, the map ¢ = F(¢) defined by

/b ))ds + 6(1)

is a continuous map of Co([0, 1]) onto itself. Therefore, by the contraction
principle (Theorem 4.2.1), Z, é F(Y,) satisfies an LDP in Cy([0, 1]) with the
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good rate function I(-) of (5.8.15). (For more details, compare with the
proof of Theorem 5.6.3.) The proof is completed by applying Theorem
4.2.13, provided that Z.(-) and Ze() are exponentially equivalent, namely,
that for any ' > 0,

lim ¢ log P(]| Ze—Z ||>7) = —.
To this end, recall that

Ze(t) — Ze (elt/€]) = (t — e[t/e]) (D(Zese)) + vipsel) >

and therefore,
! [1/¢
/ 12:(8) — Zelelt/eD)|at < e (k] + sup (=) )
0 k=0 z€R
Since b(-) is bounded, it now follows that for any n > 0,
1
lirr(l)elogP </ | Ze(t) — Ze(elt/€])|dt > 77) =—00. (5.8.17)
€— 0

(Recall Exercise 5.1.24.) Observe that by iterating (5.8.13),

/b (els/e])) ds + Yo(t) .

while

Let e(t) = | Z.(t) — Z(t)|. Then

[ [pzts (MMM
/ w+3/ﬁz (cls/e)| s,

where B is the Lipschitz constant of b(-). Hence, Gronwall’s lemma (Lemma
E.6) yields

[s]
—~

~
~—

N

IN

sup e(t) < BeP /|Z (e[s/€])| ds ,

0<t<1
and the exponential equivalence of Z.(-) and Z.(-) follows by (5.8.17). [

Remarks:
(a) Observe that Theorem 5.8.14 applies for any random process that
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evolves according to (5.8.13), provided that b(-) is bounded and uniformly
Lipschitz continuous and vy are i.i.d. random variables whose logarith-
mic moment generating function A(-) is finite everywhere. The preceding
proof does not use other special properties of the range tracking problem.
Likewise, the theorem extends to finite intervals [0,7] and to IR%-valued
processes.

(b) Focusing back on the range tracking application, since v; has zero mean
and b(0) = 0, I(¢) = 0 only when ¢, = 0. Moreover, by choosing K large
enough such that K¢'(0) < 3, the point 0 becomes a stable point of the
deterministic ordinary differential equation

Ty = b(xs) = —Tpxs + TKg(xs) )

and it is the unique such point in some neighborhood of 0 that may be
strictly included in the domain G = (—6,6). However, for 8 > 0, indeed,
x = 0 is the unique stable point in G and any trajectory with initial condi-
tion x¢ € G converges to 0 as s — oo. The analysis of the mean time until
loss of track follows the Freidlin—-Wentzell approach presented in Section 5.7
for diffusion processes.

(c) It is interesting to note that a common model in the literature is to ap-
proximate first 7 by a continuous model (obtained after a time rescaling)
and then compute the asymptotics of rare events. Since the time-rescaled
continuous time model involves Brownian motion, this computation results
in the rate function

0 , otherwise

for some ¢ > 0. As is obvious from the analysis, this approach is justified
only if either the random maneuvers vy are modeled by i.i.d. Normal ran-
dom variables or if vy are multiplied by a power of € higher than 1, as in
Exercise 5.8.19.

Exercise 5.8.19 Assume that 7 satisfies the equation
— _ aml/2
Tht1 = Tk — €L BT + €T “vy,

for some a > 1. Prove that then effectively v, = (No KT/v/§)wy, and the rate
function controlling the LDP of Z.() is In(-) of (5.8.18) with ¢ = (NgKT)?/5.

Exercise 5.8.20 (a) Prove that Theorem 5.8.14 holds for any finite time
interval [0, T] with the rate function

Ir(¢) = { S A () —b(o(t) dt , ¢ € ACT,6(0) =0

0 , otherwise .
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(b) Let 7* = inf{k : |Zx] > 0} and suppose that 5 > 0. Repeating the
arguments in Section 5.7, prove that

lim elog E(7*) = inf inf I () .
=0 T>0 {¢: $(0)=0,|6(T)|=0}

5.9 Historical Notes and References

Many of the large deviations results for sample path of stochastic processes,
with the notable exception of Schilder’s theorem, were developed by the
Russian school.

The random walk results of Section 5.1 appear implicitly in [Var66],
using a direct approach that did not make use of the projective limits dis-
cussed here. Building upon [Bor65, Bor67, Mog74], Mogulskii [Mog76] ex-
tends this result to accommodate different scalings and, using the Skorohod
topology, accommodates also moment generating functions that are finite
only in a neighborhood of the origin. See also [Pie81] for random variables
with sub-exponential tails and [LyS87] for random variables possessing a
one-sided heavy tail. See also [Mog93] for a general framework. Extensions
to Banach space valued random walks are derived in [BoM80, DeZa95].
Using the approach of Section 5.1, [DeZa95] also relaxes the independence
assumption.

Schilder [Sc66] derives Theorem 5.2.3 by a direct approach based on
Girsanov’s formula. A derivation related to ours may be found in [Puk94a].

As can be seen in Exercise 5.2.14, inequalities from the theory of Gaus-
sian processes may be used in order to prove exponential tightness and large
deviations for the sample path of such processes. A derivation of Schilder’s
theorem based on Fernique’s inequality may be found in [DeuS89b]. A
non-topological form of the LDP for centered Gaussian processes, which
is based on the isoperimetric inequality, may be found in [BeLd93]. This
version includes Schilder’s theorem as a particular case.

The results of Section 5.3 first appeared in the first edition of this book.
Large deviations for the Brownian sheet follow also from the Banach space
version of Cramér’s theorem described in Exercise 6.2.21, see [DoD86].

Freidlin and Wentzell derived both the sample path diffusion LDP and
the asymptotics of the problem of exit from a domain in a series of papers
beginning with [VF70, VF72] and culminating in the 1979 Russian edition
of their book [FW84], soon to be updated. (See also [Wen90].) Their
approach is based on a direct change of measure argument and explicit
computations. Our treatment in Section 5.6, based on suitable “almost
continuous” contractions, is a combination of the results of [Aze80, FW84,
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Var84]. For other sample path results and extensions, see [Mik88, Bal9l,
DoS91, LP92, deA94al. See also [MNS92, Cas93, BeC96] for analogous
LDPs for stochastic flows.

An intimate relation exists between the sample path LDP for diffusions
and Strassen’s law of the iterated logarithm [Str64]. A large deviations
proof of the latter in the case of Brownian motion is provided in [DeuS89b).
For the case of general diffusions and for references to the literature, see
[Bal86, Gan93, Car9s].

Sample path large deviations have been used as a starting point to the
analysis of the heat kernel for diffusions, and to asymptotic expansions of
exponential integrals of the form appearing in Varadhan’s lemma. An early
introduction may be found in Azencott’s article in [As81]. The interested
reader should consult [Aze80, As81, Bis84, Ben88, BeLa9l, KuS91, KuS94]
for details and references to the literature.

Sample path large deviations in the form of the results in Sections 5.1,
5.2, and 5.6 have been obtained for situations other than random walks or
diffusion processes. For such results, see [AzR77, Fre85a, LyS87, Bez87a,
Bez87b, DeuS89a, SW95, DuE97] and the comments relating to queueing
systems at the end of this section.

The origin of the problem of exit from a domain lies in the reaction
rate theory of chemical physics. Beginning with early results of Arrhenius
[Arr89], the theory evolved until the seminal paper of Kramers [Krad0],
who computed explicitly not only the exponential decay rate but also the
precise pre-exponents. Extensive reviews of the physical literature and
recent developments may be found in [Land89, HTB90]. A direct outgrowth
of this line of thought has been the asymptotic expansions approach to the
exit problem [MS77, BS82, MS82, MST83]. This approach, which is based
on formal expansions, has been made rigorous in certain cases [Kam?78,
Day87, Day89]. A related point of view uses optimal stochastic control as
the starting point for handling the singular perturbation problem [Fle78].
Theorem 5.7.3 was first proved in the one-dimensional case as early as 1933
[PAV&9).

As mentioned before, the results presented in Section 5.7 are due to
Freidlin and Wentzell [FW84], who also discuss the case of general Lévy
processes, multiple minima, and quasi-stationary distributions. These re-
sults have been extended in numerous ways, and applied in diverse fields. In
what follows, a partial list of such extensions and applications is presented.
This list is by no means exhaustive.

The discrete time version of the Freidlin-Wentzell theory was developed
by several authors, see [M0S89, Kif90b, KZ94, CatC97].

Kushner and Dupuis ([DuK86, DuK87] and references therein) discuss
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problems where the noise is not necessarily a Brownian motion, and apply
the theory to the analysis of a Phased Lock Loop (PLL) example. Some of
their results may be derived by using the second part of Corollary 5.7.16. A
detailed analysis of the exit measure, including some interesting examples
of nonconvergence for characteristic boundaries, has been presented by Day
[Day90a, Day90b, Day92] and by Eizenberg and Kifer [Kif81, Eiz84, EK87].
Generalizations of diffusion models are presented in [Bez87b|. Large devi-
ations and the exit problem for stochastic partial differential equations are
treated in [Fre85b, CM90, To91a, DaPZ92].

For details about the DMPSK analysis in Section 5.4, including digital
communications background and simulation results, see [DGZ95] and the

references therein. For other applications to communication systems see
[Buc90].

The large exceedances statements in Section 5.5 are motivated by DNA
matching problems ([ArMW88, KaDK90]), the CUSUM method for the
detection of change points ([Sie85]), and light traffic queue analysis ([Igl72,
Ana88]). The case d = 1 has been studied extensively in the literature,
using its special renewal properties to obtain finer estimates than those
available via the LDP. For example, the exponential limit distribution for T,
is derived in [Igl72], strong limit laws for L, and Y are derived in [DeK91a,
DeK91b], and the CLT for rescaled versions of the latter are derived in
[Sie75, Asm82]. For an extension of the results of Section 5.5 to a class
of uniformly recurrent Markov-additive processes and stationary strong-
mixing processes, see [Zaj95]. See also [DKZ94c] for a similar analysis and
almost sure results for T,, with a continuous time multidimensional Lévy
process instead of a random walk.

The analysis of angular tracking was undertaken in [ZZ92], and in the
form presented there is based on the large deviations estimates for the non-
linear filtering problem contained in [Zei88]. For details about the analysis
of range tracking, motivated in part by [BS88], see [DeZ94] and the refer-
ences therein.

A notable omission in our discussion of applications of the exit problem
is the case of queueing systems. As mentioned before, the exceedances
analysis of Section 5.5 is related to such systems, but much more can be
said. We refer the reader to the book [SW95] for a detailed description
of such applications. See also the papers [DuE92, IMS94, BID94, DuE95,
Na95, AH98| and the book [DuE97].



Chapter 6

The LDP for Abstract
Empirical Measures

One of the striking successes of the large deviations theory in the setting
of finite dimensional spaces explored in Chapter 2 was the ability to obtain
refinements, in the form of Cramér’s theorem and the Gartner—Ellis theo-
rem, of the weak law of large numbers. As demonstrated in Chapter 3, this
particular example of an LDP leads to many important applications; and in
this chapter, the problem is tackled again in a more general setting, moving
away from the finite dimensional world.

The general paradigm developed in this book, namely, the attempt to
obtain an LDP by lifting to an infinite dimensional setting finite dimensional
results, is applicable here, too. An additional ingredient, however, makes its
appearance; namely, sub-additivity is exploited. Not only does this enable
abstract versions of the LDP to be obtained, but it also allows for explicit
mixing conditions that are sufficient for the existence of an LDP to be given,
even in the IR? case.

6.1 Cramér’s Theorem in Polish Spaces

A general version of Cramér’s theorem for i.i.d. random variables is pre-
sented in this section. This theorem is then specialized to strengthen
Cramér’s theorem in IR?. Sanov’s theorem is derived in Section 6.2 as a
consequence of the general formulation of this section. The core new idea
in the derivation presented here, namely, the use of sub-additivity as a tool
for proving the LDP, is applicable beyond the i.i.d. case.
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Let p be a Borel probability measure on a locally convex, Hausdorff,
topological real vector space X. On the space X* of continuous linear
functionals on X, define the logarithmic moment generating function

A(A)élog/ M dy (6.1.1)
X

and let A*(-) denote the Fenchel-Legendre transform of A.

For every integer n, suppose that Xi,...,X,, are i.i.d. random variables
on X, each distributed according to the law u; namely, their joint distribu-
tion p™ is the product measure on the space (X", (Bx)™). We would like to
consider the partial averages

1 n
Aglé E XZ 3
n-—m
l=m+1

with Snéég being the empirical mean. Note that SQ”” are always measurable
with respect to the o-field By~, because the addition and scalar multiplica-
tion are continuous operations on X™. In general, however, (Bx)™ C Bxn
and S may be non-measurable with respect to the product o-field (Bx)™.
When X is separable, By» = (Bx )™, by Theorem D.4, and there is no need
to further address this measurability issue. In most of the applications we
have in mind, the measure p is supported on a convex subset of X that is
made into a Polish (and hence, separable) space in the topology induced
by X. Consequently, in this setup, for every m,n € Z,, 5“:;' is measurable
with respect to (Bx)".

Let p, denote the law induced by S, on X. In view of the preceding
discussion, pu, is a Borel measure as soon as the convex hull of the sup-
port of u is separable. The following (technical) assumption formalizes the
conditions required for our approach to Cramér’s theorem.

Assumption 6.1.2 (a) X is a locally convex, Hausdorff, topological real
vector space. £ is a closed, convex subset of X such that p(€) =1 and &
can be made into a Polish space with respect to the topology induced by X.
(b) The closed convex hull of each compact K C & is compact.

The following is the extension of Cramér’s theorem (Theorem 2.2.3).

Theorem 6.1.3 Let Assumption 6.1.2 hold. Then {uy} satisfies in X (and
E) a weak LDP with rate function A*. Moreover, for every open, convex
subset A C X,

lim 1 log pin(A) = — inf A*(z). (6.1.4)

n—oo N r€A
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Remarks:

(a) If, instead of part (b) of Assumption 6.1.2, both the exponential tightness
of {p,} and the finiteness of A(-) are assumed, then the LDP for {u,} is a
direct consequence of Corollary 4.6.14.

(b) By Mazur’s theorem (Theorem B.13), part (b) of Assumption 6.1.2 fol-
lows from part (a) as soon as the metric d(-, -) of £ satisfies, for all a € [0, 1],
T1,%2,Y1,Y2 € €, the convexity condition

dlaz; + (1 — a)xe, ayr; + (1 — a)y2) < max{d(xz1,y1),d(x2,y2)}. (6.1.5)

This condition is motivated by the two applications we have in mind,
namely, either X = £ is a separable Banach space, or X = M(X),& =
M;(X) (see Section 6.2 for details). It is straight forward to verify that
(6.1.5) holds true in both cases.

(c) Observe that S are convex combinations of {X,}7_, . and hence with
probability one belong to £. Consider the sample space Q = E£%+ of
semi-infinite sequences of points in £ with the product topology inherited
from the topology of £. Since £ is separable, the Borel o-field on (2 is
Bo = (Bg)%+, allowing the semi-infinite sequence Xi,..., Xy, ... to be
viewed as a random point in 2, where the latter is equipped with the Borel
product measure p%+, and with S, being measurable maps from (€, Bg)
to (£, Bg). This viewpoint turns out to be particularly useful when dealing
with Markov extensions of the results of this section.

The following direct corollary of Theorem 6.1.3 for X = £ = R% is a
considerable strengthening of Cramér’s theorem (Theorem 2.2.30), since it
dispenses with the requirement that either Dy = R? or A be steep.

Corollary 6.1.6 The sequence {u,} of the laws of empirical means of R?-
valued i.i.d. random variables satisfies a weak LDP with the convex rate
function A*. Moreover, if 0 € DY, then {pn} satisfies the full LDP with the
good, convex rate function A*.

Proof: The weak LDP is merely a specialization of Theorem 6.1.3. If
0 € DY, the full LDP follows, since {y,} C M;(IR?) is then exponentially
tight. (See the inequality (2.2.33) and the discussion there.) U

The proof of Theorem 6.1.3 is based on the following key lemmas.

Lemma 6.1.7 Let part (a) of Assumption 6.1.2 hold true. Then, the se-
quence {p,} satisfies the weak LDP in X with a convex rate function I(-).
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Lemma 6.1.8 Let Assumption 6.1.2 hold true. Then, for every open, con-
vex subset A C X,

1 .
Jim -~ log pn(A) = — inf I(z),

where I1(+) is the convex rate function of Lemma 6.1.7.

We first complete the proof of the theorem assuming the preceding lemmas
established, and then devote most of the section to prove them, relying
heavily on sub-additivity methods.

Proof of Theorem 6.1.3: As stated in Lemma 6.1.7, {u,} satisfies the
weak LDP with a convex rate function I(-). Therefore, given Lemma 6.1.8,
the proof of the theorem amounts to checking that all the conditions of
Theorem 4.5.14 hold here, and hence I(-) = A*(-). By the independence of
X1, Xo,...,X,, it follows that for each A € X* and every t € R, n € Z_,

%log E [e"“’\’s“q =log F [€t</\’xl>} = A\(1).

Consequently, the limiting logarithmic moment generating function is just
the function A(+) given in (6.1.1). Moreover, for every A € X*, the function
A (+) is the logarithmic moment generating function of the real valued ran-
dom variable (A, X;). Hence, by Fatou’s lemma, it is lower semicontinuous.

It remains only to establish the inequality

i <i 3 . 1.

{J;:(()\,g)lf;a)>0} I(z) < zlr>1£ A(z), YaeR,Vie X (6.1.9)
To this end, first consider A = 0. Then A}(z) = 0 for z =0, and A}(2) = o0
otherwise. Since X is an open, convex set with p, (X)) = 1 for all n, it follows
from Lemma 6.1.8 that inf,cx I(x) = 0. Hence, the preceding inequality
holds for A = 0 and every @ € IR. Now fix A € A", A # 0, and a € IR.
Observe that the open half-space H,2{z : ((\,z) — a) > 0} is convex, and
therefore, by Lemma 6.1.8,

1
- inf I(zx) = lim —logu,(H,
{z:((\,z)—a)>0} (@) n—oo n g tin(Ha)

1 _
> suplimsup —log iy (Ha+s) 5
>0 n—oo N

where the inequality follows from the inclusions H,45 C H, for all 6 > 0.
Let Y,2()\, X¢), and
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Note that S, € H, iff Z, € [y,00). By Cramér’s theorem (Theorem 2.2.3),
the empirical means Z, of the i.i.d. real valued random variables Y; satisfy
the LDP with rate function A}(-), and by Corollary 2.2.19,

1 —
I = log pin (Hass) = {f'fA* }:f'fA* .
suplimsup - 0g fin(Ha+s) sup —dnf | A(2) inf AX(2)

Consequently, the inequality (6.1.9) holds, and with all the assumptions of
Theorem 4.5.14 verified, the proof is complete. |

The proof of Lemma 6.1.7 is based on sub-additivity, which is defined
as follows:

Definition 6.1.10 A function f : Z, — [0,00] is called sub-additive if
f(n+m) < f(n)+ f(m) for alln,m € Z..

Lemma 6.1.11 (Sub-additivity) If f : Z, — [0,00] is a sub-additive
function such that f(n) < oo for alln > N and some N < oo, then

lim m: inf M

n—oo N n>N n

< o0

Proof: Fix m > N and let M, 2max{f(r) : m < r < 2m}. By as-
sumption, M,, < oco. For each n > m > N, let s = |[n/m] > 1 and
r=n—m(s—1) € {m,...,2m}. Since f is sub-additive,

fn) _ (s=Df(m) [(r) _(s=1)f(m) My

< +2 < +2
n n n n n

Clearly, (s —1)/n — 1/m as n — oo, and therefore,

limsup@ < % .

With this inequality holding for every m > N, the proof is completed by
considering the infimum over m > N. ]

The following observation is key to the application of sub-additivity.
Lemma 6.1.12 Let part (a) of Assumption 6.1.2 hold true. Then, for every
conver A € By, the function f(n)= —log u,(A) is sub-additive.

Proof: Without loss of generality, it may be assumed that A C £. Now,

Sern: n S’m"_ i
m-+n m-+n

Svm

m—+n *
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Therefore, S,, 1, is a convex combination (with deterministic coefficients)
of the independent random variables S, and S)_ . Thus, by the convexity
of A,

{w: §m+n(w) e AdN{w: Sn(w) e A C{w: Spin(w) € A}.

m

Since, evidently,

P {w: Sy (w) € AY) = pt(fw s Su(w) € A})

m—+n

it follows that

or alternatively, f(n) = —log u,(A) is sub-additive. ]

The last tool needed for the proof of Lemma 6.1.7 is the following lemma.

Lemma 6.1.14 Let part (a) of Assumption 6.1.2 hold true. If A C & is
(relatively) open and p,,(A) > 0 for some m, then there exists an N < 00
such that p,(A) > 0 for alln > N.

Proof: Let A C & be a fixed open set and suppose that g, (A) > 0 for some
m < oo. Since £ is a Polish space, by Prohorov’s theorem (Theorem D.9),
any finite family of probability measures on £ is tight. In particular, there
exists a compact K C &, such that p,.(K) >0, r=1,...,m.

Suppose that every p € A possesses a neighborhood B, such that
tm(Bp) = 0. Because £ has a countable base, there exists a countable
union of the sets B, that covers A. This countable union of sets of iy,
measure zero is also of u,, measure zero, contradicting the assumption that
tm(A) > 0. Consequently, there exists a point py € A such that every
neighborhood of py is of positive u,, measure.

Consider the function f(a,p,q) = (1 —a)p+aq: [0,1]] x E X E — E£.
(The range of f is in &, since £ is convex.) Because & is equipped with the
topology induced by the real topological vector space X', f is a continuous
map with respect to the product topology on [0,1] x £ x £. Moreover, for
any ¢ € &, f(0,po,q) = po € A, and therefore, there exist ¢, > 0, and two
neighborhoods (in &), W, of ¢ and Uy of po, such that

(1-—eUy+eW,CA VO0<e<e,.

The compact set K may be covered by a finite number of these W,. Let
€* > 0 be the minimum of the corresponding ¢, values, and let U denote the
finite intersection of the corresponding U,. Clearly, U is a neighborhood of
po, and by the preceding inequality,

(I-eU+eKCA V0<e<e".



6.1 CRAMER’S THEOREM IN POLISH SPACES 257

Since & is convex and X is locally convex, U contains a convex neighborhood,
denoted V', of py, and by the preceding set inclusion,

for n =1,2,... and for every 0 < € < €*. Let N = m[1/e*] +1 < oo and
represent each n > N as n = ms + r with 1 <r < m. Since

S = (1= 2)8pms + -8,
n n
and by the choice of N, (6.1.15) holds for e = r/n < €*, it follows that

pn(A) > p"({Sms €V, S € K})
= p"({Sms € VO ({8 € K})
> NmS(V)/JT(K)v

where the independence of Sms and S’f{ls has been used. Recall that K is
such that for r =1,2,...,m, u.(K) > 0, while V' is a convex neighborhood
of pg. Hence, 1, (V) > 0, and by (6.1.13), pms(V) > pm(V)* > 0. Thus,
pn(A) >0 for all n > N. O

Proof of Lemma 6.1.7: Fix an open, convex subset A C X. Since
tn(A) = pp(ANE) for all n, either p,(A) = 0 for all n, in which case
La=—1lim, % log ptn, (A) = 00, or else the limit

1
La=— lim —logu,(A)

n—oo n

exists by Lemmas 6.1.11, 6.1.12, and 6.1.14.

Let C° denote the collection of all open, convex subsets of X'. Define
I(x)ésup{LA cx €A, AeC%}.

Applying Theorem 4.1.11 for the base C° of the topology of X, it follows
that p, satisfies the weak LDP with this rate function. To prove that I(-)
is convex, we shall apply Lemma 4.1.21. To this end, fix A1, Ay € C° and
let A2(A; 4 A3)/2. Then since (S, 4+ S%.)/2 = Sa,, , it follows that

pn(A)pin (A2) = 2" ({w : S € A} N {w: S5, € A2}) < p2a(A) .
Thus, by taking n-limits, the convexity condition (4.1.22) is verified, namely,
. 1 . 1 1
lim sup — log pi,, (A) > limsup — log pion (A) > —=(La, + L4,) -
n—oo N nooo 21 2

With (4.1.22) established, Lemma 4.1.21 yields the convexity of I and the
proof is complete. Ul
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Proof of Lemma 6.1.8: In the proof of Lemma 6.1.7, it is shown that
for any open, convex subset A € C°, the limit L4 = —lim, % log i (A)
exists, and by the large deviations lower bound £4 < inf,ec4 I(2). Conse-
quently, it suffices to show that for every A € C° and all § > 0,

: < '
;relgf(x) <La+26

Fix A € C° and 6 > 0. Without loss of generality it may be assumed
L4 < oo. Then there exists an N € Z_ such that

1 1
—NloguN(Aﬁg) = —NloguN(A) <La+d<oo.

The relatively open set ANE can be made into a Polish space in the topology
induced by £. Hence, by Theorem D.7, there exists a compact set C C ANE
such that

1 1
—Nlog,uN(C’) < —NloguN(A) +0<La+26.

Since A is an open subset of the locally convex (regular) space X, for every
x € A there exists a convex neighborhood B, such that B, C A. The
compact set C' may thus be covered by a finite number of such neighborhoods
{B;},i =1,...,k. By Assumption 6.1.2, ©(C) is compact. Since B; are
convex, the set

4

c By) ,

C=

(B:n&(0)) = (0) N (

1 i

-

[ 1

is a finite union of compact convex sets that contains C'. Hence, K2co(C)
contains C' and is a closed subset of both A and @(C'). Consequently, K is
a convex and compact set which satisfies

1 1
—NloguN(K) < —NloguN(C) <La+26.

Since K is convex, the function g(n) = —log u, (K) is sub-additive. Thus,

1 1
—limsup — 1 A(K) < liminf |——1 N (K
1mbupn ogn(K) < limin . og pnn (K)

n—oo n—oo

1
< —NloguN(K) <La+26.

The weak LDP upper bound applied to the compact set K C A yields

inf I(z) < inf I(z) < —limsup 1 log pn (K) ,
n

T€EA zeK n— 00

and the proof is completed by combining the preceding two inequalities. []
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Exercise 6.1.16 (a) Prove that (6.1.4) holds for any finite union of open
convex sets.

(b) Construct a probability measure ;1 € M;(IR?) and K C IR? compact and
convex such that

1 1
lim sup - log pir, (K) > liminf - log pin (K) .
Exercise 6.1.17 A function f : Z, — [0,00] is A sub-additive if, for all n
large enough, f(n) < oo, and moreover, there exists a function k : Z, — [0, 0]
such that k(n)/n — 0, and for all n,m € Z,

fntm) < f(n) + f(m) + k(n Am).

Prove that lim, . f(n)/n exists for A sub-additive functions.
Exercise 6.1.18 Prove that Lemma 6.1.7 holds when X; are dependent ran-
dom variables in £ that satisfy the following (very strong) mixing property: for
any n,m € Z, and any A, B € Bg,

P(Sm € A, Sy, € B) > k(m,n)P(S,, € A)P(S, € B),

m+n

where |log k(m,n)|/(m An) —— 0 and is independent of A and of B.

(mAn)—oo

Hint: See Exercise 6.1.17.

Exercise 6.1.19 Let (w},w?,...,w?,...) be i.i.d. random variables taking
values in Cy([0,1]), each distributed according to the Wiener measure (i.e., w’
are independent standard Brownian motions). Note that the measure p,, on
Co([0,1]) defined by S,, = (w} +w? + - - - +w})/n is the same as the measure
of \/ew] for e = 1/n. This observation is used here to derive Schilder's theorem
as a consequence of Theorem 6.1.3.

(a) Prove that u, are exponentially tight.

Hint: Use the compact sets

6(t) — o(s)| _

Ka:{quCo([O,lDI |t—8|1/4 _Oé},

0<s<t<1

and apply Borell's inequality (5.2.15).
(b) Check that

, otherwise

Iw(gb){ 1y dAwdt e H

is a convex, good rate function on C([0,1]), and moreover, for every bounded
Borel measure v on [0, 1],

sup ]){/01 ¢(t)v(dt) — 1,(9) } = % /01 [v((s,1])Pds=A(v)

¢€C([0,1
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(c) Verify that
1 1 1
Alv) == / / (t A s)v(dt)v(ds)
2 0 0

is the limiting logarithmic moment generating function associated with {x,},
and apply the duality lemma (Lemma 4.5.8) to conclude that I,,(-) = A*(-).
(Recall that, by Riesz's representation theorem, the topological dual of C(]0, 1])
is the space of all bounded Borel measures on [0, 1]).

(d) Complete the proof of Schilder's theorem (Theorem 5.2.3).

6.2 Sanov’s Theorem

This section is about the large deviations of the empirical law of a sequence
of i.i.d. random variables; namely, let 3 be a Polish space and let Y7,...,Y,
be a sequence of independent, Y-valued random variables, identically dis-
tributed according to i € M;(3), where M7 (%) denotes the space of (Borel)
probability measures on 3. With §, denoting the probability measure de-

generate at y € X, the empirical law of Y7,...,Y,, is
yal ¢
L= > oy, € My(T). (6.2.1)
i=1

Sanov’s theorem about the large deviations of LY is proved in Theorem
2.1.10 for a finite set X. Here, the general case is considered. The derivation
follows two different approaches: first, the LDP with respect to the weak
topology is deduced, based on Cramér’s theorem (Theorem 6.1.3), and then,
independently, the LDP is derived by using the projective limit approach of
Section 4.6. The latter yields the LDP with respect to a somewhat stronger
topology (the 7-topology). A third derivation based on the direct change of
measure argument of Section 4.5.3 is outlined in Exercise 6.2.20.

To set up the framework for applying the results of Section 6.1, let X; =
dy, and observe that Xi,..., X, are ii.d. random variables taking values
in the real vector space M(X) of finite (signed) measures on X. Moreover,
the empirical mean of Xi,...,X,, is LY and belongs to M;(X), which is a
convex subset of M(X). Hence, our program is to equip X = M (X) with an
appropriate topology and M;(X) = £ with the relative topology induced by
X, so that all the assumptions of Cramér’s theorem (Theorem 6.1.3) hold
and a weak LDP for LY (in &) follows. A full LDP is then deduced by
proving that the laws of LY are exponentially tight in £, and an explicit
formula for the rate function in terms of relative entropy is derived by an
auxiliary argument.
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To this end, let Cp(X2) denote the collection of bounded continuous
functions ¢ : ¥ — IR, equipped with the supremum norm, i.e., ||¢] =
sup,es [¢(2)]. Equip M(X) with the weak topology generated by the sets
{Upas5,0 € Cp(X),z € R, > 0}, where

Upwso{v € M(D) : |(p,v) — 2| <8}, (6.2.2)

and throughout, (¢, v)= [, ¢dv for any ¢ € Cy(X) and any v € M (). The
Borel o-field generated by the weak topology is denoted B™.

Since the collection of linear functionals {v — (¢,v) : ¢ € Cp(2)} is
separating in M (X), by Theorem B.8 this topology makes M(X) into a
locally convex, Hausdorff topological vector space, whose topological dual is
the preceding collection, hereafter identified with Cy(3). Moreover, M; (%)
is a closed subset of M(X), and M;(X) is a Polish space when endowed
with the relative topology and the Lévy metric. (See Appendix D for some
properties of M;(X) and for the definition of the Lévy metric.) Note that
the topology thus induced on M;(X) corresponds to the weak convergence
of probability measures, and that the Lévy metric satisfies the convexity
condition (6.1.5).

The preceding discussion leads to the following immediate corollary of
Theorem 6.1.3.

Corollary 6.2.3 The empirical measures LY satisfy a weak LDP in M;(X)
(equipped with the weak topology and B = BY ) with the convex rate function

A (v)= sup {(¢,v) —A(P)}, veM(EZ), (6.2.4)
$€CH(Z)

where for ¢ € Cp(X),

A(q’))élog E[e!®9)] = log E[e?M)] = log/ e®dy . (6.2.5)
b

The strengthening of the preceding corollary to a full LDP with a good rate
function A*(-) is accomplished by

Lemma 6.2.6 The laws of LY of (6.2.1) are exponentially tight.

Proof: Note that, by Theorem D.7, u € M;(X) is tight, and in particular,
there exist compact sets ['y C X, £ = 1,2, ... such that

p(TS) < e 20l — 1) . (6.2.7)

The set of measures

Kfz{u: y(rg)z1—%}
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is closed, since, for any sequence {v,} that converges weakly in M; (%),
liminf, o vn(T'e) < v(I'y) by the Portmanteau theorem (Theorem D.10).
For L =1,2,... define

o0
K2 () K*.
=L

Since v(I'y) > 1 — % for every ¢ > L, and every v € K, by Prohorov’s
theorem (Theorem D.9), each K7, is a compact subset of M;(X). Now, by
Chebycheft’s bound,

P(Ly ¢ K')

p(rxwy > ) < g (Xo-)]
n
€72n2E {exp (262 ; 1Y¢EF§>:|

= ¢ 2"F [exp(20’1y,er:)]"

2 n
= 2 () + () < e

where the last inequality is based on (6.2.7). Hence, using the union of
events bound,

o0 oo

P(LY ¢ K1) Z P(LY ¢ K') <> e <2emh,
{=L

implying that .
limsup — logP(LY € K¢) < —L.

n—oo N
Thus, the laws of LY are exponentially tight. O

Define the relative entropy of the probability measure v with respect to
we M (X) as

Hvly ) Js flog fdu if féd—”t exists (6.2.8)
00 otherwise , -

where dv/dy stands for the Radon-Nikodym derivative of v with respect to
1 when it exists.

Remark: The function H(v|u) is also referred to as Kullback-Leibler dis-
tance or divergence in the literature. It is worth noting that although
H(v|u) is called a distance, it is not a metric, for H(v|u) # H(p|v). More-
over, even the symmetric sum (H (v|p) + H(p|v))/2 does not satisfy the
triangle inequality.
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In view of Sanov’s theorem (Theorem 2.1.10) for finite X, H(:|u) is
expected to be the rate function for the LDP associated with LY. This
amounts to proving that A*(-) = H(-|u). Since this identification of A* is
also instrumental for establishing the LDP for LY under stronger topologies
on M1(X), it will be postponed until Lemma 6.2.13, where a more general
setup is considered.

In the rest of this section, the LDP is established in a stronger topology
on M;(X) than the preceding one, namely, in the T-topology. The latter is
the topology generated by the collection

Wyoso{v € Mi(S) : [(6,v) — 2| <}, (6.2.9)

where z € IR, 6 > 0 and ¢ € B(X) — the vector space of all bounded, Borel
measurable functions on ¥. Indeed, the collection {Uy . s} is a subset of
the collection {Wy . 5}, and hence the 7-topology is finer (stronger) than
the weak topology. Unfortunately, M;(X) equipped with the 7-topology
is neither metrizable nor separable, and thus the results of Section 6.1 do
not apply directly. Moreover, the map d, : ¥ — M;(X) need not be a
measurable map from By, to the Borel o-field induced by the 7T-topology.
Similarly, n='¥% ,4,, need not be a measurable map from (Bg)" to the
latter o-field. Thus, a somewhat smaller o-field will be used.

Definition: For any ¢ € B(X), let pg : Mi(X) — IR be defined by
pe(v) = (¢,v) = [g¢dv. The cylinder o-field on Mi(X), denoted B,
is the smallest o-field that makes all {pys} measurable.

It is obvious that LY is measurable with respect to B°Y. Moreover, since
the weak topology makes M;(X) into a Polish space, B is the cylinder
o-field generated by Cy(2), and as such it equals BY. (For details, see
Exercise 6.2.18.)

We next present a derivation of the LDP based on a projective limit
approach, which may also be viewed as an alternative to the proof of Sanov’s
theorem for the weak topology via Cramér’s theorem.

Theorem 6.2.10 (Sanov) Let B = B%. The empirical measures LY sat-
isfy the LDP (1.2.4) in M (X) equipped with the T-topology (and hence, also
in the weak topology) with the good, convex rate function H(-|u).

A few definitions and preliminary lemmas are presented first, culminating
with the proof of this theorem. Let X denote the algebraic dual of B(X)
equipped with the B(X)-topology. Observe that X satisfies Assumption
4.6.7. Moreover, identifying probability measures with points in X’ via the
map (¢,v) = fz odv, it follows that the 7-topology is the relative topology
induced on M;(X) by X. However, M;(X) is neither an open nor a closed
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subset of X. The definition (6.2.5) of A(¢) extends to ¢ € B(X) in the
obvious way, namely, A(¢) = log fz e?du for all ¢ € B(X). Define now
A*: X — [0, 00] via

A(w)= sup {(p,w) —A(@)}, we X, (6.2.11)
PEB(E)

where (¢, w) is the value of the linear functional w : B(¥) — IR at the point
¢. Note that the preceding definition, motivated by the definition used in
Section 4.6, may in principle yield a function that is different from the one
defined in (6.2.4). This is not the case (c.f. Lemma 6.2.13), and thus, with
a slight abuse of notation, A* denotes both functions.

Lemma 6.2.12 FExtend H(-|u) to X by setting H(-|u) = oo outside M7 (X).
Then H(-|u) is a convez, good rate function on X, and for all @ < oo, H(:|p)
is strictly convex on the compact, convex sets {v : H(v|p) < a}.

The proof of this lemma is deferred to the end of the section. The following
identification of the rate function A*(:) is a consequence of Lemma 6.2.12
and the duality lemma (Lemma 4.5.8).

Lemma 6.2.13 The identity H(-|u) = A*(-) holds over X. Moreover, the
definitions (6.2.11) and (6.2.4) yield the same function over M (X).

Proof: Observe that X is, by Theorem B.8, a locally convex Hausdorff
topological vector space whose (topological) dual X* is B(X). By combining
Lemma 6.2.12 with the duality lemma (Lemma 4.5.8) (for f = H(+|u)), the
identity H(-|u) = A*(-) is obtained if for all ¢ € B(X),

A(9) = sup {(6.) ~ H(wlp)} - (6.2.14)

Note that H(w|p) < oo only for w € M;(X) with density f with respect to
f, in which case H(w|u) = [y, flog fdu. Therefore, (6.2.14) is just

log/ e?dy = sup {/ ¢fdu—/flogfdu} .
= FELL(p), [20 p—ae. [ fdu=1 /% z

(6.2.15)
Choosing f = e¢/f2 e®dy, it can easily be checked that the left side in
(6.2.15) can not exceed the right side. On the other hand, for any f > 0
such that fz fdu =1, by Jensen’s inequality,

b
log/ e¢du210g/ 1{f>0}7fd,u2/1{f>0} log(e?/f)fdu.
b)) > 3
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and the proof of (6.2.15) is complete.

Fix v € M;(X), ¢ € B(X) and recall that there exist ¢, € Cp(XZ) such
that ¢, — ¢ both in Ly(p) and in L;(v). A uniformly bounded sequence
of such approximations results by truncating each ¢, to the bounded range
of ¢. Consequently, there exists a sequence {¢,} C Cp(X) such that

lim [/ qﬁndu—log/e"}”du} :/¢du—log/e¢d,u .
n—oo | Jx b b b

Since v € M1(X) and ¢ € B(X) are arbitrary, the definitions (6.2.4) and
(6.2.11) coincide over M;(X). U

An important consequence of Lemma 6.2.13 is the “obvious fact” that
D C M1(2) (i.e., A*(w) = oo for w € M1(X2)°), allowing for the applica-
tion of the projective limit approach.

Proof of Theorem 6.2.10: The proof is based on applying part (a) of
Corollary 4.6.11 for the sequence of random variables {LY}, taking values
in the topological vector space X (with e replaced here by 1/n). Indeed,
X satisfies Assumption 4.6.8 for W = B(X) and B = B, and A(-) of
(4.6.12) is given here by A(¢) = log [5 e?du. Note that this function is
finite everywhere (in B(X)). Moreover, for every ¢, € B(3), the function
Alp +ty) : R — IR is differentiable at ¢ = 0 with

_ [ vetdu
t=0  [yebdu

(c.f. the statement and proof of part (c) of Lemma 2.2.5). Thus, A(:)
is Gateaux differentiable. Consequently, all the conditions of part (a) of
Corollary 4.6.11 are satisfied, and hence the sequence {LY} satisfies the
LDP in X with the convex, good rate function A*(-) of (6.2.11). In view of
Lemma 6.2.13, this rate function is actually H(-|u), and moreover, Dy~ C
M;(X). Therefore, by Lemma 4.1.5, the same LDP holds in M;(X) when
equipped with the topology induced by X. As mentioned before, this is the
T-topology, and the proof of the theorem is complete. U

d
EAW + W)‘

The next lemma implies Lemma 6.2.12 as a special case.

Lemma 6.2.16 Suppose v is a convez, good rate function on IR such that
Y(x)/|x| — oo for |x| — co. Then,

Ll ferDdu i f25 eaists
! 00 otherwise ,

is a convex, good rate function on M(X) equipped with the B(X)-topology.
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Proof: Since () > 0, also I,(-) > 0. Fix an o < oo and consider the set

Wi(@)2 {7 € Lalu) s [ (<)
>

Assume f,, € ¥r(a) and f,, — f in Li(u). Passing to a subsequence along
which f,, — f p-a.e, by Fatou’s lemma and lower semicontinuity of -, also

oz timint [ (f)dp> [ (iminty(h)dn > [ 27
> » oo 3

Consequently, the convex set Ur(a) is closed in Lj(u), and hence also
weakly closed in L;(p) (see Theorem B.9). Since ¥(«) is a uniformly
integrable, bounded subset of L;(u), by Theorem C.7, it is weakly se-
quentially compact in L;(u), and by the Eberlein-Smulian theorem (The-
orem B.12), also weakly compact in L;(u). The mapping v — dv/du is
a homeomorphism between the level set {v : I,(r) < a}, equipped with
the B(X)-topology, and ¥ («), equipped with the weak topology of Lq(u).
Therefore, all level sets of L, (-), being the image of ¥;(a) under this home-
omorphism, are compact. Fix 11 # vy such that I,(r;) < a. Then, there
exist f; € Li(p), distinct p-a.e., such that for all t € [0,1],

L(tvy + (1 —t)) = / Y(tfi+ (L —1t) fo)dp,
b))
and by the convexity of ()
I,Y(tl/l + (]. — t)l/g) S tI,Y(Z/l) + (]. - t)[—y(l/Q) .

Hence, I,(-) is a convex function, since all its level sets are convex. O

Proof of Lemma 6.2.12: Consider the good rate function vy(z) = zlog z—
x+ 1 when 2 > 0, and y(x) = oo otherwise. Since

{w: Hwlp) < a} = {v € M(2): L,(v) < a} (| Mi(D),

all level sets of H(:|u) are convex, compact subsets of M(¥X) € X. To
complete the proof of Lemma 6.2.12 note that the strict convexity of v(x)
on [0, 00) implies the strict convexity of H(-|u) on its level sets. U

Exercise 6.2.17 Prove that H(v|u) > 5 || v — u ||2,,, where

1
2

AN
| ™ lvar = sup (u,m)
u€B(Z),|[ul|<1
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denotes the variational norm of m € M(X).
Hint: (a) Applying Jensen's inequality to the convex function zlogx, show
that for every v, € M1(X) and every measurable A C ¥,

H(vlu) > v(A)log YA 1 (1~ () log 1—:&3

o > 2((4) - u(4))*.

(b) Show that whenever dv/du = f exists, || v — p ||var= 2(¥(A) — u(A)) for
A={z: f(z) > 1}.

Exercise 6.2.18 [From [BolS89], Lemma 2.1.]
Prove that on Polish spaces, BY = B%Y.

Exercise 6.2.19 In this exercise, the non-asymptotic upper bound of part
(b) of Exercise 4.5.5 is specialized to the setup of Sanov’s theorem in the weak
topology. This is done based on the computation of the metric entropy of
M (%) with respect to the Lévy metric. (See Theorem D.8.) Throughout this
exercise, Y is a compact metric space, whose metric entropy is denoted by
m(%,9), i.e.,, m(X,d) is the minimal number of balls of radius § that cover X.
(a) Use a net in X of size m(X,d) corresponding to the centers of the balls
in such a cover. Show that any probability measure in M;(X) may be ap-
proximated to within § in the Lévy metric by a weighted sum of atoms lo-
cated on this net, with weights that are integer multiples of 1/K(d), where
K(0) = [m(X,0)/d]. Check that the number of such combinations with
weights in the simplex (i.e., are nonnegative and sum to one) is

< K(5) +I7<n((52)376) 1 ) |

and show that

monm < (4)"

where m(M7(X),0) denotes the minimal number of balls of radius § (in the
Lévy metric) that cover M;(X).

Remark: This bound is quite tight. (For details, see [ZK95].)

(b) Check that for every n € Z_ and every measurable A C M;(X), part (b)
of Exercise 4.5.5 specializes to the upper bound

P(LY € A) < glg { m(My(X),0) exp(—n Vienjé H(u|u)> },

where A? is the closed d-blowup of A with respect to the Lévy metric.

Exercise 6.2.20 In this exercise, an alternative derivation of Sanov's theorem
in the weak topology is provided based on Baldi's theorem (Theorem 4.5.20).
(a) Suppose that v is such that f = dv/du exists, f € Cy(X), and f is
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bounded away from zero. Use Lemma 6.2.13 to prove that v is an exposed
point of the function A*(-) of (6.2.4), with A = logf € Cy(X) being the
exposing hyperplane.

Hint: Observe that H(7|u) — (X, 0) = [5, glog(g/f)du > 0 if H(#|u) < oo,
where g = dv/dp.

(b) Show that the continuous, bounded away from zero and infinity u-densities
are dense in {f € Li(u) : f >0 p—ae, [ fdu =1, [§, flog fdu < o}
for any o < oo. Conclude that (4.5.22) holds for any open set G C M;(X%).
Complete the proof of Sanov's theorem by applying Lemma 6.2.6 and Theorem
4.5.20.

Exercise 6.2.21 In this exercise, the compact sets K constructed in the
proof of Lemma 6.2.6 are used to prove a version of Cramér's theorem in
separable Banach spaces. Let X7, Xs,..., X,, be a sequence of i.i.d. random
variables taking values in a separable Banach space X, with each X; distributed
according to € M;(X). Let u, denote the law of S, = % >, Xi. Since
X is a Polish space, by Theorem 6.1.3, {u,}, as soon as it is exponentially
tight, satisfies in X the LDP with the good rate function A*(-). Assume that
for all o < o0,
g(a)élog/ el u(dz) < oo,
x

where || - || denotes the norm of X. Let @, denote the law of LX =
n~t3 " dx,, and define

To= s [ g (le o) < 1), Le o).

where g*(+) is the Fenchel-Legendre transform of g(-).
(a) Recall that by (5.1.16), [, €% (e (dz) < 2/(1—6) for all § < 1. Using
this and Chebycheff’s inequality, conclude that, for all § < 1,

Qn(T]) < (%)ne"“. (6.2.22)

(b) Define the mean of v, denoted m(v), as the unique element m(v) € X
such that, for all A € X'*,

O, m(v)) = /X O, 2) v(dz) .

Show that m(v) exists for every v € My (X) such that [, || z || dv < c.

Hint: Let {Agn)}fil be partitions of X by sets of diameter at most 1/n,
such that the nth partition is a refinement of the (n — 1)st partition. Show

that m, = > .o, xz(-")u(Agn)) is a well-defined Cauchy sequence as long as
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;L'E") € AE"), and let m(v) be the limit of one such sequence.

(c) Prove that m(v) is continuous with respect to the weak topology on the
closed set I'y,.

Hint: That I'y, is closed follows from Theorem D.12. Let v, € I';, converge
tov €T'y. Let h, : IR — [0, 1] be a continuous function such that A, (z) = 1
for all z < and h,(z) =0 forall z>r+1. Then

[m@n) —m) [|=  sup  {{(Am(vn)) — (A, m(v))}
AEX ™[ Mxx <1

< | /| o o) + /| o el
+ s { [ (o ) - [ ok i)}

IAlLx= <1
(6.2.23)

Use Theorem D.11 to conclude that, for each r fixed, the second term in
(6.2.23) converges to 0 as n — co. Show that the first term in (6.2.23) may
be made arbitrarily small by an appropriate choice of r, since by Lemma 2.2.20,
lim, o (g* (1) /1) = 00.

(d) Let K1 be the compact subsets of M;(X) constructed in Lemma 6.2.6.
Define the following subsets of X,

CrL2{m(v): ve Kp(la}.

Using (c), show that C7, is a compact subset of X. Complete the proof of the
exponential tightness using (6.2.22).

Exercise 6.2.24 [From [EicG98].]

This exercise demonstrates that exponential tightness (or in fact, tightness)
might not hold in the context of Sanov’s theorem for the T-topology. Through-
out, ¥ denotes a Polish space.

(a) Suppose K C M;(X) is compact in the 7-topology (hence, compact also
in the weak topology). Show that K is 7-sequentially compact.

(b) Prove that for all € > 0, there exist § > 0 and a probability measure
ve € M1 (X) such that for any T" € By,

v <d = ul)<e Vuek.

Hint: Assume otherwise, and for some € > 0 construct a sequence of sets
I'y € Bx and probability measures p; € K such that p;(I'y) < 27t j =
1,....4 and per1(De) > €. Let v23°;2, 2 %4y so that each py is absolutely
continuous with respect to v, and check that v(I',,) — 0 as n — co. Pass to
a subsequence p,, 1 = 1,2,..., that converges in the 7-topology, and recall
the Vitali-Hahn-Saks theorem [DunS58, Theorem II1.7.2]: v(T'),)) —n—0o O
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implies that sup, pe, (I',) — 0 as n — oo, a contradiction to the fact that
tnt1(Tp) > € for all n.

(c) Let Atm(v) denote the set of atoms of a measure v. Prove that the set
A& U ek Atm(v) is at most countable.

Hint: Show that any v € K is absolutely continuous with respect to the
probability measure "7 | 27 %1y /.

(d) Let Y7,...,Y,, be a sequence of independent random variables identically
distributed according to a probability measure u that possesses no atoms. Show
that for any K C M;(X) compact in the T-topolgy, and n =1,2,...,

P(LY ¢ K) < P({V3,...,Y,} C Ak) = 0.
Exercise 6.2.25 [From [Scd98] ]
The purpose of this exercise is to show that for any measurable ¢ : ¥ — R4
and any «a € (0,00), the mapping

V|—>p¢(u):/z¢du

is continuous on {v : H(v|u) < a} equipped with the topology induced by the
T-topology (in short, is T-continuous), if and only if fz exp(Ag)du < oo for all
re R,

(a) Show that py(-) is T-continuous on compact K C M;(X) if and only if
SUP,c i Po—on, (V) — 0 as n — 0o, where ¢, = ¢ An.

Hint: A uniform limit of 7-continuous functions on K compact is continuous.
(b) Show that for ¢ : ¥ — IR measurable, v, € M;(X) and A >0

A_llog/ Mdp 4+ NTTH (v|p) > / Ydv . (6.2.26)
b by

Fix @ < 0o and assume that [, exp(A@)du < oo for all X € IR. Show that
Pg is then T-continuous on {v : H(v|p) < a}.

Hint: Apply (6.2.26) for ) = ¢ — ¢,,. Take n — oo followed by A — occ.

(c) Hereafter, let ¥ = ¢, — ¢, for m > n. Note that g, (A\)EA(A\) :
R, — IR, is a convex, non-decreasing, C*° function, such that g,,(\) —
Goo(N)EA(N(¢ — ¢y)) for m — oco. For v* € M;(X) such that dvi*/du =
exp(Ap — A(A)), check that H(v' ) = Agl,(A) — gm(N) is a continuous,
non-decreasing function on IR, with H(v§*|u) = 0.

(d) Suppose [y exp(A@)du is finite for A < A* and infinite for A > \*, some
A" = A*(¢) € (0,00). Show that H(v}® |u) = « for some m = m(n) > n and
Am = Am(n) < 2\*.

Hint: Ag),(A\) > 2(gm () —gm(A/2)) implies that H (v{"|1) — oo for m — oo
and A € (A%, 2X%).

(e) Since [ pdvi = A'(M)) > A\ H (v |p), for m > n and Ay, < 2X* as in
part (d),

/(¢ o)y > / Gdv >l > Cla > 0.
> >
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Conclude by part (a) that, then, ps(v) is not T-continuous on the level set
{v: H{vlp) < a}. A A

(f) In case A*(¢) = 0, construct ¢ < ¢ for which A*(¢) > 0. By part (e),
pg(+) is not 7-continuous on {v : H(v|u) < a}. Use part (a) to conclude that
Py (+) cannot be T-continuous on this set.

Exercise 6.2.27 In this exercise, Sanov's theorem provides the LDP for U-
statistics and V-statistics.

(a) For X Polish and k > 2 integer, show that the function  +— u¥ : M (%) —
M;(X*) is continuous when both spaces are equipped with the weak topology.
Hint: See Lemma 7.3.12.

(b) Let Y3,...,Y, be a sequence of i.i.d. Y-valued random variables of law
p € My(X). Fix k > 2 and let ng,y = n!/(n — k)!. Show that V,, = (LY)*

and
—1
Un = k) Z 5Y7;1,---7Y%
1< #ig<n

satisfy the LDP in M;(X*) equipped with the weak topology, with the good
rate function I;(v) = H(vy|u) for v = vf and I;,(v) = co otherwise.

Hint: Show that {V},} and {U,,} are exponentially equivalent.

(c) Show that the U-statistics n(_kl) oi<iytogipy<n PM(Yir, -, Y5, ), and the V-
statistics n =" i< ip<n MYy, ... Y, satisfy the LDP in IR when h €

Cy(Z*), with the good rate function I(z) = inf{H (v|u) : [ hdv* = z}.

Remark: Note that v — v* is not continuous with respect to the T-topology

(see Exercise 7.3.18). Using either projective limits or generalized exponential
approximations, [SeW97] and [EicS97] extend the results of parts (b) and (c) to
the 7-topology and even to unbounded h satisfying certain exponential moment
conditions.

Exercise 6.2.28 Let I,(-) be as in Lemma 6.2.16 with inf, v(x) < co. For
Y = 31 X X¥g the product of two Polish spaces, this exercise provides a dual
characterization of the existence of v € M(X) of specified marginals v; such
that I, (v) < oo.

(a) Check that for any ¢ € C(%),

Hint: +*(¢) € Cp(X).

(b) Let X = M(31) x M(32) equipped with the product of the corresponding
Cy-topologies, and p : M(X) — X denote the projection operator. Show that
I' (v1,v2) = inf{I,(v) : v € p~'(v1,1n)} is a convex, good rate function on
the space X.

Hint: Use Lemma 6.2.16 and part (a) of Theorem 4.2.1.
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(c) Let Y = {o(y1,92) = d1(y1) + ¢2(y2) + ¢ € Cp(;),i = 1,2}. Note
that the ) topology of X' coincides with the original one, hence Y = X™* by
Theorem B.8, and that ) is a subset of C},(X). Show that for every ¢ € Y,

/E’Y*(@dﬂ = sup (| ¢udvi+ | Godvy — I (v1,10)),

(Vl,llg)EX 1 PPN

and conclude by the duality lemma (Lemma 4.5.8) that for any v; € M(X%;),
i=1,2

I'(v1,v2) = sup ([ ¢rdn+ Padro */’Y*(fﬁ)d#) .
PEX* P 3o >

6.3 LDP for the Empirical Measure—The
Uniform Markov Case

This section presents a quick derivation, based on sub-additivity, of the LDP
for a class of Markov chains that satisfy some strong uniformity conditions.
The identification of the rate function is postponed to Section 6.5. The
reader interested in the LDP for the class of Markov chains discussed here
may skip directly to Theorem 6.5.4 after having read this section.

The results derived here are in the setup of discrete time Markov chains.
The extension to continuous time is technically more involved but follows
the same ideas, and the reader is referred to [DeuS89b] for the details.
Alternatively the continuous time case can be handled by adapting the
approach of Exercise 4.2.28.

Let X be a Polish space, and let M; (%) denote the space of Borel proba-
bility measures on X equipped with the Lévy metric, making it into a Polish
space with convergence compatible with the weak convergence. M (X) is the
space of (signed) finite measures equipped with the weak convergence, which
makes it into a locally convex Hausdorff topological vector space. Let 7 (o, -)
be a transition probability measure, i.e., for all o € ¥, (0, ) € M;(2). For
any n > 1, define the measure P, , € M;(X") as the measure which assigns
to any Borel measurable set I' C X" the value

n—1
P,W(F):/ Hﬂ'(ﬂfi,d.’lﬁi.ﬂrl)ﬂ'(g,dﬂfl) )
=1

Remark: As in Section 6.1, let Q = X%+ be the space of semi-infinite
sequences with values in 3, equipped with the product topology, and denote
by Y,, the coordinates in the sequence, i.e., Y, (wo,w1,...,wn,...) = wp.
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is a Polish space and its Borel o-field is precisely (Bs)%+. Let JF,, denote the
o-field generated by {Y,,, 0 < m < n}. A measure P, on ) can be uniquely
constructed by the relations P, (Yo = 0) =1, Py (Yy41 € T'|F,) = 7(Y,,I),
a.s. P, for every I' € By, and every n € Z_. It follows that the restriction
of P, to the first n 4+ 1 coordinates of € is precisely P, ..

Define the (random) probability measure

Al &
ngﬁ > oy, € My(D),
i=1

and denote by i, » the probability distribution of the M; (X)-valued random
variable LY. We derive the LDP for s, ,, which, obviously, may also lead
by contraction to the LDP for the empirical mean.

In analogy with Section 6.1, define

1 n
sz,m = E 5y¢ .
n—m .

1=m-+1

The following is the first step towards the application of sub-additivity.

Lemma 6.3.1 Let A € By (s be conver. Define

~ A
fin(A)= inf pin,o(A).

Then fin(A) is super multiplicative, i.e.,
,an+m (A) 2 ﬁn (A)/]m (A) .

Proof: Note that

fintmo(A) = Py(LY,, €A)>P,(LY € A, LY € A)
= / 1{LY6A}Mm,Yn (4) dP,.. > Nn,U(A) inf fiy,,5(A)
»n n gED
> fin(A)jim(A), (6.3.2)
where the first inequality follows from convexity. O

Another ingredient needed for the applicability of the sub-additivity lemma
(Lemma 6.1.11) is the requirement that if fi,,(A) > 0 for some finite m,
then fi,(A) > 0 for all n large enough. Unlike the i.i.d. case, this can not be
proven directly for all open sets (or even for all open, convex sets), and some
smoothing procedure is called for. In order to carry through this program,
consider the sets

Ures={re MEZ): |{f,v)—z| <},
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where f € Cy(X), z € R, and § > 0. Finite intersections of these sets
are convex and by definition they form a base for the topology of weak
convergence on M(X). Let © denote this base. With a slight abuse of
notations, denote by A; an arbitrary set from ©, i.e., As = NY Uy, 4.5,
and by As/; the set ﬂf\il Uy, 2:,5:/2- The reason for the introduction of these
notations lies in the following lemma.

Lemma 6.3.3 For any As € ©, either
lan(Aﬁ/Z) =0, VneZ,_,

or

in(As) >0, VYn >mng(As).

Proof: Let A; = N¥,Uy, 4,5, Assume that fim(As/2) > 0 for some m.
For any n > m, let ¢, = [n/m], 7, =n — gom. Then

tn,o(As) > PU(L?L{’T" € A5/ and

[(fir L) = {Fi Ly ™) < 5 si=1,...,N).

However,

o LX) = (LX) = 23 M) - S A
k=1

m
qn k=r,+1

IS R+ B S ).
k=1

[ L
Therefore,

|<fm LZ) - <fla LZ’T”>

Tn m

<2—[[fill < 2—|[fill,
n n

and thus, for n > 4mmfalx{\|fi||/5i},

/’LTL,O'(A(S) Z Po-(Lanrn e A5/2) Z [)/qnm(A(S/Q) Z I:[’lm(Aé/Q):an >0 7

where the last inequality is due to Lemma 6.3.1. The arbitrariness of o
completes the proof. Ul

Define

@/é{Ag € O: fi;n(As/2) > 0 for some m, or fi,(As;) =0, VYne Z,}.
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Note that © is a base for the topology of weak convergence because As ¢ ©’
implies that A5/, € ©'. By Lemmas 6.3.1 and 6.3.3, and the sub-additivity
lemma (Lemma 6.1.11), it follows that for all A = As € ©’, the limit

1
L2~ lim = log in(A) (6.3.4)

n—oo N

exists (with co as a possible value).

Unfortunately, the results obtained so far are only partial because they
involve taking infimum over the initial conditions. The following uniformity
hypothesis is introduced in order to progress to large deviations statements.
Assumption (U) There exist integers 0 < £ < N and a constant M > 1
such that Yo, T € X,

N

M m
NZTF (7—7')7

m=1

ﬂ-l(aa )

IN

where m™ (7, +) is the m-step transition probability for initial condition T,

(T, ) = /27”"(5,.)77(7, dg).

Remark: This assumption clearly holds true for every finite state irre-
ducible Markov chain.

The reason for the introduction of Assumption (U) lies in the following
lemma.

Lemma 6.3.5 Assume (U). For any As € ©, there exists an no(As) such
that for all n > ng(As),

SUIZ) Hn,o(As/2) < Mjin(As). (6.3.6)
[eAS]

Proof: Let ¢ be as in (U), and n = ¢,¢ + r, where 0 < r,, < /¢ — 1. Then
with As = mi\ilUﬁ:,ziﬁm

un’g(Ag/Q) = Pg(% Z(Syk € Ag/g) (637)
k=1
1 &l
< Pa(m k;;rl(SYk € A35/4>
N’ ¢ n qn? 51
+ZP0<|<fi7%ZéYk+% 3 oyt (% - m) 3 ow)l > Z)‘
i—1 k=1 k=qn+1 k=et1
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For n large enough, the last term in the preceding inequality equals zero.
Consequently, for such n,

qn?

1
/,Ln’o-(A(;/2) S Pa- (m k;;l 5Yk c A36/4)

1 (QH71)£

= /Eﬂj(o-’df)Pg(m kz Oy, €A35/4>~

=1
Therefore, by Assumption (U), for all 7 € X,

Hn,o (AS/Q)
(qn*l)f

1
/ 7Tm<T7 df)Pf<( — 1)6 Z 6Yk € A36/4)
h qn b1
m+(qn71)‘e

(m > 5Yk€A36/4)

k=m+1
PT<% Iééyk c A(;) — MPT(%;M € Aa) :

where the last inequality holds for all n large enough by the same argument
as in (6.3.7). U

<

Il
zlz =zl =k
K

M= i

3
&

] =

3
Il

In order to pursue a program similar to the one laid out in Section 6.1, let

2

I(v) sup  La.

{AcO’:ve A}

Since ©’ form a base of the topology, (6.3.4) and (6.3.6) may be used to
apply Lemma 4.1.15 and conclude that, for all o € ¥, the measures i, »
satisfy the weak LDP in M (X) with the (same) rate function I(-) defined
before. Moreover, I(-) is convex as follows by extending (6.3.2) to

A+ A N -
//"271,(7 (%) Z /f’fn(Al),Un(AQ)

and then following an argument similar to the proof of Lemma 4.1.21.

Theorem 6.3.8 Assume (U). Then the following limits exist:

A(f) = Tim log B, (exp(Y /(1)) (6:.9)
i=1

n—oo N
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where f € Cy(X). Moreover, {un o} satisfies a full LDP in M;(X) with the
good, convex rate function

I(v) =A"(v) = sup {(f,v) —A(f)}, (6.3.10)

Felu(3)

where A*(-) does not depend on the initial point o € 2.

Remark: Actually, {u, ,} satisfies the LDP uniformly in o. For details,
see Exercise 6.3.13.

Proof: Note that, since f is bounded,

hmsup log E, (exp Zf )§||f\|<oo.

n—oo

The reader will prove the exponential tightness of {y, ,} for each ¢ € 3
in Exercise 6.3.12. Due to the preceding considerations and the exponen-
tial tightness of p, ., an application of Theorem 4.5.10 establishes both
the existence of the limits (6.3.9) and the validity of (6.3.10). Moreover,
since I does not depend on o, the limit (6.3.9) also does not depend of o.
The transformation of the LDP from M(X) to its closed subset M;(X) is
standard by now. O

Exercise 6.3.11 Let g € B(IR) with |g| < 1. Let v € M (IR), and assume
that v possesses a density f with respect to Lebesgue measure, such that

sup {M}@o.

i<z, zer | f(2)

Let {v,}52; be i.i.d. real-valued random variables, each distributed according
to v. Prove that the Markov chain

Yn+1 = g(Yn) + v,

satisfies Assumption (U), with N = /¢ =1.

Exercise 6.3.12 Assume (U). Let u(-) = & 2221 7(7,-), where N is the
same as in Assumption (U), and 7 € X is arbitrary.
(a) Show that for all f € B(X), alln € Z_, and every 0 € X,

E, lexp(zn: f(y; f[ [ tf Y’“)} v {M/ edp
i=1 k=1 z

where ¢ and M are as in Assumption (U).

)

:| [n/€]—1
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Remark: In particular, note that for every p € M; (%),

1 1
l1msup— log E, (exp Zf ) < Zlog/zeefd,u—i—zlogM,

n—oo

and that 4 may also be replaced by any ¢ such that [;, g(do)n(o,-) = q(-).
(b) Prove the exponential tightness of {j, »} by a construction similar to that
of Lemma 6.2.6.

Exercise 6.3.13 Assume (U).
(a) Show that for every closed set F' C M;(X),

1
limsup — log sup pn,o (F) < — inf A*(v),

n—oo N veF

and for every open set G C M; (%),

1
liminf — log mf tno(G) > —inf A*(v).

n—oo N veG

Hint: Paraphrasing the proof of Lemma 6.3.5, show that for every closed set
F, every 6 > 0, and every n large enough,

sup Nn,U(F) < Mﬁn(Fé) )
ceEY

where F are the closed blowups of F' with respect to the Lévy metric. Then
deduce the upper bound by applying Theorem 6.3.8 and Lemma 4.1.6.

(b) Let p € M;(X), and let u, , denote the measure induced by LY when the
initial state of the Markov chain is distributed according to p. Prove that the
full LDP holds for u,, ,. Prove also that

n

A(G) = Tim + log B (exp(3 7(¥))) -

n—oo N —
i=

6.4 Mixing Conditions and LDP

The goal of this section is to establish the LDP for stationary processes
satisfying a certain mixing condition. Bryc’s theorem (Theorem 4.4.10) is
applied in Section 6.4.1 to establish the LDP of the empirical mean for
a class of stationary processes taking values in a convex compact subset
of RY. This result is combined in Section 6.4.2 with the projective limit
approach to yield the LDP for the empirical measures of a class of stationary
processes taking values in Polish spaces.
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6.4.1 LDP for the Empirical Mean in R?

Let X4,...,X,,... be a stationary process taking values in a convex, com-
pact set K C IR%. (Note that such a K may be found as soon as the support
of the law of X7 is bounded.) Let

1 n
i=m-+1
with S, = 5'2 and pu, denoting the law of S,. The following mixing as-
sumption prevails throughout this section.

Assumption 6.4.1 For any continuous f : K — [0,1], there exist 3(¢) >
1, v(¢) > 0 and 6 > 0 such that

Jim 4(€) =0, Timsup (5(¢) - 1)¢(log €)' < o0, (6.4.2)

£L—o00

and when ¢ and n + m are large enough,

ELf(S)"F(S7HE L )™ > ELf(S2)"|E[f(Sm)™]

N }1/5(4)

10 {EUF GBS} (64.3)

The main result of this section is the following.

Theorem 6.4.4 Let Assumption 6.4.1 hold. Then {u,} satisfies the LDP
in R with the good convex rate function A*(-), which is the Fenchel-
Legendre transform of

A(N) = lim 1 logE[e"Q‘S”} . (6.4.5)

n—oo n

In particular, the limit (6.4.5) exists.

Remark: Assumption 6.4.1, and hence Theorem 6.4.4, hold when X, ...,
Xp, ... is a bounded, %-mixing process. (See [Bra86] for the definition.)
Other strong mixing conditions that suffice for Theorem 6.4.4 to hold are
provided in [BryD96].

Proof: Note that S, € K for all n € Z ., and hence the sequence {u,} is
exponentially tight. Consequently, when combined with Lemma 4.4.8 and
Theorem 4.4.10, the following lemma, whose proof is deferred, implies that
fin satisfies the LDP in IR® with a good rate function I(-).



280 6. THE LDP FOR ABSTRACT EMPIRICAL MEASURES

Lemma 6.4.6 Let Assumption 6.4.1 hold. For any concave, continuous,
bounded above function g : R — R, the following limit exists

Ag— lim — logE[ "9(§")] .

n—oo n

The following lemma, whose proof is deferred, is needed in order to prove
that the rate function I(-) is convex.

Lemma 6.4.7 Let assumption 6.4.1 hold. Suppose 6 > 0 and x1,x2 are
such that fori=1,2,

hmlnf — log pin(Bg, ,5/2) > —00 .

n—oo

Then for all n large enough,

1
ton(B(z,+as)/2,5) = 3 pn(Ba, s /2)bn(Bay.5/2) - (6.4.8)

Since the collection {By s} of all balls is a base for the topology of RY, it
follows by Theorem 4.1.18 that, for all x € ]Rd,

—I(z) = inf  lim mf — log p1n(By,s) (6.4.9)

§>0,y€B,,s "X N

= inf lim sup — lo B, .
6>0,y€B, 5 n_)oopn & tin(By.5)

Fix x1,z2 such that I(z1) < oo and I(z2) < oo. Then due to (6.4.9),
Lemma 6.4.7 holds for x1, 2 and all 6 > 0. Note that y € B(y,14,)/2,6

implies the inclusion B(y, 44,)/2,5+ C By, for all ¢’ > 0 small enough. Hence,
by (6.4.8) and (6.4.9),

. . 1
—I((z1 + z2)/2) = inf hmsupg 10g fin (B(zy 24)/2,5)

>0 n—oo

1
ér;% llrlrglgf —10g t2n (B(zy +25) /2,5)
1 1
3 inf liminf — log 1, (B, 5/2)

6>0 n—oo N

vV

Y%

1 I(z1) +I(z
+§ é‘;f,lz“igéfg log in (By,.5/2) > _w )

Thus, for all 21, 25 € IRY,

(21 4+ 22)/2) < = I(a1) + % () .

[\)
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By iterations, this inequality extends to all convex combinations ax; + (1 —
a)xg with a = k/2™ for some integers k,m. The convexity of the function
I(-) then follows by its lower semicontinuity.

Since S,, € K for all n € %, it follows that for all A € RY,

1 N
limsup — log E(e”O"S")) < 00,
n

and the proof of the theorem is completed by applying Theorem 4.5.10. [
We shall now prove Lemmas 6.4.6 and 6.4.7.

Proof of Lemma 6.4.6: Fixg: R? — IR bounded above, continuous, and
concave. Then g¢(-) is Lipschitz continuous when restricted to the compact
set K, ie., |g(x) —g(y)] < Glx —y| for all z,y € K. Without loss of
generality, assume that —oo < —B < g(z) < 0 for all x € K. Denoting
C = sup, ¢k |z, note that

Sutm (n:mgn * n nggifn+f> '
n+t ntm4t
S PR
Hence,
Snm) = 9B gt )| < G

and by the concavity of g(-),

(n+m)g(Snim) = ng(Sn) +mg(SiTh, ) — 20CG .

Define h(n)2 — logE[e”Q(g")]. Then

h(n+m) < 20CG —log E e”gﬁn)emg(gﬁifnw)] .

Applying Assumption 6.4.1 for the continuous function f(-) = e?("), whose
range is [0, 1], it follows that for all £ large enough and all integers n, m such
that n + m is large enough,

E [eng(gn)emg(gﬁf”“)} 1)

%

N . (;_
i A 1 — ~(0) L Brena(8n) plema(Sm) | FE
ORI A(e) { Blena® BlemaSm}

Y

1 — 4(£)eBrtm(BO-1)/8(0)
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Hence,
h(n +m) < h(n) 4+ h(m) + 20CG — log{[1 — ~(£)eBrFmBEO=D/5O)] o} |

Choosing ¢ = [(n 4+ m){log(n +m)~(1+%1] with § > 0 corresponding to As-
sumption 6.4.1 for f(-), it follows that (n+m)(8(¢) —1)/B(¢) are uniformly,
in n 4+ m, bounded above, and hence,

F(£)eBrtmIBEO-1)/6(6) _, .
From the preceding considerations, for all n + m large enough,
h(n+m) < h(n) + h(m) + (2CG 4 1)(n + m){log(n +m)} =1+ |

and the proof of the lemma is completed by the following approximate sub-
additivity lemma.

Lemma 6.4.10 (Approximate sub-additivity) Assume f : Z, — R
s such that for allm,m > 1,

f(n+m) < f(n)+ f(m) +e(n+m), (6.4.11)

where for some § > 0,
n—oo

lim sup P?(logn)l”] < 0. (6.4.12)

Then f =lim,,_. [f(n)/n] ezists.

Remark: With a somewhat more involved proof, Hammersley in [Ham62]
relaxes (6.4.12) for €(n) non-decreasing to

— €(r)
Zr(r+1) <00,

r=1

showing it then to be also necessary for the existence of f < oo. Explicit
upper bounds on f — f(m)/m for every m > 1 are also provided there.

Proof of Lemma 6.4.10: Fix s € Z_, s > 2. Observe that for all m > 1,
1<r<(s=1),

fims+7r) < f(ms)+ f(r)+e(ms+7).

Hence,

f(ms—&—r)gf(ms)(l_ r )+ f(r) +e(ms+r)

ms—+r ms ms—+r ms—+r ms—+r

b
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ie.,

1 s—
sup f(ms + 1) < fhax[f(r) VO]
0<r<(s—1) Ms+r ms r=0

b £0m2) Fms) 1

ms ms m

Consequently,

f(n)

limsup —= = limsup sup M
n—oo n m—oo 0<r<(s—1) ms—+r

< limsup M + lim sup @

m— oo ms n— 00 n

Since the second term in the right-hand side is zero, it follows that for all

2 <5< 00,
lim sup M < lim sup M é'ys.
n—oo n m— oo ms

Recall that by (6.4.12) there exists sg, C' < 0o such that for all s > sg and
allme Z,,

e(ms) _
< Ol (a+o)
%) < Cllogy(ms)]
Fix s > sg, and define
ps(k)2 sup {—f(ms)} . k=0,1,...
1<m<2k ms

Observe that v, < limg_, o ps(k), while for all £ > 1,

ps(k) <ps(k—1)+  sup {e(ms) } )

2k—1<m<2k ms
Consequently,

ps(k) —ps(k—1) < sup  Cllogy(ms)] "1+
2k-1<m<2k

Cllogy s + (k — 1))~ (+9) |

IN

yielding the inequality

ps(k) < ps(0) + ) Cllogy s + (i — 1)] "0+ < py(0) + C i j-0+)

=1 j=[log, s]
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Since ps(0) = f(s)/s, it follows that for all s > s,

s < lim py(k )s—+c Z - (1)
=[log, 5]
Therefore,
1imsupM < liminf v,
— 00 n s§—00

< hmlnfL)—FC’hmsup Z ]—(1+6)

e ST i [logy 5]
= liminf M . O
n— oo n

Proof of Lemma 6.4.7: Observe that by our assumption there exists
M < oo such that for all n large enough,

—Mn

Mn(le,J/Q)/J/n(B:EQ,J/Q) 2 €

Thus, the proof is a repeat of the proof of Lemma 6.4.6. Specifically, for
any integer ¢,

& T+
pon(Bz,+as)/26) = P ( Sy, — 1 2| 6)
g Gn+4
2 P(Snl’l Sgn+g*l’2 <5_g>
2 2 o
5 Cl gn ol
> P<|Sn_$l|<5_77 1Sttt — x2|<5_7> .

In particular, for £ = on/2C, one has by Assumption 6.4.1 that for all n
large enough,

” 1)
H2n(B(z, +20)/2,6) > P (|5 — x| < Sp — @ < 5)

2 pa(Be, )n(B, >(1—v<e>[un<B (B, )77

Note that there exists C' < oo such that for n large enough, Mn(3(¢) —
1)/6(£) < C, implying
1-4(8)

,y(g)(Mn(BIh%)Mn(BLz,é))( B(2) ) < 7(€)6Mn(5(2)—1)/ﬁ(5) < /'Y(E) <

2

N | =

where the last inequality follows by (6.4.2). Hence, (6.4.8) follows and the
proof is complete. |
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Exercise 6.4.13 [Suggested by Y. Peres] Let f(n) = nsin(log(2 + logn)).
Verify that there exists a C' < oo such that f(n) satisfies (6.4.11) for e(n) =
Cn/logn. Hence, the rate condition (6.4.12) is almost optimal.

Hint: Note that |dsin(log(2 + z))/dz| < 1/(2 4+ x) and thus by the mean
value theorem,

fin+m) = f(n) = f(m) _ 2+ log(n+m)
n+m - (n+m)

gn+m(n) -1

where
n r—n

= =1,2
2+logn+2+log(:ﬁ—n)’ "

, 2, .., —1.

gz(n)

Check that for fixed x, the maximum of g,(n) is obtained at n = /2.

6.4.2 Empirical Measure LDP for Mixing Processes

The previous results coupled with Corollary 4.6.11 allow one to deduce
the LDP for quite a general class of processes. Let % be a Polish space,
and B(X) the space of all bounded, measurable real-valued functions on
¥, equipped with the supremum norm. As in Section 6.2, define M;(X) C
M(X) c B(2).

Let Q = %+, let P be a stationary and ergodic measure on (2, and
let Y1,...,Y,,... denote its realization. Throughout, P, denotes the nth
marginal of P, i.e., the measure on X" whose realization is Y7,...,Y,,. As
in Section 6.2, LY = L 3" | 6y, € M1(X), and p,, denotes the probability
measure induced on (B(X),B%) by LY.

Theorem 6.4.14 (a) Let {gj}?zl € B(X). Define the R*-valued station-
ary process Xi,..., Xn,... by X; = (1(Y3),...,94(Y3)). Suppose that, for
any d and {g; }?:1, the process {X;} satisfies Assumption 6.4.1. Then {p,}
satisfies the LDP in the space B(X)" equipped with the B(X)-topology and
the o-field BY. This LDP is governed by the good rate function

A*(w)é sup {(f,w) —A(f)}, (6.4.15)
feB(X)
where for all f € B(X),
A(f) :nllrgo%long {EZLJ(K)} .

In particular, the preceding limit exists.
(b) Assume further that, for some constants v, M > 0 and all f € B(X),

A(f) < 11og/ @ Py (dx) 4 log M . (6.4.16)
Y by
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Then the LDP in part (a) can be restricted to My(X) equipped with the
T-topology.

Proof: The proof relies on part (b) of Corollary 4.6.11. Indeed, the triplet

(B(X),BY, uy,) satisfies Assumption 4.6.8 with W = B(X). Moreover, by

Theorem 6.4.4, for any gi,...,94 € B(X), the vectors ((ghL ) <92,LY>
., {94, LY)) satisfy the LDP in a compact subset of IR? with a good con-

vex rate function. Therefore, Corollary 4.6.11 applies and yields both the

existence of A(f) and part (a) of the theorem.

To see part (b) of the theorem, note that by (6.4.16),

A (w) > sup {(f,w) . log Ep {e”f(yl)} } —log M
feB(E) v

1
= = sup {{f,w)—log Eple’¥)]} —log M
Y feB(®)

1
= —H(w|P;)—logM,
~y

where the last equality is due to Lemma 6.2.13. Hence, Dy~ C M7 (X) (since
H(w|Py) = oo for w ¢ M;(X)), and the proof is completed by Lemma 4.1.5.
O

In the rest of this section, we present the conditions required both for
the LDP and for the restriction to M;(X) in a slightly more transparent
way that is reminiscent of mixing conditions. To thls end, for any given
integers r > k > 2, ¢ > 1, a family of functions {fz} _, € B(Zr) is called
(-separated if there exist k disjoint intervals {a;,a; + 1,...,b;} with a; <
b; € {1,...,r} such that f;(o1,...,0,) is actually a bounded measurable
function of {o,,..., o, } and for all i # j either a; —b; > £ or a; — b; > £.

Assumption (H-1) There ezist {,oc < oo such that, for all k,r < oo,
and any {-separated functions f; € B(X"),

Ep(lfi(Ye,....,Y) - fr(Y1,...,Y, p(1fi(Y1, ..., Y)Y,

HE?:'

(6.4.17)

Assumption (H-2) There exist a constant £y and functions 3(£) > 1,
~() > 0 such that, for all £ > {y, all ¥ < o0, and any two (-separated
functions f,g € B(X"),

|Ep(f(Y1,....Y:)Ep(g(Yr,..., V) — Ep(f(Y1,..., Yo )g(Y1,...,Y}))]

)1/5(5)

1/8(¢)
WOER (|f(Vh,... Yol © )

Ep <|9(Y1» CL Y PY
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and limy_ o y(¢) = 0, limsup,_, . (B(¢) —1)¢(log £)*+° < oo for some § > 0.

Remarks:

(a) Conditions of the type (H-1) and (H-2) are referred to as hypermizing
conditions. Hypermixing is tied to analytical properties of the semigroup in
Markov processes. For details, consult the excellent exposition in [DeuS89b).
Note, however, that in (H-2) of the latter, a less stringent condition is put
on 3(¢), whereas in (H-1) there, «(¢) converges to one.

(b) The particular case of 5(¢) = 1 in Assumption (H-2) corresponds to
Y-mixing [Bra86], with (£) = ().

Lemma 6.4.18 Let Yy,...,Y,,... be the stationary process defined before.
(a) Assume that (H-1) holds and A(f) exists for all f € B(X). Then the
inequality (6.4.16) holds true.

(b) Assume that (H-2) holds. Then Assumption 6.4.1 holds true for the
process X1, ..., Xn,... which appears in the statement of Theorem 6.4.14.

Remark: Consequently, when both (H-1) and (H-2) hold, LY satisfies the
LDP in M;(X) with the good rate function A*(-) of (6.4.15).

Proof: (a) Since A(f) exists, it is enough to consider limits along the se-
quence n = m{. By Jensen’s inequality,

Ep [622"‘1 fm] - Ep [e‘“ S mw}

L
1 2 : fzyfb:l F(Yietje)
S Z EP |:€ Jj=0 .

k=1

Note that the various functions in the exponent of the last expression are
{-separated. Therefore,

") Ly atf (Vs
Ep |elui=1 /170 < ZZ | Ep [e k+]2:|
:|m/o¢

where Assumption (H-1) was used in the inequality and the stationarity of
P in the equality. Hence,
1 me ooy 1
— log Ep {e i=1 f(Yl)} < —log Eple® ()] |
ml la

and (6.4.16) follows with v = fov and M = 1.
(b) Fix d and {g;}7_, € B(X), and let X; = (g1(;),...,ga(¥i)). Let
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K c R? be the convex, compact hypercube I [—|lgil, lgs]|]. Fix an
arbitrary continuous function f : K — [0,1], any two integers n,m, and
any £ > {g. Let r =n+m + £, and define

ALY, Y,) = f(lZXi)"

n+m-44~

1
LM V) =f(— Y X)"
i=n+1+4
Clearly, f1, f2 : ¥ — [0, 1] are {-separated, and therefore, by the stationar-
ity of P, Assumption (H-2) implies that (6.4.3) holds. O

Exercise 6.4.19 Let |a|] < 1, 29 ~ Normal(0,1/(1 — «?)), and &, be a
sequence of i.i.d. standard Normal random variables. Check that the process

Tnt+l1 = OTp + gn 5

satisfies Assumptions (H-1) and (H-2) but not Assumption (U).

Hint: Let || - ||, denote the L,(Py) norm. For any f € B(X), let wf(z)=
jz 7(z,dy) f(y). Using Holder's inequality and the explicit form of the tran-
sition probability measure, show that there exist positive constants (3, v such
that for all £ large enough,

17 fllacey < 1 Fll2s W Cf = Pll2 < e fll2s 17 Fll2 < 1 fllpces
where f = Ep, f, p(f) = 1+ e 5%, and q(¢) = 1 + e’ (These estimates are
known as hypercontractive estimates.)

Now let f, g be nonnegative functions of one variable. Using the preceding
estimates and the Markov property, check that for ¢ large,

Ep(f(z1)g(zerr)) = Ep,(fr'g) = Ep,(x'(f7'g)) < [I7"(f79)ll2
17 gllpcey < NI F1lall gl

[f1lallgll2 < 1| f]lallgl]a-

Prove Assumption (H-1) by repeating the preceding steps in the general sit-

uation. To see Assumption (H-2), let f,g be as before (but not necessarily
nonnegative), and paraphrasing the preceding arguments, show that

VANVAN

[Eplg(@1)(f(z3er1) = DI < Mgl 17> (f = Dllaco
< gl 7 (f = 2
< e gl 7 fl2
< e gllpo || f1pce) -

Extend these considerations to the general situation.
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6.5 LDP for Empirical Measures of Markov
Chains

Sections 6.3 and 6.4 enable LDPs to be obtained for the empirical measures
associated with various Markov processes. The expression for the rate func-
tion involves, under both the uniform (U) and the hypermixing (H-1), (H-
2) conditions, taking Fenchel-Legendre transforms, although over different
spaces and with somewhat different logarithmic moment generating func-
tions. Motivated by the results of Section 3.1, alternative, more tractable
expressions for this rate function are derived here.

Note that, as in the finite state setup, life may become simpler if the pair
empirical measure is dealt with. With this in mind, the rate functions for the
LDP of the empirical measure LY, and for the LDP of the k-tuple empirical
measure are treated separately. Since LY measures what fraction of the
total “time” interval (1,2,...,n) the process actually spends in a particular
Borel set, and since the continuous time analog of LY clearly involves exactly
the notion of time spent at a Borel set, the empirical measure LY is often
referred to as occupation time. In order to distinguish LY from its k-tuple
counterpart, this name is retained in this section.

6.5.1 LDP for Occupation Times

Throughout this section, let 7(x,dy) be a transition probability measure
(also called Markov or transition kernel) on the Polish space . Consider
the measure P € M;(X%+) generated by 7(-,-) from the initial measure
Py, € M1(X); that is, let the marginals P, € M;(X") be such that for any
n >1and any I € By,

n—1

P({o e X%+ : (0,...,0,) €T}) = /Fpl(d:zzl) 1 @i, dwisr)

i=1
= / P,(dzy,...,dz,).
r

To motivate the derivation, recall that if P satisfies the hypermixing
conditions (H-1) and (H-2) of Section 6.4.2, then, by Theorem 6.4.14 and
Lemma 6.4.18, the random variables LY satisfy the LDP in the 7-topology
of My(Y), with the good rate function being the Fenchel-Legendre trans-
form (with respect to B(X)) of

1 n .
A(f) =limsup — log Ep {ezizlf(y’)} .

n—oo N
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In this section, a program for the explicit identification of this rate func-
tion and related ones is embarked on. It turns out that this identification
procedure does not depend upon the existence of the LDP. A similar iden-
tification for the (different) rate function of the LDP derived in Section 6.3
under the uniformity assumption (U) is also presented, and although it is
not directly dependent upon the existence of an LDP, it does depend on
structural properties of the Markov chains involved. (See Theorem 6.5.4.)

Throughout this section, let 7y : B(X) — B(X) denote the linear, non-
negative operator

(rpu)(e) = /@) [ u(rym(o.dr).
b
where f € B(X), and let musmou = [ u(r)m(-,dr). Note that

Ep X109 = gy [ (oS0 /

g (Y, dT))e j f(m]

n—2

Bp[(my 1) (Ya)eXoie 70D = Bp {21} (Vo )edoin 109
= Epl{(xy)" 1}(YD)] = {(m) 1, Py),

and hence, the logarithmic moment generating function associated with
7(-,-) and Py is

A(f)élimsup% log({(77)"1, P1)). (6.5.1)

n—oo

Definition p € M;(X) is an invariant measure for w(-,-) if

A

()2 [ do)(o) = ).

If P, is an invariant measure for 7(-,-), then P is a stationary measure.

The existence of an invariant measure makes the computation of the
Fenchel-Legendre transform particularly transparent. Namely,

Theorem 6.5.2 Let Py be an invariant measure for w(-,-). Then for all
(2SS Ml(E),

sup {(v, f) — A(f)}
feB(x)
sup  {— [glog () dv} , A& emists
_{ weB(D)uzl (%) h (6.5.3)

0 , otherwise.
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Remark: That one has to consider the two separate cases in (6.5.3) above
is demonstrated by the following example. Let w(x, A) = 14(x) for every
Borel set A. It is easy to check that any measure P; is invariant, and that
LY satisfies the LDP with the rate function

[0 , dv/dPy exists
Iw) _{ oo , otherwise.

Proof: (a) Suppose that dv/dP; does not exist, i.e., there exists a set
A € Bs; such that P;(A) = 0 while v(A) > 0. For any a > 0, the function
aly belongs to B(X), and by the union of events bound and the stationarity
of P, it follows that for all n,

Ep eaZ;:1 1A(Yi):| <1+ npl(A)ean =1.

Therefore, A(als) <0, implying that

sup {(v, f) =A(f)} = sup{a(la,v) —Alala)}
feB(D) a>0
> sup{av(A)} = 0.

a>0

(b) Suppose now that dv/dP; exists. For each v € B(X) with u > 1, let
f =log(u/mu) and observe that f € B(X) as mu > 71 = 1. Since 7mju = u
and 751 = u/mu < u, it follows that (7;)"1 < u. Hence,

A(f) < hmsup— log(u, P1) < hmsup— log ||u|| = 0.

n—oo N n—00

Therefore,
o) == [ 108 (%) v < (1) = AP,

implying that

B A L

To establish the opposite inequality, fix f € B(X), A(f) < a < oo, and
let u, 2> 0 _ e ™ (my)™1. Note that u,, € B(X) and u,, > 1 for all n.
Moreover,

n+1
e U, = Z e ")l = Uupp1 — 1 =uy + v, — 1,

m=1
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where v, 2u,, 11 — u, = e~ ("D (1) 11 Therefore,

n n n_l n
Up, Uy Up,

Observe that

Uy = e v, < ellfll=ay, 1 < ellfll=ay,

Thus, with u, > 1,
log (1 N ”_n> < U o Glfl=a) p
Un Un
implying that for all § > 0,
/ log (1 + U—") dv < 6 + W=y (fu, > 6.
) Un

Since a > A(f), it follows that (v,, P;) — 0 as n — oo. Consequently, for
any 0 > 0 fixed, by Chebycheff’s inequality, P;({v, > ¢}) — 0 as n — oo,
and since dv/dP; exists, also v({v, > d}) — 0 as n — oo. Hence,

sup {—/ log (Lu) dz/} > limsup {—/ log (Fu") du}
u€EB(X),u>1 = U n—oo = Un,

> {(fﬂ/)—a—liminf log (14—”—”) dz/:| >(fv)y—a—46.
> u

n—oo n

Considering first § N\, 0, then « N\, A(f), and finally taking the supremum
over f € B(X), the proof is complete. |

Having treated the rate function corresponding to the hypermixing as-
sumptions (H-1) and (H-2), attention is next turned to the setup of Section
6.3. It has already been observed that under the uniformity assumption
(U), LY satisfies the LDP, in the weak topology of M;(X), regardless of the
initial measure P;, with the good rate function

IU(V)é sup {(f,u) — lim 1 log E, [627:1 f(Yi)]} ,

fec,(®) n—oo n

which is independent of o. It is our goal now to provide an alternative
expression for IV (-).

Theorem 6.5.4 Assume that (U) of Section 6.3 holds.
Then, for all v € M;(X),

Y (v) = sup {—/ log (ﬂ> dl/} . (6.5.5)
ueCh(3),u>1 » u
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Proof: Recall that Assumption (U) implies that for any p € M;(X) and
any o € X,

1 " : 1 n :
lim — log E, [ezizlf(yﬂ} = lim — log / E¢ [eZizl f(m} ((de) .
>

n—oo n n—oo n

(See Exercise 6.3.13.) Thus, repeating the computation leading to (6.5.1),
it follows that for any v € M; (%),

1
IY(v) = sup {(f, v) — limsup — log((7¢)"1, 1/}} .
FeCy(®) n—oo M

Assuming that 7 is Feller continuous, i.e., that 7f € Cp(X) if f € Cp(2),
the theorem is proved by a repeat of part (b) of the proof of Theorem
6.5.2, with Cy(X) replacing B(X) and v replacing P; throughout the proof.
Indeed, 7y : Cy(X) — Cy(X) by the Feller continuity of m, and moreover,
with P; replaced by v, obviously (v,,v) — 0 for all v € M;(X). Following
[DeuS89b], the assumption that 7 is Feller continuous is removed in Exercise
6.5.7 by an approximation argument. Ul

Remark: Note that (6.5.5) is not exactly the same as the expression (3.1.7)
of Theorem 3.1.6. Indeed, in the finite state space discussed there, it was
more convenient to consider the operator um, where by Exercise 3.1.11, the
resulting two expressions are identical. At least under condition (U), when
Y is not finite, the analog of (3.1.7) is the expression

d
IY(v) = sup {/ log <ﬂ) du} , (6.5.6)
peEM; () log( 4T )eB(x) b dp

where un(-) = [g p(da)m(z,-). For details, see Exercise 6.5.9.

Exercise 6.5.7 (a) Check that for every v € M;(X) and every transition
probability measure 7 (-, -),

U U
sup {—/ log (—) du} = sup {—/ log <—) dy} .
u€CH(X),u>1 = U u€B(Z),u>1 = U

Hint: Show that if 1 < u,, — u boundedly and pointwise, then

—/ log (wun> dv — —/ log (H> dv.
) Unp, b u
Recall that by the monotone class theorem, if H C {u: v € B(X), u > 1}

contains {u : u € Cp(X), u > 1} and is closed under bounded pointwise
convergence, then H = {u: u € B(X), u > 1}.




294 6. THE LDP FOR ABSTRACT EMPIRICAL MEASURES

(b) Assume that Assumption (U) of Section 6.3 holds, and let {f,} be a
uniformly bounded sequence in B(X) such that f, — f pointwise. Show that
limsup, ., A(f.) < A(f).

Hint: Use part (a) of Exercise 6.3.12, and the convexity of A(:).

(c) Conclude that Theorem 6.5.4 holds under Assumption (U) even when 7 is
not Feller continuous.

Exercise 6.5.8 (a) Using Jensen's inequality and Lemma 6.2.13, prove that
for any v € M;(X) and any transition probability measure 7 (-, ),

sup {—/ log (ﬂ) dl/} > H(v|vm) .
ueCh(3),u>1 b u

(b) Recall that, under Assumption (U), J,(v) = IV (v) is the good rate function
controlling the LDP of {LY}. Prove that there then exists at least one invariant
measure for w(-,-).

(c) Conclude that when Assumption (U) holds, the invariant measure is unique.

2

I (V)

Hint: Invariant measures for 7 are also invariant measures for [1£1/N Ef\il .
Hence, it suffices to consider the latter Markov kernel, which by Assumption
(U) satisfies inf ex II(z,-) > (1/M)v(:) for some v € M;(X), and some
M > 1. Therefore,

/

11wpquxry:%ywy+qw}unwm)

is a Markov kernel on {—1,1} x X (equipped with the product o-field). Let
P,0) be the Markov chain with transition IT and initial state (b,0), with
{(bn, X,,)} denoting its realization. Check that for every 0 € ¥ and T" € By,

M"(o,1) = M%((b,0),{—1,1} xT)
= qn(I‘)Jr]S(b,U)(XnGF,b1:62:~~:bn:—1),
where ¢, () is independent of o. Conclude that for any 0,0’ € 3, and any

I'e Bz,
0" (0, T) — II"(o”, T)| < 2(1 — 1/M)" .

Exercise 6.5.9 In this exercise, you will prove that (6.5.6) holds whenever
Assumption (U) holds true.
(a) Prove that for any p € M; (%),

1
IY(v) = sup {(1/, f) — limsup — log(u7y, 1>} ,
feEB(X) n—oo N

where
Mmmzaw/ﬂmmww)
b))
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(b) Let p1 be given with f = 1og(du/d/ur) € B(X). Show that u7; = p, and
thus, for every v € M; (%),

() >, fy—0= —/Elog (%W) v(do).

(c) Fix v € B(X) such that v(:) > 1, note that ¢=7v > 1, and define the
transition kernel
v(7)

¢(o)

Prove that 7 is a transition kernel that satisfies Assumption (U). Applying
Exercise 6.5.8, conclude that it possesses an invariant measure, denoted p(-).
Define pu(do) = p(do)/co(o), with ¢ = [, p(do)/p(o). Prove that

log(d;—:)—l (U)GB(E)

and apply part (a) of Exercise 6.5.7 to conclude that (6.5.6) holds.

#(o,dr) = 7(o,dr)

6.5.2 LDP for the k-Empirical Measures

The LDP obtained for the occupation time of Markov chains may easily be
extended to the empirical measure of k-tuples, i.e.,

n

Al
zk_ Z(SY Yig1,Yirw_1) € Ml(zk) )

where throughout this section & > 2. This extension is motivated by the fact
that at least when |X| < oo, the resulting LDP has an explicit, simple rate
function as shown in Section 3.1.3. The corresponding results are derived
here for any Polish state space X.

The starting point for the derivation of the LDP for LY, lies in the
observation that if the sequence {Y,} is a Markov chain with state space
Y and transition kernel 7(z,dy), then the sequence {(Ya,...,Ynik—1)} is
a Markov chain with state space ¥ and transition kernel

k—1
Tk (z, dy) = 7(Tk, dyr) H Oiii (i)
i=1
where y = (y1,...,yk), © = (21,...,2x) € X*. Moreover, it is not hard

to check that if 7 satisfies Assumption (U) of Section 6.3 (or 7 satisfies
Assumptions (H-1) and (H-2) of Section 6.4 with some 7-invariant measure
Py), so does 7, (now with the mg-invariant measure Py(dx)=Py(dzy)w (21,
dxg) -+ m(xk—1,dxy)). Hence, the following corollary summarizes the re-
sults of Sections 6.3, 6.4.2, and 6.5.1 when applied to L){’k.
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Corollary 6.5.10 (a) Assume 7 satisfies Assumption (U) of Section 6.3.
Then Lz)k satisfies (in the weak topology of My (X¥)) the LDP with the good

rate function
_T,ij(u)é sup {—/ log (M) du} .
u€B(k),u>1 nk u

(b) Assume that (H-1) and (H-2) hold for P that is generated by m and the
m-invariant measure Py. Then L?{,k satisfies (in the T-topology of My(XF))
the LDP with the good rate function

d -
Ik(u)é IV (v), Fion em‘sts
0, otherwise.

To further identify IY () and Ix(-), the following definitions and nota-
tions are introduced.

Definition 6.5.11 A measure v € My (X¥) is called shift invariant if, for
any I' € Byr-1,

v({c e (01,...,01) €T =v({o € XF: (09,...,04) €T}) .

Next, for any p € M;(X*71), define the probability measure p ®; © €
M;(2F) by

M®k7r(r):/

M(d.’L‘)/ W(mk,hdy)l{(m’y)ep}, VI € Bsyr .
Sk—1 >

Theorem 6.5.12 For any transition kernel 7w, and any k > 2,

17 () = Hv|vg—1 @ m) , v shiﬂ invariant
k (%) , otherwise,

where vg_1 denotes the marginal of v on the first (k — 1) coordinates.

Remark: The preceding identification is independent of the existence of

the LDP. Moreover, it obviously implies that
() = H(v|vg—1 @, m) , v shift invariant, d%’k exists
00 , otherwise

Proof: Assume first that v is not shift invariant. A ¢ € B(X*~1) may be
found such that ¢» > 0 and

1/}(5[’1,...,;5]{_1)1/(611')7 7/1($27~-~7$k)’/(dx) > 1.
>k sk
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For any a > 0, define u, € B(X*) by
Ug (z) = V@1 Th-1) > 1

Therefore, (mpuq)(x) = e®¥#22%) and

_/ log (Wkua> dv
Yk Uey

= a{ | e pd) - ka(xg,...,xk)u(dx)} >a .

Considering o — o0, it follows that I (v) = oo. Next, note that for v shift
invariant, by Lemma 6.2.13,

H(v|vg—1 Q)
= sup {((b, v) — log /u(dxl, ey drg—1, %) /e(z’(”l"“’x"l’y)ﬂ(xk1,dy)}
) k-1

$eB(Sk b

= sup {((b, v) — log /Z/(Z,dxg, ce dxk)/ e @2 () dy)} .
pEB(SF) sh-1 )
(6.5.13)

Fix ¢ € B(X*) and let u € B(X*) be defined by u(z) = ce?®), where ¢ > 0
is chosen such that v > 1. Then

—log (%U) = o(x) — log/E e¥me et ey, dy).

Thus, by Jensen’s inequality,

_ / tog (™) a
nk u
= (¢,v) — / v(X,dxs, ..., dry) log/ eP @2 T ) () )
k-1 b

> (¢, v) — log /Ek eP @2 TV (5 day, . ydag)m (T, dy),

and it follows from (6.5.13) that I (v) > H(v|vk—1 ®f T).

To see the reverse inequality, let v*(-) denote the regular conditional
probability distribution of zj given the o-field generated by the restriction
of 32¥ to the first (k — 1) coordinates. (Such a conditional probability exists
because X¥ is Polish; c.f. Appendix D.) Assume with no loss of generality
that H(v|vg—1 ®k m) < 0o. Then

dv®

v({x e k1.
a dm(zp-1,")

exists }) = 1,
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and

H(v|vg—1 Q)

dv®
= dri,...,drg_1,% dv®log ————
/Ek—l V( X1, , AT —1, )/ v Ogd (xk 17.)
= / v(dzy,...,dxg_1,%) sup {/qﬁ X1, ..,k (day)
k-1 qseB(z:k

—log/ e¢(x1,u-,mk17y)ﬂ(mk_1,dy)}
p)
sup { (b(:r)u(dx)—/ v(dey,...,dxg—1,%)
¢eB(ZF) L/ Sk-1
log/ e¢(1’17---,$k17y)7r(xkhdy)}
b

= sup { d)du—/ v(%,dzsy, ..., dxy)
>k Yk—1

PeB(EF)
log / e¢($27~-,wk,y)7r($k7 dy)}
=

= sup { qbdyf/ log(wke¢)dy}
peB(zF) LUk sk

¢
— sup {/ log (sz )du} = g(u) .
$EB(TF) sk €

Y

6.5.3 Process Level LDP for Markov Chains

The LDP derived in Section 6.5.2 enables the deviant behavior of empirical
means of fixed length sequences to be dealt with as the number of terms
n in the empirical sum grows. Often, however, some information is needed
on the behavior of sequences whose length is not bounded with n. It then
becomes useful to consider sequences of infinite length. Formally, one could
form the empirical measure

Al

Y

Ln,oo = EzéTiY7
=1

where Y = (Y1,Ys,...) and T%Y = (Yi11, Yit2,...), and inquire about the
LDP of the random variable LY _ in the space of probability measures on
¥ %+, Since such measures may be identified with probability measures on

processes, this LDP is referred to as process level LDP.
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A natural point of view is to consider the infinite sequences Y as limits
of finite sequences, and to use a projective limit approach. Therefore, the
discussion on the process level LDP begins with some topological prelimi-
naries and an exact definition of the probability spaces involved. Since the
projective limit approach necessarily involves weak topology, only the weak
topologies of M;(X) and M;(3%+) will be considered.

As in the beginning of this section, let 3 be a Polish space, equipped
with the metric d and the Borel o-field By, associated with it, and let %*
denote its kth-fold product, whose topology is compatible with the metric
di(o,0") = Zle d(c;,0). The sequence of spaces ¥ with the obvious
projections py, 1 ¥ — X* defined by pii(01,...,0m) = (01,...,0%)
for kK < m, form a projective system with projective limit that is denoted
Y%+, and canonical projections p, : X%+ — XF. Since ¥* are separa-
ble spaces and 2%+ is countably generated, it follows that ©%+ is separa-
ble, and the Borel o-field on ¥%+ is the product of the appropriate Borel
o-fields. Finally, the projective topology on Y%+ is compatible with the

metric
o0

1 di(pro, pro’)
doo / _ _ 9
(0,7) ;2’“ [1+dk(pk0,10k0')

which makes X%+ into a Polish space. Consider now the spaces M;(Z¥),
equipped with the weak topology and the projections pp,  : M;(3™) —
My (X*%), k < m, such that p,, xv is the marginal of v € M;(X™) with re-
spect to its first k coordinates. The projective limit of this projective system
is merely M;(X#%+) as stated in the following lemma.

Lemma 6.5.14 The projective limit of (M1(2*), pym.x) is homeomorphic to
the space My(X%+) when the latter is equipped with the weak topology.

Proof: By Kolmogorov’s extension theorem, for any sequence v,, € M;(X")
such that p,, v, = v for all kK < m, there exists a v € M, (X%+) such that
Vn = DnV, i.e., {v,} are the marginals of v. The converse being trivial, it
follows that the space M;(X%+) may be identified with the projective limit
of (M1(X*), pm.x), denoted X. It remains only to prove that the bijection
v+ {p,v} between M;(X%+) and X is a homeomorphism. To this end,
recall that by the Portmanteau theorem, the topologies of M (X%+) and X
are, respectively, generated by the sets

Utzs = {I/G M (S%+) : |/ fdv —z| < 5} ,
sZ+
feC,(2%+), 2R, >0,
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and

Ufm5k = {VEX:/ fdpky—ac|<(5},
-
keZ, feC,(5F),zeR,6>0,

where C,(2%+) (C,(X")) denotes the space of bounded, real valued, uni-
formly continuous functions on X%+ (X", respectively). It is easy to check
that each Uﬁx@k C X is mapped to U, s, where f € C,(S%+) is the
natural extension of f, i.e., flo) = f(al, ...,0k). Consequently, the map
v +— {ppv} is continuous. To show that its inverse is continuous, fix
Ufes C Ml(ZZ+) and v € Uy, 5. Let 6= (6 — ‘fZZ-%— fdv —z|)/3 > 0.

Observe that dy(0,0') < 27% whenever o1 = o1,...,0, = 0. Hence, by
the uniform continuity of f,
lim sup |f(o) = f(o)| =0,
k=00 g oren®+:(o1,...,01)=(0},....,0%)
and for k < oo large enough, sup_ .z, [f(0) — f(al, cen o) < 5, where
f(al,...,ok) = f(o1,...,06,0%,0% ...)

for some arbitrary o* € . Clearly, f € C.(XF). Moreover, for & =
Jsor fdpyv, the image of Uf.z,s contains the neighborhood Uf,.%,g,k of {prv}
in X. Hence, the image of each Uy, 5 is open, and the bijection v — {pxv}
possesses a continuous inverse. Ul

Returning to the empirical process, observe that for each k, pg (LXOO)
= L;{’k. The following is therefore an immediate consequence of Lemma
6.5.14, the Dawson—Gértner theorem (Theorem 4.6.1), and the results of
Section 6.5.2.

Corollary 6.5.15 Assume that (U) of section 6.3 holds. Then the sequence
{LY ..} satisfies the LDP in My(%%+) (equipped with the weak topology)
with the good rate function

Lo(v) = { supyso H(prv|pr—1v @ ) , v shift invariant
T otherwise
)

where v € My(X%+) is called shift invariant if, for all k € Z.., pxv is shift
invariant in My(3F).

Our goal now is to derive an explicit expression for I (-). For i = 0,1, let
Z; = Z N (—o0,i] and let % be constructed similarly to X%+ via pro-
jective limits. For any pu € M;(X#%+) shift invariant, consider the measures
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wi € My (X%:) such that for every k > 1 and every By measurable set T,

/J;k( {( ey Ol —ky e 701') : (Ji+1,k, Ce 70'1') S F}) = pk/J,(F) .

Such a measure exists and is unique by the consistency condition satisfied
by u and Kolmogorov’s extension theorem. Next, for any ug € My (X%0),
define the Markov extension of it, denoted uf @7 € My (X%1), such that for
any ¢ € B(XFY) k> 1,

¢(U—(k—1)> -5 00, O'1>d,LL6 @m

71
= /zZo /Zc/)(o,(k,l), ey 00, T)T (00, dT)dpg -
In these notations, for any shift invariant v € M; (X%+),
H(pivlpy v @k ) = H(pevi [pu( © 7))

where for any i € M;(X#%1), and any I' € By,

Peu(l) = p({(ok2,-.-,00,01) €T'}) .
The characterization of I (+) is a direct consequence of the following lemma.
Lemma 6.5.16 (Pinsker) Let X be Polish and v, € My(X%'). Then

Hpolpw) / H(vlp)as & — oo

Proof of Lemma 6.5.16: Recall that

H(prv|prp) = sup { ¢dpyv — log (/ 6¢dpkﬂ) } ;
peCy(xk) Lsw U

whereas
H(v|p)=  sup {/ ¢dv — log </ e¢d,u> } .
PeCH(ZZ1) PIES SZ1

It clearly follows that H(prv|prp) < H(Pry1v|Pr+1p) < H(v|p). On the
other hand, by the same construction used in the proof of Lemma 6.5.14, it
is clear that any function ¢ € C,(X%1) must satisfy

lim sup [6(c) — (o) = 0.

k—oo o,0'eX#1; (U—(k—1)7-",01):(0’,(,€,1),mﬂi)

The lemma, follows by considering, for each ¢ € Cy,(X#*), an approximating
(almost everywhere v, u) sequence in C,(X%'), and then approximating



302 6. THE LDP FOR ABSTRACT EMPIRICAL MEASURES

each ¢ € C,(X%1) by the sequence (.. 0%, 0 _(k—2),...,01), Where o is
arbitrary in X. Ul

Combining Corollary 6.5.15, Lemma 6.5.16 and the preceding discussion,
the following identification of I, (-) is obtained.

Corollary 6.5.17

Lo(v) = Hf|lvsgem) , v shift invariant
T oo , otherwise.

Exercise 6.5.18 Check that the metric defined on X%+ is indeed compatible
with the projective topology.

Exercise 6.5.19 Assume that (U) of Section 6.3 holds. Deduce the occupa-
tion times and the kth order LDP from the process level LDP of this section.

Exercise 6.5.20 Deduce the process level LDP (in the weak topology) for
Markov processes satisfying Assumptions (H-1) and (H-2).

6.6 A Weak Convergence Approach to Large
Deviations

The variational characterization of the relative entropy functional is key to
an alternative approach for establishing the LDP in Polish spaces. This
approach, developed by Dupuis and Ellis, is particularly useful in obtaining
the LDP for the occupation measure of Markov chains with discontinu-
ous statistics, and is summarized in the monograph [DuE97]. It is based
on transforming large deviations questions to questions about weak con-
vergence of associated controlled processes. Here, we present the essential
idea in a particularly simple setup, namely that of Sanov’s theorem (Corol-
lary 6.2.3).

The key ingredient in the approach of Dupuis and Ellis is the following
observation, based on the duality representation of the relative entropy.

Theorem 6.6.1 (Dupuis-Ellis) Suppose I(-) is a good rate function on
a Polish space X such that for a family of probability measures {fic} on X
and any [ € Cyp(X),

As= sup {f () ~ I(2)} = lim s {9) = HElR)} . (662)

Then, {[ic} satisfies the LDP in X with good rate function I(-).
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Proof: The duality in Lemma 6.2.13 (see in particular (6.2.14)) implies that
for all f € Cp(X),

log / SO (dr) = sup {e M (f,5) — H(Ple)} .
x PEM, (X)

Coupled with (6.6.2) this implies that

Ay = timelog | e/ (do) = sup {f(z) - (@)}

X rEX
The conclusion of the theorem follows from Theorem 4.4.13. ]

We turn to the following important application of Theorem 6.6.1. Let
Y be a Polish space and X = M;(X) equipped with the topology of weak
convergence and the corresponding Borel o-field. To fix notations related
to the decomposition of measures on X", for given ¢ € {1,...,n} and v() ¢

My (™), let V[(lnz] € M;(X%) denote the restriction of v(™ to the first i

coordinates, such that V[(lnz] (T) = v x £"7%), for all T € Byi. Fori > 2,

writing X = %=1 x 5, let ™" € M;(Z) denote the r.c.p.d. of V[(lnz] given
the projection m;_1 : ¥ — ¥~ on the first (i — 1) coordinates of y, so that
for any I';_; € Byi—1 and I" € By,

T <D = [ O )
i—1

(see Definition D.2 and Theorem D.3 for the existence of such r.c.p.d.). To
simplify notations, we also use l/i(n)’y to denote V[(ln 2] in case i = 1. For any
n € Z.,let ™ € M;(X") denote the law of the ¥"-valued random variable
Y = (V4,...,Y,), with fi,, € M;(X) denoting the law of LY induced on X
via the measurable map y — LY.

The following lemma provides an alternative representation of the right-
side of (6.6.2). It is essential for proving the convergence in (6.6.2), and for
identifying the limit as Ay.

Lemma 6.6.3 For any f € Cy(X) and p™ € M;(X"),
1

Af,n = _sup o) — = H@|fn)}
DEM1(X) n
= s [ fEOEy) - HEORT)Y (664)

v eM; (sn) Jxn

= [0 = DS YO ) ).
i=1

v(m)eMq(Em
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Proof: Fix f € Cy(X), n € Z, and p™ € M;(X"). For computing Ay,
it suffices to consider 7 = ¥, such that p, = di,/dfi, exists. Fixing such
Up € M1(X), since fi,({LY : y € £"}) =1, also 7,({L¥ : y € ¥"}) = 1.
Consequently, 7, can be represented as a law on X induced by some v(") €
M;(X™) via the continuous mapping y — LY. Hence, by Lemma 6.2.13,

H(lin) =  sup {(g,Dn>—log/eg(z)ﬂn(dx)}
geCy(X) X

= swp ([ g dy) ~og | e U dy)
geC,(X) Jxm "

< sup {[ h(y)w"(dy)—log / ") ™ (dy)}
heCy(sn) Jzn n

= HE™),

with equality when v is such that dv™ /du™ = p, o (L¥)~'. Since
(fson) = [su F(LY (™) (dy) and p,, is an arbitrary fi,-probability density,

1
Apn=sup {[ f@)™(dy)—=H@™ ™)},  (6.6.5)
I/(")EMl(Z") »n n

Applying Theorem D.13 sequentially for m;_; : 7! x ¥ — ¥l 4 =
n,n—1,...,2, we have the identity

Combining (6.6.5) and (6.6.6) completes the proof of the lemma. O

We demonstrate this approach by providing yet another proof of Sanov’s
theorem (with respect to the weak topology, that is, Corollary 6.2.3). This
proof is particularly simple because of the ease in which convexity can be
used in demonstrating the upper bound. See the historical notes at the end
of this chapter for references to more challenging applications.

Proof of Corollary 6.2.3 (Weak convergence method): The fact that
H(|p) is a good rate function is a consequence of Lemma 6.2.12. Fixing
f € Cy(X), by Theorem 6.6.1, with e = 1/n, suffices for showing the LDP
to prove the convergence of Ay, of (6.6.4) to As of (6.6.2). With u(™ = "

a product measure, it follows that ,u(n)’y = p for 1 < ¢ < n. Choose in the
(n)y

third line of (6.6.4) a product measure v(™) = v™ such that v, = v for

1 < i < mn, to get the lower bound

Moz [ JUR)Vdy) ~ H(vln)
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Let b = 1+ sup,cy |f(2)] < co. Fix n € (0,b) and consider the open set
G, ={z: f(z) > f(v) —n} C X, which contains a neighborhood of v from
the base of the topology of X, that is, a set N2 Uy, (4,,.),5 as in (6.2.2)
for some m € Z,, 6 > 0 and ¢; € Cp(X). If Y3,...,Y, is a sequence of
independent, »-valued random variables, identically distributed according
to v € M;(%), then for any ¢ € Cy(X) fixed, (¢, LY) — (¢, ) in probability
by the law of large numbers. In particular,

[ 1wy = ) == 2,(G5)

> f(v)—n- 2qu”({y (i, LY) — (¢, v)] > 0})
— f(v)—n.

n—o0

Therefore, considering n — 0 and v € M;(X) arbitrary,

liminfAp,, > sup {f(v)—H|p)}=As. (6.6.7)

n—oo veM;(X)

We turn to the proof of the complementary upper bound. By the convexity
of H(-|u), for any v(™ € M;(X"),

1 n
=Y H@ ) = He )
i=1

where v¥ = n~! ZZ 1 1(n), is a random probability measure on Y. Thus,

by Lemma 6.6.3 there exist (™ € M;(X") such that

A2 limsup Ay, < limsup / FIY) = H W™ dy) . (6.6.8)

n—oo n—oo

For proving that Ay < Ay, we may and will assume that Ay > —oo. Con-
sider the random variables (vY,LY) € X? corresponding to sampling in-
dependently at each n, according to the law v(™ on ¥", a sample Y =
(Y1,...,Y,). This construction allows for embedding the whole sequence

{(vY,LY)} in one probability space (€2, F, P), where P € M; ((X2)Z+>

is the law of the sequence {(v,¥,LY)}. Applying Fatou’s lemma for the
nonnegative functions H(v¥|u) — f(LY) + b, by (6.6.8), it follows that

&y < tmswp [ (F(EY) - HGY0)aP

n—00

< /lim sup (f(LZ) - H(V?ﬂ,u))dP . (6.6.9)

n—oo
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Let Fip = {T x 3" :T € By} for 1 < i
¢ € Cp(X) and n € Z,. Note that (¢, LY)
the filtration Fy, p,

S n and fO,n = {@,Zn} Fix
—{¢,vY) = n~1S,, where for

k
SEY(60%) ~ BOYIF 1)), k=1, S=0,

i=1

is a discrete time martingale of bounded differences, null at 0. By (2.4.10),
for some ¢ > 0 and any 6 >0, n € Z_,

P(I{6, LY) = (¢ 0] > 8) < 2e7%
so applying the Borel-Cantelli lemma, it follows that
(6, LYY — (p,vY) — 0, P — almost surely.

With M;(X) possessing a countable convergence determining class {¢;},
it follows that P-almost surely, the (random) set of limit points of the
sequence {LY} is the same as that of the sequence {v,Y}. Since Ay > —o0
and f(-) is bounded, P-almost surely H(v,Y |u) is a bounded sequence and
then with H(-|u) a good rate function, every subsequence of {v,Y} has at
least one limit point in M;(X). Therefore, by the continuity of f(-) and
lower semi-continuity of H(-|u), P-almost surely,

limsup{f(Ly) — H(vy |p)} < sup {f( )= Hw|p)} = A

n—oo veM, (%)

Consequently, Ay < Ay by (6.6.9). The LDP then follows by (6.6.7) and
Theorem 6.6.1. O

6.7 Historical Notes and References

The approach taken in this chapter is a combination of two powerful
ideas: sub-additivity methods and the projective limit approach. The sub-
additivity approach for proving the existence of the limits appearing in
the various definitions of logarithmic moment generating functions may be
traced back to Ruelle and to Lanford [Rue65, Rue67, Lan73]. In the con-
text of large deviations, they were applied by Bahadur and Zabell [BaZ79],
who used it to derive both the sharp form of Cramér’s theorem discussed
in Section 6.1 and the weak form of Sanov’s theorem in Corollary 6.2.3.
In the same article, they also derive the LDP for the empirical mean of
Banach valued i.i.d. random variables described in Exercise 6.2.21. The
latter was also considered in [DV76, Bol84, deA85b] and in [Bol86, Bol87al,
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where Laplace’s method is used and the case of degeneracy is resolved. As-
sumption 6.1.2 borrows from both [BaZ79] and [DeuS89b]. In view of the
example in [Wei76, page 323|, some restriction of the form of part (b) of
Assumption 6.1.2 is necessary in order to prove Lemma 6.1.8. (Note that
this contradicts the claim in the appendix of [BaZ79]. This correction of
the latter does not, however, affect other results there and, moreover, it
is hard to imagine an interesting situation in which this restriction is not
satisfied.) Exercise 6.1.19 follows the exposition in [DeuS89b]. The moder-
ate deviations version of Cramér’s theorem, namely the infinite dimensional
extension of Theorem 3.7.1, is considered in [BoM78, deA92, Led92].

Long before the “general” theory of large deviations was developed,
Sanov proved a version of Sanov’s theorem for real valued random variables
[San57]. His work was extended in various ways by Sethuraman, Hoeffd-
ing, Hoadley, and finally by Donsker and Varadhan [Set64, Hoe65, Hoa67,
DV76], all in the weak topology. A derivation based entirely on the pro-
jective limit approach may be found in [DaG87], where the Daniell-Stone
theorem is applied for identifying the rate function in the weak topology.
The formulation and proof of Sanov’s theorem in the 7-topology is due to
Groeneboom, QOosterhoff, and Ruymgaart [GOR79], who use a version of
what would later become the projective limit approach. These authors also
consider the application of the results to various statistical problems. Re-
lated refinements may be found in [Gro80, GrS81]. For a different approach
to the strong form of Sanov’s theorem, see [DeuS89b]. See also [DiZ92] for
the exchangeable case. Combining either the approximate or inverse con-
traction principles of Section 4.2 with concentration inequalities that are
based upon those of Section 2.4, it is possible to prove Sanov’s theorem
for topologies stronger than the 7-topology. For example, certain nonlinear
and possibly unbounded functionals are part of the topology considered by
[SeW97, EicS97], whereas in the topologies of [Wu94, DeZa97] convergence
is uniform over certain classes of linear functionals.

Asymptotic expansions in the general setting of Cramér’s theorem and
Sanov’s theorem are considered in [EinK96] and [Din92], respectively. These
infinite dimensional extensions of Theorem 3.7.4 apply to open convex sets,
relying upon the concept of dominating points first introduced in [Ney83].

As should be clear from an inspection of the proof of Theorem 6.2.10,
which was based on projective limits, the assumption that ¥ is Polish played
no role whatsoever, and this proof could be made to work as soon as X is
a Hausdorff space. In this case, however, the measurability of LY with re-
spect to either B* or B has to be dealt with because ¥ is not necessarily
separable. Examples of such a discussion may be found in [GORT9], Propo-
sition 3.1, and in [Cs84], Remark 2.1. With some adaptations one may even
dispense of the Hausdorff assumption, thus proving Sanov’s theorem for ¥
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an arbitrary measurable space. See [deA94b] for such a result.

Although Sanov’s theorem came to be fully appreciated only in the
1970s, relative entropy was introduced into statistics by Kullback and Leib-
ler in the early 1950s [KL51], and came to play an important role in what
became information theory. For an account of the use of relative entropy in
this context, see [Ga68, Ber71].

The fundamental reference for the empirical measure LDP for Markov
chains satisfying certain regularity conditions is Donsker and Varadhan
[DVT75a, DV75b, DV76], who used a direct change of measure argument
to derive the LDP, both in discrete and in continuous time. As can be
seen from the bibliography, the applications of their result have been far-
reaching, explored first by them and then by a variety of other authors. An-
other early reference on the same subject is Gértner [Gar77]. A completely
different approach was proposed by Ney and Nummelin [NN87a, NN&7b],
who evaluate the LDP for additive functionals of Markov chains, and hence
need to consider mainly real valued random variables, even for Markov
chains taking values in abstract spaces. They also are able to obtain a
local LDP for quite general irreducible Markov chains. Extensions and
refinements of these results to (abstract valued) additive functionals are
presented in [deA88], again under a quite general irreducibility assumption.
See also [deA90, Jai90] for a refinement of this approach and [DiN95] for
its application to the LDP for empirical measures. These latter extensions,
while providing sharper results, make use of a technically more involved
machinery. The LDP might hold for a Markov chain with a good rate func-
tion other than that of Donsker and Varadhan, possibly even non-convex.
Such examples are provided in Section 3.1.1, borrowing from [Din93] (where
the issue of identification of the rate function is studied in much general-
ity). An example of such a behavior for an ergodic Markov chain on [0, 1]
is provided in [DuZ96]. Note in this context that [BryS93] constructs a
bounded additive functional of a Markov chain which satisfies mixing con-
ditions, converges exponentially fast to its expectation, but does not satisfy
the LDP. Such a construction is provided in [BryD96], with the additional
twist of the LDP now holding for any atomic initial measure of the chain
but not for its stationary measure. See also [BxJV91, BryD96| for Markov
chains such that every bounded additive functional satisfies the LDP while
the empirical measure does not satisfy the LDP.

Stroock [St84] was the first to consider the uniform case (U) with ¢ =
N = 1. The general uniform case was derived by Ellis [ElI88]. (See also
[EIW89].) Another type of uniformity was considered by [INN85], based
on the additive functional approach. While the uniformity assumptions
are quite restrictive (in particular (U) implies Doéblin recurrence), they
result in a stronger uniform LDP statement while allowing for a transparent
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derivation, avoiding the heavier machinery necessary for handling general
irreducible chains. Uniformity assumptions also result with finer results for
additive functionals, such as dominating points in [INN85] and asymptotic
expansions in [Jen91].

The possibilities of working in the 7-topology and dispensing with the
Feller continuity were observed by Bolthausen [Bol87b].

For the moderate deviations of empirical measures of Markov chains see
[Wu95, deA97b].

Our derivation in Section 6.3 of the LDP in the weak topology for the
uniform case and the identification of the rate function presented in Section
6.5, are based on Chapter 4.1 of [DeuS89b]. Our notion of convergence in
the discussion of the nonuniform case is different than that of [DeuS89b]
and the particular form of (6.5.3) seems to be new.

Building upon the approximate subadditive theorem of [Ham62], the 7-
topology result of Section 6.4 is a combination of ideas borrowed from the
projective limit approach of Dawson and Gartner, Bryc’s inverse Varadhan
lemma (which may be thought of as a way to generate an approximate iden-
tity on open convex sets using convex functions) and the mixing hypotheses
of [CK88]. See also [BryD96] for the same result under weaker assumptions
and its relation with strong mixing conditions.

Relations between hypermixing assumptions and hypercontractivity
have been studied by Stroock [St84]. (See also [DeuS89b] for an updated
account.) In particular, for Markov processes, there are intimate links
between the hypermixing assumptions (H-1) and (H-2) and Logarithmic
Sobolev inequalities. Exercise 6.4.19 is based on the continuous time
Orenstein—Uhlenbeck example discussed in [DeuS89b].

Many of the preceding references also treat the continuous time case.
For a description of the changes required in transforming the discrete time
results to continuous time ones, see [DeuS89b]. It is hardly surprising that
in the continuous time situation, it is often easier to compute the resulting
rate function. In this context, see the evaluation of the rate function in the
symmetric case described in [DeuS89b|, and the explicit results of Pinsky
[Pin85a, Pin85b]. See also [KuT84, BrM91, BolDT95, BolDT96] for related
asymptotic expansions in the context of Laplace’s method.

The first to consider the LDP for the empirical process were Donsker
and Varadhan [DV83]. As pointed out, in the uniform case, the kth-fold
empirical measure computation and its projective extension to the process
level LDP may be found in [EIW89] and in the book by Deuschel and
Stroock [DeuS89b]. Lemma 6.5.16 is due to Pinsker [Pi64].

Section 6.6 is motivated by the weak convergence approach of [DuE97].
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Large deviations for empirical measures and processes have been consid-
ered in a variety of situations. A partial list follows.

The case of stationary processes satisfying appropriate mixing condi-
tions is handled by [Num90] (using the additive functional approach), by
[Sch89, BryS93]| for exponential convergence of tail probabilities of the em-
pirical mean, and by [Ore85, Ol1187, OP88| at the process level. For an
excellent survey of mixing conditions, see [Bra86]. As pointed out by Orey
[Ore85], the empirical process LDP is related to the Shannon-McMillan
theorem of information theory. For some extensions of the latter and
early large deviations statements, see [Moy61, F6l173, Barr85]. See also
[EKW94, Kif95, Kif96] for other types of ergodic averages.

The LDP for Gaussian empirical processes was considered by Donsker
and Varadhan [DV85], who provide an explicit evaluation of the result-
ing rate function in terms of the spectral density of the process. See also
[BryD95, BxJ96] for similar results in continuous time and for Gaussian
processes with bounded spectral density for which the LDP does not hold.
For a critical LDP for the “Gaussian free field” see [BolD93].

Process level LDPs for random fields and applications to random fields
occurring from Gibbs conditioning are discussed in [DeuSZ91, Bry92]. The
Gibbs random field case has also been considered by [FO88, Ol188, Com89,
Sep93], whereas the LDP for the Z%-indexed Gaussian field is discussed in
[SZ92]. See also the historical notes of Chapter 7 for some applications to
statistical mechanics.

An abstract framework for LDP statements in dynamical systems is
described in [Tak82] and [Kif92]. LDP statements for branching processes
are described in [Big77, Big79].

Several estimates on the time to relaxation to equilibrium of a Markov
chain are closely related to large deviations estimates. See [LaS88, HoKS89,
JS89, DiaS91, JS93, DiaSa93, Mic95] and the accounts [Sal97, Mart98] for
further details.

The analysis of simulated annealing is related to both the Freidlin—
Wentzell theory and the relaxation properties of Markov chains. For more
on this subject, see [Haj88, HoS88, Cat92, Mic92] and the references therein.



Chapter 7

Applications of Empirical
Measures LDP

In this chapter, we revisit three applications considered in Chapters 2 and
3 in the finite alphabet setup. Equipped with Sanov’s theorem and the
projective limit approach, the general case (X Polish) is treated here.

7.1 Universal Hypothesis Testing

7.1.1 A General Statement of Test Optimality

Suppose a random variable Z that assumes values in a topological space )
is observed. Based on this observation, a choice may be made between the
null hypothesis Hy (where Z was drawn according to a Borel probability
measure jo) and the alternative hypothesis H; (where Z was drawn accord-
ing to another Borel probability measure, denoted p1). Whenever the laws
o and pp are known a priori, and duq/dug exists, it may be proved that
the likelihood ratio test is optimal in the Neyman—Pearson sense. To state
precisely what this statement means, define a test as a Borel measurable
map S : Y — {0,1} with the interpretation that when Z = z is observed,
then Hy is accepted (H; rejected) if S(z) = 0, while Hy is accepted (Hy
rejected) if S(z) = 1. Associated with each test are the error probabilities
of first and second kind,

>3

o(S) no({S(z) =1}),
AN
BS) = m{S(z)=0}).
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B(S) may always be minimized by choosing S(-) = 1 at the expense of
a(S) = 1. The Neyman-Pearson criterion for optimality involves looking
for a test S that minimizes §(S) subject to the constraint a(S) < . Now
define the likelihood ratio test with threshold n by

- T/ <
$(2) = 0 if g (2) <
1 otherwise.

Exact optimality for the likelihood ratio test is given in the following clas-
sical lemma. (For proofs, see [CT91] and [Leh59].)

Lemma 7.1.1 (Neyman—Pearson) For any 0 < v < 1, there exists a
n(7, to, 1) such that a(S) <, and any other test S that satisfies a(S) <y
must satisfy B(S) > B(S).

The major deficiency of the likelihood ratio test lies in the fact that
it requires perfect knowledge of the measures pg and g1, both in forming
the likelihood ratio and in computing the threshold n. Thus, it is not
applicable in situations where the alternative hypotheses consist of a family
of probability measures. To overcome this difficulty, other tests will be
proposed. However, the notion of optimality needs to be modified to allow
for asymptotic analysis. This is done in the same spirit of Definition 3.5.1.

In order to relate the optimality of tests to asymptotic computations,
the following assumption is now made.

Assumption 7.1.2 A sequence of random variables Z, with values in a
metric space (Y, d) is observed. Under the null hypothesis (Hp), the Borel
law of Z,, is po,n, where {pon} satisfies the LDP in Y with the good rate
function I(-), which is known a priori.

A test is now defined as a sequence of Borel measurable maps S™ : Y —
{0,1}. To any test {S™}, associate the error probabilities of first and second
kind:

>

an(Sn)
Bn(S")

where p; 5, is the (unknown) Borel law of Z,, under the alternative hypoth-
esis (H1). Note that it is implicitly assumed here that Z,, is a sufficient
statistics given {Zx}}_;, and hence it suffices to consider tests of the form
S8™(Z,). For stating the optimality criterion and presenting an optimal
test, let (S, S7') denote the partitions induced on Y by the test {S™} (i.e.,
z € S iff S"(2) = 0). Since in the general framework discussed here,

NO,H({Sn(Zn>
Nl,n({Sn(Zn)

I

—_
—
N

2

|
=
=
ot
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pointwise bounds on error probabilities are not available, smooth versions
of the maps S™ are considered. Specifically, for each § > 0, let S™° denote
the §-smoothing of the map S™ defined via

P WAN n n,6 4 n,
5176:{yey: dly,St) <6} , S 6:3}\81 ’,

i.e., the original partition is smoothed by using for S'  the open d-blowup
of the set S7'. Define the §-smoothed rate function

2

Js(z)= inf I(x),

T€B; 25

where the closed sets 32725 are defined by

Bz,z5é{y €Y : d(z,y) <26}

Note that the goodness of I(-) implies the lower semicontinuity of Js(-).

The following theorem is the main result of this section, suggesting
asymptotically optimal tests based on Js(-).

Theorem 7.1.3 Let Assumption 7.1.2 hold. For any § > 0 and any n > 0,
let S5 denote the test

8;(2) :{ 0 ifJ6(z) <n

1 otherwise,

with S*° denoting the 6-smoothing of S5. Then

1
limsup — log a, (8*°) < —, (7.1.4)
n

n—oo

and any other test S™ that satisfies

1
limsup — log oy, (8™*°) < —p (7.1.5)
n—oo N
must satisfy
L /6’n($”’5))
liminf | =¥———— | > 1. 7.1.6
n—oo (ﬁn(s*’é) - ( )

Remarks:

(a) Note the factor 46 appearing in (7.1.5). Although the number 4 is
quite arbitrary (and is tied to the exact definition of Js(-)), some margin is
needed in the definition of optimality to allow for the rough nature of the
large deviations bounds.
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(b) The test S; consists of maps that are independent of n and depend on
o, solely via the rate function I(-). This test is universally asymptotically
optimal, in the sense that (7.1.6) holds with no assumptions on the Borel
law g1, of Z, under the alternative hypothesis (Hy).

Proof: The proof is based on the following lemmas:
Lemma 7.1.7 For all § > 0,

AL inf I(z) > n.
ze8;°

Lemma 7.1.8 For any test satisfying (7.1.5), and all n > ng(9),

S csy. (7.1.9)

To prove (7.1.4), deduce from the large deviations upper bound and Lemma
7.1.7 that

1 1 *
limsup — loga, (S*°) = limsup — log g, (S; 9)
n—oo 1 n—oo N
< — inf I(z) < -
zesp?

To conclude the proof of the theorem, note that, by Lemma 7.1.8, 3,,(S™?) >
Bn(S*%) for any test satisfying (7.1.5), any n large enough, and any sequence
of probability measures (i1 ;. O

Proof of Lemma 7.1.7: Without loss of generality, assume that ¢ < oo,
and hence (with I(-) a good rate function), there exists a zo € Sf’é such
that I(z0) = c®. By the definition of S*9, there exists a y € ) such that
29 € By,25 and Js(y) > 7. It follows that

¢ =1I(z)> inf I()=Jsy) >n. O
TEDBy 25

Proof of Lemma 7.1.8: Assume that {S"} is a test for which (7.1.9) does
not hold. Then for some infinite subsequence {n,,}, there exist z,, € S; )9
such that z, € S ™% Therefore, Js(zm) < 7, and hence there exist
Ym € B.,, 25 with I(y,,) < n. Since I(-) is a good rate function, it follows

that y,, has a limit point y*. Hence, along some infinite subsequence {n,, },

nm/,45
By*,6/2 - Bzm/,36 - 81 .
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Therefore, by the large deviations lower bound,

1 1
limsup — log a, (S™*%) > liminf

n—oo N m/—00 Ny

1,48
10g ion, , (S7 )

|
> liminf — log po,n(By+ 5/2) > —1(Ymo) > =1,

n—oo N

where my is large enough for y,, € By« 5/2. In conclusion, any test {S"}
for which (7.1.9) fails can not satisfy (7.1.5). U

Another frequently occurring situation is when only partial informa-
tion about the sequence of probability measures py, is given a priori.
One possible way to model this situation is by a composite null hypoth-
esis HyZ Ugeo Hy, as described in the following assumption.

Assumption 7.1.10 A sequence of random variables Z, with values in a
metric space (Y, d) is observed. Under the null hypothesis (Hy), the law of
Zn 18 pon for some 0 € © that is independent of n. For each 0 € O, the
sequence {ug n} satisfies the LDP in )Y with the good rate function Iy(-),
and these functions are known a priori.

The natural candidate for optimal test now is again S5, but with

J(;(z)éinf inf  Iy(x).
0cO -’6632125
Indeed, the optimality of Sj is revealed in the following theorem.

Theorem 7.1.11 Let Assumption 7.1.10 hold.
(a) For all 0 € ©,

1
lim sup - logugm(Sf’é) < —n. (7.1.12)

n—oo

(b) Let {S™} be an alternative test such that for all 6 € O,

1
lim sup - 10g 119 (ST*%) < —1. (7.1.13)
Assume that either:
The set {z: ein(g Iy(2) < n} is pre-compact (7.1.14)
€
or
8" = S is independent of n. (7.1.15)

Then for any sequence {15},

n,d
lim inf (“1"(80)> > 1. (7.1.16)

n— 00 #,0

H1,n (80
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Remark: If neither (7.1.14) nor (7.1.15) holds, a somewhat weaker state-
ment may still be proved for exponentially tight {u1,,}. For details, c.f.
Exercise 7.1.17.

Proof: (a) By a repeat of the proof of Lemma 7.1.7, it is concluded that
forall § >0 and all 0 € O,

cgé inf Tp(z) >n.
ze8;°

Therefore, (7.1.12) follows by the large deviations upper bound.
(b) Suppose that the set inclusion (7.1.9) fails. Then by a repeat of the
proof of Lemma 7.1.8, there exist n,, — 00, 2z, € S"m’ with y,, € Bz7m25,
and 6,, € © with Iy, (ym) < n. Hence, if (7.1.14) holds then the sequence
Ym poOssesses a limit point y* and (7.1.13) fails for § = 6,,, such that
Ymo € By*,6/2-

Alternatively, if S = S and (7.1.9) fails, then there exists a z* € &7
such that Js(z*) < n. Therefore, there exist a y* € 32*725 and a 6* € ©
such that Ip«(y*) <. Since

46
By*,6/2 g Bz*,35 g 81 3

it follows from this inclusion and the large deviations lower bound that

1 1
limsup — log fug~ o (S1°) > hmlnf— log f19+ n(By~ 5/2)
n—oo N n— oo
> —Ip-(y" ) >,

contradicting (7.1.13). Consequently, when either (7.1.14) or (7.1.15) holds,
then (7.1.9) holds for any test that satisfies (7.1.13). Since (7.1.16) is an
immediate consequence of (7.1.9), the proof is complete. ]

Exercise 7.1.17 (a) Prove that for any test satisfying (7.1.13) and any com-
pact set K C ),

S;PNKCSI,  Vn>ne(d) . (7.1.18)

(b) Use part (a) to show that even if both (7.1.14) and (7.1.15) fail, still

1 1
lim mf = log 1. (Sg°) > liminf = log i1, (Sp™)
n—oo N

n—oo

for any test {S"} that satisfies (7.1.13), and any exponentially tight {y1 5, }.
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7.1.2 Independent and Identically Distributed
Observations

The results of Theorems 7.1.3 and 7.1.11 are easily specialized to the par-
ticular case of i.i.d. observations. Specifically, let Y7,Y5,...,Y,, be an ob-
served sequence of Y-valued random variables, where 3 is a Polish space.
Under both hypotheses, these variables are i.i.d., with p; denoting the
probability measure of Y; under H;, j = 0,1. By a proof similar to
the one used in Lemma 3.5.3, for each integer n, the random variable
Z, = LY = n 'Y " | 0y,, which takes values in Y = M;(X), is a suffi-
cient statistics in the sense of Lemma 3.5.3. Thus, it is enough to consider
tests of the form S™(Z,,). The space M;(X) is a metric space when equipped
with the weak topology, and by Sanov’s theorem (Theorem 6.2.10), {Z,}
satisfies under Hy the LDP with the good rate function I(-) = H(-|uo).
Hence, Assumption 7.1.2 holds, and consequently so does Theorem 7.1.3.
When pg is known only to belong to the set A2{u}gco, then Theorem
7.1.11 holds. Moreover:

Theorem 7.1.19 If A is a compact subset of My(X), then (7.1.14) holds,
and the test S* is optimal.

Remark: When ¥ is a compact space, so is M;(X) (when equipped with
the weak topology; see Theorem D.8), and (7.1.14) trivially holds.

Proof: Assume that the set of measures A is compact. Then by Prohorov’s
theorem (Theorem D.9), for each § > 0 there exists a compact set K5 C
¥ such that u(K§) < 6 for all p € A. Fix n < oo and define B&{v :
inf,ca H(v|p) < n}. Fix v € B and let p € A be such that H(v|u) < 7.
Then by Jensen’s inequality,

d d
n > / dz/log—y +/ dz/log—y
Ks dp K¢ dp

> () log S 4 v(E5) log g

1
> —log2+ v(K5)log =,
n(K5) (i loe 3

where the last inequality follows from the bound

inf {plogp+ (1 —p)log(l—p)} > —log2.

p€l0,1]

Therefore, v(K§) < (n+log2)/log(1/6) for all v € B and all § > 0, implying
that B is tight. Hence, again by Prohorov’s theorem (Theorem D.9), B is
pre-compact and this is precisely the condition (7.1.14). Ul

Exercise 7.1.20 Prove that the empirical measure LY is a sufficient statistics
in the sense of Section 3.5.
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7.2 Sampling Without Replacement

Consider the following setup, which is an extension of the one discussed
in Section 2.1.3. Let X be a Polish space. Out of an initial deterministic
pool of m items y=(y1,...,ym) € L™, an n-tuple Y=(yi,, Yip, - - -» i, ) 18
sampled without replacement, namely, i; # is # -+ # i, and each choice
of iy #ig # -+ # i, € {1,...,m} is equally likely (and independent of the
sequence y).

Suppose now that, as m — oo, the deterministic empirical measures
LY, = m~ '3 " 6, converge weakly to some p € M;(X). Let Y be a
random vector obtained by the sampling without replacement of n out of
m elements as described before. Such a situation occurs when one surveys
a small part of a large population and wishes to make statistical inference
based on this sample. The next theorem provides the LDP for the (random)
empirical measure LY associated with the vector Y, where n/m(n) — 3 €
(0,1) as n — oo.

Theorem 7.2.1 The sequence LY satisfies the LDP in M (X) equipped
with the weak topology, with the convex good rate function

H(v|p) + %H(%ﬁ;

u) if 422 e My(x)

(|8, 1) = (7.2:2)

00 otherwise.

Remark: Consider the probability space (21 x Qq, B x BZZ+7P1 X Py),
with Qy = X%+, P, stationary and ergodic with marginal y on ¥, and
(1, B, Py) representing the randomness involved in the sub-sampling. Let
wo = (Y1,Y2,- -+ Ym,---) be a realization of an infinite sequence under the
measure P. Since ¥ is Polish, by the ergodic theorem the empirical mea-
sures LY, converge to p weakly for (P2) almost every wy. Hence, Theorem
7.2.1 applies for almost every ws, yielding the same LDP for LY under the
law P; for almost every wy. Note that for P, a product measure (corre-
sponding to an i.i.d. sequence), the LDP for LY under the law P; x P,
is given by Sanov’s theorem (Theorem 6.2.10) and admits a different rate
function!

The first step in the proof of Theorem 7.2.1 is to derive the LDP for
a sequence of empirical measures of deterministic positions and random
weights which is much simpler to handle. As shown in the sequel, this LDP
also provides an alternative proof for Theorem 5.1.2.

Theorem 7.2.3 Let X; be real-valued i.i.d. random variables with Ax (\) =
log E[e**1] finite everywhere and y; € ¥ non-random such that LY, —
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weakly in M1(X). Then, for n = n(m) such that n/m — 8 € (0,00), the
sequence LI, = n=1 3" | X6, satisfies the LDP in M () equipped with the
Cy(X)-topology, with the convex good rate function

fz LAC(Bf)dp  if f = g—; exists
Ix(v) = (7.2.4)

00 otherwise.

Remark: In case X; are non-negative, L € M, (X), the subset of M (%)
consisting of all positive finite Borel measures on ¥. Thus, the LDP of
Theorem 7.2.3 holds in M4 (X) equipped with the induced topology, by
part (b) of Lemma 4.1.5.

Proof: Note that A% (-) is a convex good rate function and by Lemma
2.2.20, A% (x)/|x| — oo as |z] — oo. Hence, by Lemma 6.2.16, Ix(-) is
a convex, good rate function on M(X) equipped with the B(X)-topology.
The same applies for the weaker Cj,(X)-topology, by considering the identity
map on M(X).

By part (c) of Lemma 2.2.5, Ax () is differentiable. Hence, for ¢ € Cp(%)
we have that Ax(¢(-)) € Cp(X) and

10gE[eXP(n/E¢dL%)] = log Blexp(Y_ Xig(y:))] = ZAX(¢(%))-

i=1

Therefore,
a1 AN |
A(qﬁ):nh_)rréog logE[eXp(n/E¢dLn)] = ﬁ/zAX(¢)dM

Thus, for any fixed collection ¢1,...,¢r € Cp(X), the function g(\) =
A(Zle Ai¢;) is finite. Moreover, applying dominated convergence (The-
orem C.10) to justify the change of order of differentiation and integration,
g(-) is differentiable in A = (Ay,...,A\x) throughout IR*. By part (a) of
Corollary 4.6.11, the sequence L] then satisfies the LDP in X, the alge-
braic dual of Cy(X) equipped with the Cp(X)-topology, with the good rate
function

A (W) = sup {(¢,9) —A(9)}, deX

HECH(E)

Identifying M (X) as a subset of X, set Ix(-) = oo outside M(X). Ob-
serve that for every ¢ € C,(X) and v € M(X) such that f = —” exists,

/ gdv — Iy (v) — A(6) = % / (68 — A% (Bf) — Ax(@)du < 0. (7.2.5)
>
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Since, by (2.2.10), the choice f = %A'X (¢) € B(X) results with equality in
(7.2.5), it follows that

A(p) = sup { rzbdvffx(V)}:;telg{w,ﬁ)ffx(ﬂ)},

veM(s) Ju

implying by the duality lemma (Lemma 4.5.8) that Ix(-) = A*(:). In par-
ticular, L), thus satisfies the LDP in M(X) (see part (b) of Lemma 4.1.5)
with the convex good rate function Ix(-). O

Proof of Theorem 7.2.1: Fix 5 € (0,1). By part (b) of Exercise 2.2.23,

for X; i.i.d. Bernoulli($) random variables

flog f + 52 g5(f)loggs(f) 0<f <3
00 otherwise

1
B

where gg(z) = (1 — fz)/(1 — 3). For this form of A% (-) and for every
v e M (X), Ix(v) of (7.2.4) equals to I(v|3, 1) of (7.2.2). Hence, I(-|53, 1)
is a convex good rate function. Use (y1,¥s,...) to generate the sequence
L! as in Theorem 7.2.3. Let V,, denote the number of i-s such that X; = 1,
i.e., V, =nL! (X2). The key to the proof is the following coupling. If V,, > n
choose (by sampling without replacement) a random subset {iy,..., iy, —n}
among those indices with X; = 1 and set X; to zero on this subset. Similarly,
if V,, < n choose a random subset {i1,...,i,—v, } among those indices with
X; = 0 and set X; to one on this subset. Re-evaluate L/, using the modified
X; values and denote the resulting (random) probability measure by Z,.
Note that Z, has the same law as LY which is also the law of L/, conditioned
on the event {V,, = n}. Since V,, is a Binomial(m, 3) random variable, and
n/m — B € (0,1) it follows that

w00 = {

liminf% log P(V,, = n) = liminf - log[(%)ﬂ”(l - ﬂ)m*”} ~0.

n— o0 n—oo N

(7.2.6)

Fix a closed set F C M;(X). Since P(LY € F) = P(Z, € F) < P(L, €
F)/P(V,, = n), it follows that {LY} satisfies the large deviations upper
bound (1.2.12) in M;(X) with the good rate function I(-|3, u). Recall that
the Lipschitz bounded metric dy (-, -) is compatible with the weak topology
on M;(X) (see Theorem D.8). Note that for any v € M; (%),

dLU(ZnaL/n) = TL71|Vn - ’Il| = |L;L(E) - 1| < dLU(L/naV) .
Therefore, by the triangle inequality for dpy (-, ),

P(dLU(L;“V) < 25) = P(dLU(Zn,L;L) < 25, dLU(L;“V) < 25)
P(dpy(Zn,v) < 46) = P(dpy (LY, v) < 46) .

IN
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Fix a neighborhood G of v in M;(X) and § € (0,1) small enough so that
{v e Mi(Y) : dry(P,v) < 40} C G. Fix 91 =1, ¢poy..., 0 : X — [—1,1]
continuous and 0 < € < § such that for any 7 € M; (%)

mka2x| didD 7/ ¢idv| < 2e¢ implies dpy(v,v) <6 .
=2 Js by

For any v € M, (%),
dru (9, v) < dpy(@/0(8),v) + [0(X) — 1] .

Hence, for any v € M (%),

=1

méx| [ ¢idi — / ¢idv| < ¢ implies dry(D,v) < 26,
b )

and one concludes that {# € M, (X) : dpy(P,v) < 2§} contains a neighbor-
hood of v in M4 (). Therefore, by the LDP of Theorem 7.2.3,

hmlnf — log P(LY € G) > hmmf— log P(dru(L,,,v) < 26) > —Ix(v) .
Since v € M;(X) and its neighborhood G are arbitrary, this completes the
proof of the large deviations lower bound (1.2.8). U

As an application of Theorem 7.2.3, we provide an alternative proof of
Theorem 5.1.2 in case X; are real-valued i.i.d. random variables. A similar
approach applies to IR%valued X; and in the setting of Theorem 5.3.1.

Proof of Theorem 5.1.2 (d = 1): Let y; = yl(m) =@{—-1)/n,i=
1,...,m(n) = n+ 1. Clearly, LY, converge weakly to Lebesgue measure on
¥ = [0,1]. By Theorem 7.2.3, L, =n~' " | X;6;/,, then satisfies the LDP
in M ([0, 1]) equipped with the C([0, 1])-topology. Let D([0,1]) denote the
space of functions continuous from the right and having left limits, equipped
with the supremum norm topology, and let f : M([0,1]) — D([0, 1]) be such
that f(v)(t) = v([0,t]). Then, the convex good rate function Ix(-) of (7.2.4)
equals I(f(+)) for I(-) of (5.1.3) and f(L!,) = Z,(:) of (5.1.1). Since f(-) is
not a continuous mapping, we apply the approximate contraction principle
(Theorem 4.2. 23) for the continuous maps fr + M([0,1]) — D(]0,1]) such

that f(v)(t) = )+ ftJrk (s —t))dv(s). To this end, note that
L

sup [ fi(Ly) (1) = f(L)(O)] < sup |Ly[((t,t+k7"]) < — max | Xil .

te[0,1] te[0,1) noa=0 =

By Cramér’s theorem for the random variables

n
=n7' 1l
i=1
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we thus have that for § > 0 and k large,

limsup + log P( sup | fx(Z4)(8) — F(LL)(®)] > 26)

n—oo M te[o 1]

1 ~
< Ehmsup logP(Sr > ko) < —k~ 1A|X|(k5)

r—oo T

(see (2.2.12)). Since k~ 1AT‘X‘((SI@’) — 00 as k — oo, it follows that f(L’,)

are exponentially good approximations of f(L]) in D([0,1]). If Ix(v) < «,
then v is absolutely continuous with respect to Lebesgue’s measure, and
¢ = f(v) € AC. With M (c)2inf ;5. A% (x)/]x], for such v and all ¢ € [0, 1],

t+kTh t+k ) o
[ s < g [ Ak < 5

implying that

t+k c o
sup |fe(v)(t) — ()] < sup / Blds < £

t€[0,1] t€[0,1] Jt

Considering k — oo followed by ¢ — oo we verify condition (4.2.24) and
conclude by applying Theorem 4.2.23. U]

Exercise 7.2.7 Deduce from Theorem 7.2.1 that for every ¢ € Cy(X),

Ag(¢) = lim —logEexp Z¢ Y/") = sup { | v - I(v|B,p)}

n—oo i—1 veEM;(X)

and show that

-8
54
where X > 0 is the unique solution of [,(8+ Ae™?)"tdy = 1.

Hint: Try first dv/dp = (ﬂ + Ae7?)"!. To see the other direction, let
gu(2)2 — zlog(uz) — = Bz log & 5z for utXe=?/(1 — 3) and check that

As(d) = % /E 16+ 1og(8 + AeNdu+ =L 1og((1 — p)/N),

swp ([ odv—IwiBwy< s / gu(f)d+1og(\/ (1 - B)) ,

vEM(S) feB(E),1>f>0/%

whereas g, (z) is maximal at z = 1/(8 + u(1 — 3)).

Exercise 7.2.8 In this exercise you derive the LDP for sampling with replace-
ment from the deterministic sequence (y1,. .., Ym)-
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(a) Suppose X; are i.i.d. Poisson(3) for some 5 € (0,00). Check that
(7.2.6) holds for V,, = nL!(X) a Poisson(m(3) random variable, and that
L () = H(|px) on My (%),

Hint: Use part (a) of Exercise 2.2.23.

(b) View { X}, as the number of balls in m distinct urns. If V,, > n, remove
V,, —n balls, with each ball equally likely to be removed. If V,, < n, add n—1V,,
new balls independently, with each urn equally likely to receive each added ball.
Check that the re-evaluated value of L, denoted Z,,, has the same law as L?{
in case of sampling with replacement of n values out of (y1,...,ym), and that
dLU(Zru L;l) = n_l\Vn — n\

(c) Conclude that if LY, — p weakly and n/m — 8 € (0,00) then in case of
sampling with replacement LY satisfies the LDP in M; (%) (equipped with the
weak topology), with the good rate function H(-|u) of Sanov's theorem.

Remark: LY corresponds to the bootstrapped empirical measure.

7.3 The Gibbs Conditioning Principle

In this section, the problem dealt with in Section 3.3 is considered in much
greater generality. The motivation for the analysis lies in the following sit-
uation: Let X be a Polish space and Y7,Y5,...,Y, a sequence of X-valued
i.i.d. random variables, each distributed according to the law pu € M;(X).
Let LY € M;(X) denote the empirical measure associated with these vari-
ables. Given a functional ® : M;(X) — IR (the energy functional), we are
interested in computing the law of Y7 under the constraint ®(LY) € D,
where D is some measurable set in IR and {®(LY) € D} is of positive prob-
ability. This situation occurs naturally in statistical mechanics, where Y;
denote some attribute of independent particles (e.g., their velocity), ® is
some constraint on the ensemble of particles (e.g., an average energy per
particle constraint), and one is interested in making predictions on indi-
vidual particles based on the existence of the constraint. The distribution
of Y7 under the energy conditioning alluded to before is then called the
micro-canonical distribution of the system.

As in Section 3.3, note that for every measurable set A C M;(X) such
that {LY € A} is of positive probability, and every bounded measurable
function f : ¥ — IR, due to the exchangeability of the Y;-s,

E(f)ILy € 4) = E(f(Y)|Ly € A)

1 n

B D FILY € )

B, L)LY € A). (7.3.1)
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Thus, for A={v : ®(v) € D}, computing the conditional law of ¥; under the
conditioning {®(LY) € D} = {LY € A} is equivalent to the computation
of the conditional expectation of LY under the same constraint. It is this
last problem that is treated in the rest of this section, in a slightly more
general framework.

Throughout this section, M;(X) is equipped with the 7-topology and
the cylinder o-field B%. (For the definitions see Section 6.2.) For any
w € M;(X), let u™ € M1(X™) denote the induced product measure on %™
and let @, be the measure induced by p™ in (M;(X),B%) through LY.
Let As € B, § > 0 be nested measurable sets, i.e., As C Ag if § < ¢,
Let Fs be nested closed sets such that As C Fs. Define Fy = Ng~oFs and
Ap=Ns>04s (so that Ag C Fy). The following assumption prevails in this
section.

Assumption (A-1)  There exists a v. € Ay (not necessarily unique)
satisfying

H(v.|p) = inf H(l/\,u)élp <00,
veFy

and for all 6 > 0,
lim v"({LY € As}) =1. (7.3.2)

n—oo

Think of the following situation as representative: As = {v: |®(v)| <
0}, where @ : M;(X) — [—00,00] is only lower semicontinuous, and thus
Ay is neither open nor closed. (For example, the energy functional ®(v) =
Js(l = ||* =1)v(dz) when X is a separable Banach space.) The nested,
closed sets Fs are then chosen as F5 = {v : ®(v) < ¢} with Fy = {v :
®(v) < 0}, while Ag = {vr : ®(v) = 0}. We are then interested in the
conditional distribution of Y; under a constraint of the form ®(LY) = 0
(for example, a specified average energy).

Theorem 7.3.3 Assume (A-1). Then M={v € Fy : H(v|u) = Ir} is a
non-empty, compact set. Further, for any T’ € BY with M C I'°,

lim sup lim sup — logu (LY ¢T| LY € A5) <

§—0 n— oo
Proof: Note that Ay C Fp, so v, € M by Assumption (A-1). Moreover,
Ir < oo implies that M being the intersection of the closed set F{ and

the compact set {v: H(v|u) < Ir} (see Lemma 6.2.12), is a compact set.
Clearly,

lim sup lim sup -— log,u (LY ¢ T|LY € As)

§—0 n— o0

< lim limsup — 1og Q. (T°N As) — lim lim inf — log Qn(As).

5—0 mn—oo d—0 n—oo N
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Let GEI'°. Then, since I'° N As C G° N Fs, with G¢ N Fs being a closed set,
the upper bound of Sanov’s theorem (Theorem 6.2.10) yields

1
lim limsup - log @, (T° N Ays)

§—~0 mn—oo

<l — inf H =— inf H -1
< fim e, O | == ot HO) <1
where the preceding equality follows by applying Lemma 4.1.6 to the nested,
closed sets G N Fys, and the strict inequality follows from the closedness of
G°NFy and the definition of M. The proof is now completed by the following
lemma.

Lemma 7.3.4 Assume (A-1). Then, for all 6 > 0,

hmlnf—loan(A(;) >—1Ir .

n—oo

Proof of Lemma 7.3.4: Since A; in general may contain no neighborhood
of points from M, the lower bound of Sanov’s theorem cannot be used
directly. Instead, a direct computation of the lower bound via the change
of measure argument will be used in conjunction with (7.3.2).

Let v, be as in Assumption (A-1). Since H (v, |u) < 0o, the Radon-Nikodym
derivative f = dv,/du exists. Fix ¢ > 0 and define the sets

1>

Fné {y eX™: fuly) Hf(yz) >0,LY € Ag} .

=1

It follows by (7.3.2) that v (I",,) — 1. Hence,

n—oo

lim 1nf log Qn(As) > lim mf —log

.1 n
= fniptylos ( ) / ) ”“”) |

Therefore, by Jensen’s inequality,

n—oo n—00

lim mf - log Qn(A4s) > —limsup ﬁ /F log(fn(y))vi (dy)

1
— H) +limint [ log(fu(y)i(ay).

(Tn)e

Note that

/ log(fn(y))vi(dy) = / fu(y) log(fn(y))u"(dy) > C,
(Tn)e (T
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where C' = inf >¢{zlogz} > —oo. Since H(vi|p) = Ir, the proof is com-
plete. Ul

The following corollary shows that if v, of (A-1) is unique, then ,u@k‘ Ay
the law of Y* = (Yi,...,Y}) conditional upon the event {LY € As}, is
approximately a product measure.

Corollary 7.3.5 If M = {v.} then u3,,

Ay (v.)F weakly in My(XF) for

n — oo followed by 6 — 0.

Proof: Assume M = {v,} and fix ¢; € Cp(X), j = 1,...,k. By the

invariance of “Q"IA(; with respect to permutations of {Y1,...,Y,},
k
M osmtn) =" X [ H@ i, g, (dY)
j=1 i F e Fig

Since,

k
H (65, LY) | LY € Ag) = — 3 / Ha:j i, Wy, ()

[ARTI 4

and ¢; are bounded functions, it follows that

n!
— 0.

k
H Djs Hoyk ;) — l;[ (¢, LY)|LY € As)| < C(1— m)"ﬁm

j=1
For M = {v.}, Theorem 7.3.3 implies that for any n > 0,
P05, Ly ) = (b vl > | L € As) — 0

as n — oo followed by § — 0. Since (¢;, LY) are bounded,

k
E(][(e5, LY) | LY € As) — H@,V* :
j=1

so that
k

hmsuphmsup H quJ,/AYHAL; (V*)k> =0.

n—oo

Recall that Cy(X)* is convergence determining for M; (), hence it follows
that Mq{’“\&s — (v)F weakly in M;(XF). U

Having stated a general conditioning result, it is worthwhile checking
Assumption (A-1) and the resulting set of measures M for some particular
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choices of the functional ®. Two options are considered in detail in the
following sections; non-interacting particles, in which case n=' > " | U(Y;)
is specified, and interacting particles, in which case n=2 szzl U(Y;,Y;) is
specified. We return to refinements of Corollary 7.3.5 in Section 7.3.3.

7.3.1 The Non-Interacting Case

Let U : ¥ — [0,00) be a Borel measurable function. Define the functional
®: M (X) — [—1,00] by

o) =(Uv) -1,

and consider the constraint
A 1 —
{LY € As}={10(LY)| < 6} ={| ~ D U(Y) — 1] < 6}
i=1

By formally solving the optimization problem

in H(v|p),
{v: (Uyv)=1} ( ‘M)

one is led to conjecture that v, of Assumption (A-1) should be a Gibbs
measure, namely, one of the measures g, where

dys e PUE)

. Zs

and Zg, the partition function, is the normalizing constant

Zg:/ze_BU(z)u(dx).

Throughout this section, 3 € (80, 00), Wwhere B2 inf{3: Zs < co}.

The following lemma (whose proof is deferred to the end of this section)
is key to the verification of this conjecture.

Lemma 7.3.6 Assume that p({z : U(x) > 1}) >0, p({z : U(z) < 1}) > 0,
and either By = —00 oT

lim (U, >1. 7.3.7
ﬁ\lrgw< v5) (7.3.7)

Then there exists a unique 8* € (Boo,0) such that (U,vs+) = 1.

The main result of this section is the following.
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Theorem 7.3.8 Let U,u and 3* be as in the preceding lemma. If either U
is bounded or B* > 0, then Theorem 7.3.3 applies, with M consisting of a
unique Gibbs measure yg-«.

In particular, Theorem 7.3.8 states that the conditional law of Y7 converges,
as n — 00, to the Gibbs measure yg-.

Proof: Note that by the monotone convergence theorem, (U, -) = sup,,(U A
n,-). Since U An € B(Y), it follows that ®(-) = (U, ) — 1 is a 7-lower
semicontinuous functional. Hence, Fs={v : (U,v) < 1+ 8}, § > 0, are
nested closed sets, whereas Fy = {v : (U,v) < 1} is a convex, closed set.
By the preceding lemma, g« € Fp, and by a direct computation,

implying that Ir < co. Since H(-|u) is strictly convex within its Ir level
set, it follows that M contains precisely one probability measure, denoted
vp. A direct computation, using the equivalence of ;1 and 3+, yields that

—H(volys-) = —H(volvs-) + [H(volp) — H(vp|p)]
B*((U,vp+) — (U, o)) = B (1 — (U, ),

where the preceding inequality is implied by vy € M and vg- € Fy. For
B* >0, it follows that H(v|ys+) < 0, since (U,1vy) < 1. Hence, vy = g+,
and consequently, M = {vg-}. Now, Assumption (A-1) holds for v, =
v~ € Ap as the limit (7.3.2) follows by the weak law of large numbers.
Consequently, Theorem 7.3.3 holds. When U is bounded, then Ajs are
closed sets. Therefore, in this case, Fs = As can be chosen to start with,
yielding (U,vp) = 1. Consequently, when U is bounded, vy = v3- = vs
even for f* < 0.

Proof of Lemma 7.3.6: Recall that by Exercise 2.2.24, log Zg is a C*
function in (8, 00). By dominated convergence,

d
P
ag 84

and is finite for all § > [, as follows from the proof of (2.2.9). By a
similar argument,

(U,vs) =

d
W) == [ = W) <o,
g s

where the strict inequality follows, since by our assumptions, U cannot be
constant u a.e. Hence, (U,~g) is strictly decreasing and continuous as a
function of 8 € (80, 00). Thus, it suffices to show that

ﬁlim (U,vs) < 1, (7.3.9)
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and that when G, = —o0,

Sim (U, 75) > 1. (7.3.10)

To see (7.3.9), note that by assumption, there exists a 0 < ug < 1 such that
p({z: U(z) <wup}) > 0. Now, for 3 > 0,

/ze_f’U(’”)u(dw) > e Pop({z: Ulz) €[0,uo)})
and
/Z(U(:U) —ug)e™ V) pu(dx)

< e—ﬁug /E(U(x) - UO)1{U(:v)>u0}6_ﬁ(U(r)_UO)M(dx)

e—Buo

< sup {ye "V}
ﬁ y>0

Hence, for some C' < oo,

JoU (@) = ug)e™ V@ p(da) C
: T oAU p(da) Stot g

and (7.3.9) follows by considering the limit 5 — oo.

<Ua 76> =up +

To see (7.3.10) when o = —o00, choose ug > uy > 1 such that u({x :
U(z) € [ug,00)}) > 0. Note that for all 5 <0,

L l{x: U(w)e[oml)}e*ﬁU(m)u(dm) < e~ Bur
and

/zl{w: U@)efunoore PC P u(dr) > e P p({z: Ul) € [uz, 00}).

Hence, for all g <0,

! _ 14 Ll v@enun e ulde)
7,3({‘% : U(CE) € [ul’ OO)}) fz 1{:1: U(z)G[uhOO)}e_ﬁU(I)M(dx)
eB(uz—u1)
< 1+

w({z: U@) € [uz, o))’
implying that

lﬁim inf (U, v3) > uy lﬁiminf ve({z : U(x) € [u1,00)}) > uq,

and consequently (7.3.10) holds. O
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Exercise 7.3.11 Let ¥ = [0,00) and u(dx) = C’;g;;
normalization constant. Let U(x) = ex with € > 0.
(a) Check that for all € > 0, both u({z : U(z) > 1}) > 0 and u({z : U(z) <
1}) > 0, and that B = —1/e.
(b) Show that for € > 0 small enough, (7.3.7) fails to hold.

)

(c) Verify that for € > 0 small enough, there is no Gibbs measure in Ag.

dx, where C' < oo is a

7.3.2 The Interacting Case

The previous section deals with the case where there is no interaction
present, i.e., when the “particles” Yi,...,Y, do not affect each other. The
case where interaction is present is interesting from a physical point of
view. To build a model of such a situation, let M > 1 be given, let
U :%? — [0, M] be a continuous, symmetric, bounded function, and define
O(v) = (Uv,v) — 1 and As = {v : |®(v)| < 6} for § > 0. Throughout, Uv
denotes the bounded, continuous function

Uv(z) = / U, y)v(dy) -

The restriction that U be bounded is made here for the sake of simplicity,
as it leads to ®(-) being a continuous functional, implying that the sets As
are closed.

Lemma 7.3.12 The functional v — (Uv,v) is continuous with respect to
the T-topology on M7 (X).

Proof: Clearly, it suffices to prove the continuity of the functional v +—
(Uv,v) with respect to the weak topology on M;(X). For U(z,y) =
f(z)g(y) with f,g € Cp(X), the continuity of v — (Uv,v) is trivial. With
¥ Polish, the collection {f(2)g(y)} f,gec,(x) is convergence determining for
the weak topology on M;j(¥?) and hence the continuity of v +— (Uv,v)
holds for all U € Cy(%?). O

Remark: For measurable U(z,y), the map v — (Uv,v) is sequentially
continuous with respect to the 7-topology. However, the continuity of U(-, -)
is essential for the above lemma to hold true (see Exercise 7.3.18 for an
example of A € By )2 for which the map v +— v x v(A) is discontinuous
with respect to the 7-topology on M ([0,1])).

As in the non-interacting case, a formal computation reveals that The-
orem 7.3.3, if applicable, would lead to M consisting of Gibbs measures 7z
such that

ds e~ BU~s(x)

e — 7.3.13
et (7.3.13)
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where Zg, the partition function, would be the normalizing constant

ZB:/Ee_ﬁUW(I)u(dx).

It is the goal of this section to check that, under the following three assump-
tions, this is indeed the case.
Assumption (A-2) For any v; such that H(v;|p) < oo, i =1,2,

(Uin,vs) < %((Uul,m) + (Uv, 1)) .

Assumption (A-3) [, U(z,y)p(dz)p(dy) > 1.
Assumption (A-4) There exists a probability measure v with H(v|p) <
oo and (Uv,v) < 1.

Note that, unlike the non-interacting case, here even the existence of
Gibbs measures needs to be proved. For that purpose, it is natural to
define the following Hamiltonian:

Hy(v) = Hlw) + 5 (00)

where § € [0,00). The following lemma (whose proof is deferred to the end
of this section) summarizes the key properties of the Gibbs measures that
are related to Hg(-).

Lemma 7.3.14 Assume (A-2). Then:

(a) For each 3 > 0, there exists a unique minimizer of Hg(-), denoted g,
such that (7.8.13) holds.

(b) The function g(3)=(U~s,7s) is continuous on [0,00).

(c) Assume (A-2), (A-3), and (A-4), and define

BEinf{B>0: g(8) <1} . (7.3.15)
Then B3* < oo and g(5*) = 1.

Equipped with Lemma 7.3.14, the characterization of M and the proof of
Theorem 7.3.3 is an easy matter.

Theorem 7.3.16 Assume (A-2)-(A-4). Then Theorem 7.3.3 applies, with
M consisting of a unique Gibbs measure yg-, where 3* is as defined in
(7.3.15).

Proof: Since ®(-) is a continuous functional (see Lemma 7.3.12), F5 = A;
may be taken here, yielding Fy = Ag = {v : (Ur,v) = 1}. Recall that p
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and ~yg- are equivalent with a globally bounded Radon-Nikodym derivative.
(See (7.3.13).) Since v+ € Foy, Ir < 0o, and M is non-empty. Moreover,
as in the proof of Theorem 7.3.8, observe that by a direct computation,
whenever v € Fy and H(v|p) < oo,

H(v|p) = H(wlp-) = H(yp 1) = 67 (U, 76-) = (U=, v)

*

> O (U5 — (0 ) =0,

where the inequality follows by Assumption (A-2). Thus, for all v € M,

—H(vlyg) > —H(v|yg) + H(v|p) — H(vp-

©) >0,

which is clearly possible only if v = y3-. Therefore, M = {y3-}. Finally,
note that Assumption (A-1) holds for v, = ~g~, and consequently, Theorem
7.3.3 holds as well. Indeed, here,

n

(LY e A} = |5 S W0 Y) - BalU(X, V)| <0

i,j=1
Therefore, by Chebycheff’s inequality,

v ({Ly & As})

1 n
nis2 Z En(U(Y:,Y)) = E2[UX,Y))(U (Y, Ye) — E2[U(X,Y)])
1,5,k =1
6M?
< —= 5
- nd?

and (7.3.2) follows by considering n — oc. (I

Proof of Lemma 7.3.14: (a) Fix § > 0. Note that H(v|u) < Hg(v)
for all v € My(X). Further, H(-|u) is a good rate function, and hence by
Lemma 7.3.12, so is Hg(+). Since U is bounded, Hg(pu) < oo, and therefore,
there exists a 7 such that

Hp(v)= inf H < 0.

1) et (v) < oo

Assumption (A-2) and the convexity of H(:|p) imply that if Hg(v;) < oo
for i = 1,2, then

V1 + Uy 1 1
iy (“52) < J0) + S Hal0n)

The preceding inequality extends by iterations to cover 2%1/1 +(1- 2%)1/2
for all integers k,n with 1 < k < 2", and the convexity of Hg(-) within
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its level sets follows as a consequence of its lower semicontinuity. Further,
H(-|p) is strictly convex within its level sets (see Lemma 6.2.12), and hence
so is Hg(-). Therefore, let g denote the unique minimizer of Hg(-). Let
[ = dvyg/du. First check that pu({z : f(z) = 0}) = 0. Assume otherwise,
let z=p({z: f(x) =0}) >0, and define the probability measure

Lo e
v(dr) = %)O}Iu(dx) .

Note that v, = tr+ (1 —1t)vg is a probability measure for all ¢ € [0, 1]. Since
the supports of v and 74 are disjoint, by a direct computation,

1
0< < [Hp() = Hp(75)]
¢t 3
= Hp(v) — Hp(vp) Hlogt+——log(1 — ) == (1 = t){U (v — ), 75 — V).
Since H(v|p) = —logz < oo, Hg(v) < oo, and the preceding inequality

results with a contradiction when considering the limit ¢ \, 0. It remains,
therefore, to check that (7.3.13) holds. To this end, fix ¢ € B(X), ¢ # 0
and § = 2/||¢|| > 0. For all t € (—0,0), define v, € M;(X) via

ds =1+t(¢ — (d,75))-

Since Hg(v;) is differentiable in ¢ and possesses a minimum at ¢ = 0, it
follows that dHg(v;)/dt = 0 at t = 0. Hence,

0 = /Z(fb—<¢,75>)(10gf+6Uw)dw (7.3.17)

/E of (log f + U — H(vslu) — B(Us,75)) dpt.

Since ¢ is arbitrary, f > 0 p-a.e., and H(ys|p) and B(U~g,ys) are finite
constants, (7.3.13) follows.

(b) Suppose that 3, — 8 € [0,00). Then 3, is a bounded sequence, and
hence, {73, }n2, are contained in some compact level set of H(-|x). Conse-
quently, this sequence of measures has at least one limit point, denoted v.
Passing to a convergent subsequence, it follows by Lemma 7.3.12 and the
characterization of g, that

Hg(v) <liminf Hg, (vs,) < liminf Hp, (75) = Hp(vs)-

Hence, by part (a) of the lemma, the sequence {3, } converges to yg. The
continuity of g(f) now follows by Lemma 7.3.12.
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(c) Let v be as in Assumption (A-4), i.e., (Urv,v) < 1 and H(v|p) < oo.
Observe that by part (a) of the lemma and the nonnegativity of H(-|u),

9(8) < SHals) < SHWl) + Uni), V8 >0

Thus,
limsup g(8) < (Uv,v) < 1.

B—o0
Clearly, 70 = p and g(0) > 1 by Assumption (A-3). Hence, by part (b) of
the lemma, 8* < co and g(8*) = 1. O

Remark: Note that (7.3.17) implies in particular that

log Zg = —H(ys|p) — BUs,78) -

Exercise 7.3.18 [Suggested by Y. Peres| In this exercise, you show that
Lemma 7.3.12 cannot be extended to general bounded measurable functions
(a) Let m be Lesbegue measure on [0, 1]. Check that for any B;,i=1,..., N,
disjoint subsets of [0, 1] of positive Lesbegue measure, there exist y; € B; such
that y; — y; is rational for all 4,5 € {1,..., N}.

Hint: Let f(z1,...,2nv-1) = [y 1y (2) [IX7" 15,(z — @;)dz. Check that
f(-) is continuous on [—1,1]V~1, and that

N-1

f@1,...,en—1) =m( N (z; + Bi)(\Bn),

i=1

while

1 1 N
/ / f(xl,...,fol)diCl"‘dwal:Hm(Bi) >0.
-1 —1 =1

(b) Consider the measurable set A = {(x,y) : z,y € [0,1],  — y is rational}.

Show that for every finite measurable partition By, ..., By of [0, 1], there is a
measure v with v(B;) = m(B;) but v x v(A) = 1.
N

Hint: Let v =), m(B;)d,,, with {y;} as in part (a).

(c) Conclude that at ¥ = m, the map v — (lav,v) is discontinuous with
respect to the 7-topology of M ([0, 1]).

Exercise 7.3.19 Assume (A-2). Check that when U is unbounded, but
(Up, ) < o0, the existence of a unique minimizer of Hg(-) asserted in part
(a) of Lemma 7.3.14 still holds true, that Lemma 7.3.12 (and hence part (b)
of Lemma 7.3.14) is replaced by a lower semicontinuity statement, and that
the minimizer of Hg(-) satisfies

dvs

dlff = 1{9: Urg(z)<oo} eXp(H(PYﬁ‘:u) + ﬁ<U75a’Y,B> - ﬁU’YB(x))
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Exercise 7.3.20 Prove that if U is unbounded, Theorem 7.3.16 still holds
true, provided that 5* defined in (7.3.15) is nonzero, that (U~g,ys) is contin-
uous at § = (%, and that [, U(z,z)ys-(dz) < oc.

7.3.3 Refinements of the Gibbs Conditioning Principle

We return in this section to the general setup discussed in Theorem 7.3.3.
Our goal is to explore the structure of the conditional law u’{(,cl As when

= k(n) —n—oo 00. The motivation is clear: we wish to consider the effect
of Gibbs conditioning on subsets of the system whose size increases with

the size of the system.

The following simplifying assumption prevails in this section.
Assumption (A-5) Fs = As = A € B is a closed, convex set of proba-
bility measures on a compact metric space (X,d) such that

A, .
Ir= ;IEIEH(V“L) = Vlenjo Hv|p) < co.

With H(-|p) strictly convex on the compact convex sets {v : H(v|u) < a}
(see Lemma 6.2.12), there exists a unique v, € A such that H (v, |u) = Ip.
The main result of this section is the following refinement of Corollary 7.3.5.

Theorem 7.3.21 Assume (A-5), and further that
pt (LY € A)e™r > g, > 0. (7.3.22)

Then, for any k = k(n),

n 1
H (e 4| ()" < [y el (7.3.23)

Remarks:
(a) By Exercise 6.2.17 and (7.3.23), if n='k(n)log(1/g,) — 0 then

— 0. (7.3.24)

n—oo
var

HM@I«(M\A - (V*)k(n)

(b) By Sanov’s theorem (Theorem 6.2.10) and Assumption (A-5),

1
lim — logu™(LY € A) = —Ip,

n—oo N

implying that (7.3.22) always holds for some g, such that n=!logg, —
0. Hence, (7.3.24) holds for any fixed k € Z,, already an improvement
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over Corollary 7.3.5. More can be said about g, for certain choices of the
conditioning set A. Corollary 7.3.34 provides one such example.

Key to the proof of Theorem 7.3.21 are the properties of the relative
entropy H(:|-) shown in the following two lemmas.

Lemma 7.3.25 For X a Polish space, any P € M;(X™), m € Z, and
any Q € My (X),
H(P|Q™) = H(P|Py x -+ x Pp)+ Y_H(P|Q) (7.3.26)
i=1

where P, € M1 (X) denotes the i-th marginal of P.

Proof: Suppose P;(B) > Q(B) = 0 for some B C X and i = 1,...,m.
Then, P(B) > Q™(B) = 0 for B = X"! x B x X™ ¢ in which case
both sides of (7.3.26) are infinite. Thus, we may and shall assume that
fi = dP;/dQ exist for every i = 1,...,m. Since P({y : [[;~, fi(y;) =0}) <
ST Py : fi(yi) = 0}) =0, if P(B) > Py x -+- x Py,(B) = 0 for some
B C X™ then also Q™(B) = 0 and again both sides of (7.3.26) are infinite.
Thus, we may and shall assume also that g = dP/d(P; X --- X P,,) exists,

in which case dP/dQ™(y) = g(y) [T~ fi(vi), implying that
m
HPIQ™) = [ toggaP+ 3 [ log fdP,
m i=17%
and (7.3.26) follows. U

Lemma 7.3.27 (Csiszar) Suppose that H(vp|p) = inf,ca H(v|p) for a
convex set A C M1(X) and some vy € A. Then, for any v € A,

H(v|p) = H(v|vo) + H(volp) - (7.3.28)

Proof: Fix v21; € A and let vy = av + (1 — o)y € A for a € [0,1).
There is nothing to prove unless H (vp|p) < H(v|u) < oo, in which case
fo = dv/dp exists for every a € [0,1] and fo = af1 + (1 — «)fy. Since
()2 fy log fa is convex, it follows that h(a)2¢(1)—¢(0) —a~1(¢(a)—¢(0))
is non-negative and monotone non-decreasing on (0, 1] with

Jm, ha) = ¢(1) — ¢(0) — ¢'(07) = filog(fi/fo) + fo— fi.  (7.3.29)

Since H(vq|p) > H(vo|p), it follows that

H(v|p)—H (volp) ZH(V\M)*H(Vo|M)*é(H(VaW)*H(V0|ﬂ)):/Eh(a)dlh
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Considering o« — 0, by the monotone convergence theorem (Theorem C.11)

and (7.3.29), it follows that

[e3%

H(v|p) — H(volp) > /z(h{% h(a))dp = /z:fl log(f1/fo)dp.  (7.3.30)

In particular, p({y : fi(y) > 0, fo(y) = 0}) = 0, implying that dv/dvy =
f1/fo exists vy almost surely. Hence, H(v|vy) = fz filog(f1/fo)du, with
(7.3.30) implying (7.3.28). U
Proof of Theorem 7.3.21: First note that,

H (u%’mA’u”) = —logp"(Ly € A) < o0

Since all marginals of P = puy. , € M;(X™) on X = ¥ are identical,

applying Lemma 7.3.25 for P, once with Q = p € M;(X) and once with
Q = v, € M,(X), it follows that

“logpt(LY € A) = H (MQH‘A‘M”) (7.3.31)
=H (MQI’("\A‘(V*)")“‘”(H(M?MA‘M) - H(M;L(HA’V*)) :

Recall that M (X), equipped with the B(X)-topology, is a locally convex,
Hausdorff topological vector space, whose topological dual is B(X) (see
Theorem B.8). Therefore, with A a closed, convex subset of this space,
if pg) 4 ¢ A, by the Hahn-Banach theorem (Theorem B.6), there exist

f € B(Y) and v € IR, such that

B(f(R)ILY € 4) = (i ) <7 < ink (f,0) < B{S LDILY € 4),

in contradiction with (7.3.1). Hence, ug‘{l‘A € A, and by Lemma 7.3.27,

H (s a|n) = H (s a|v) = Hwaln). (7.3.32)

Combining (7.3.31) and (7.3.32) leads to the bound
—log (u*(LY € A)e"'r) > H (ug;nm)(u*)") . (7.3.33)
Apply Lemma 7.3.25 for X = X%, Q = (v.)* and P = [ynia € Mi(X™),

where n = km for some m € Z,. Since P; = ,u’;”(,C‘A fori=1,...,m, it
follows that

H (N@nm‘(V*)n) =H (N?{ﬂ\A’(M@MA)m) +mH (MnyﬂA‘(V*)k) :
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Consequently, for any 1 < k(n) <n

n n n n k
H(MY“\A‘(V*) ) > {k;(n)J H(Myk|A’(V*) ) )
which by (7.3.22) and (7.3.33) completes the proof of Theorem 7.3.21. [J

The following is a concrete application of Theorem 7.3.21. See the his-
torical notes for other applications and extensions.

Corollary 7.3.34 Let A = {v € M;[0,1] : (U,v) < 1} for a bounded
non-negative Borel function U(-), such that po U™t is a non-lattice law,

fol U(zx)du(z) > 1 and p({z : U(zx) < 1}) > 0. Then (A-5) holds with
v =g« of Theorem 7.3.8 and for n™ k(n)logn —p—oc 0,
H (M@k(n)‘A‘(V*)k(n)> —0. (7.3.35)

n—oo

Proof: It is shown in the course of proving Theorem 7.3.8 that v, = g« is
such that (U,v.) =1 and

H(vs|u) = inf H(v|p) <oco.

Note that (U, vs-) = A'(—=F*) =1 for A(X) = log fol V@) y(dx). Moreover,
A(+) is differentiable on IR, and with 8* finite, it follows that A'(—3*) =1
is in the interior of {A’(A) : A € IR}, so that A*(-), the Fenchel-Legendre
transform of A(-), is continuous at 1 (see Exercise 2.2.24). Therefore,

inf A" = inf A*
wél[}),l] (@) weu[%),l) (z)

which by comparing Cramér’s theorem (Theorem 2.2.3) for S,, = (U, LY),
with Sanov’s theorem (Theorem 6.2.10), and using the the contraction prin-
ciple (Theorem 4.2.1) for v + (U,v) implies that (A-5) holds. Moreover,
by Theorem 3.7.4, for some constant C' > 0,

lim p"(LY € A)y/ne'r =C.

n—oo

Hence, Theorem 7.3.21 applies with g,, = %, implying (7.3.35). Ul

7.4 Historical Notes and References

Applications of the LDP to statistics and statistical mechanics abound, and
it is impossible to provide an extensive bibliography of such applications
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here. We have chosen to provide in this chapter some applications that
seem both representative and interesting. We limit ourselves to bringing
some of the related references, running the risk of being inaccurate and
unjust towards authors whose work we do not cite.

The results on universal hypothesis testing are based on the results in
[ZG91]. For references to the finite dimensional case, see the historical
notes of Chapter 3. Some recent extensions and an application to Gaussian
processes, based on the results of [DV85] and [DeuSZ91], may be found in
[SZ92].

Section 7.2 follows [DeZ96a], which also contains the corresponding mod-
erate deviations results. The approach taken here leads to stronger results
than those in the first edition of this book, where projective limits were
used. For Theorem 7.2.3 and some of its applications in statistics and in
statistical physics, see also [GG97]| and [EIGP93], respectively.

The Gibbs conditioning question is one of the motivations of Ruelle’s and
Lanford’s studies, which as seen earlier were influential in the development
of the large deviations “theory.” Most of the analysis here is taken from
[StZ91], where more general functions U are considered. Note however
that in [StZ91], Lemma 7.3.12 is incorrectly used for measurable functions,
and that this difficulty may be circumvented by considering the LDP for
the product empirical measure LY x LY, as done for example in [EicS97].
Corollary 7.3.5 is adapted from Proposition 2.2 of [Szn91]. The analysis
of Section 7.3.3 is a simplified version of [DeZ96b], which in turn is based
on [Cs84], with Lemma 7.3.27 taken from [Cs75]. For related work, see
[Bol90]. See also [Scr93] for the discrete parameter Markov chain case. For
a discussion of the multidimensional (field) situation, see [DeuSZ91], and for
similar results in the context of mean field models, see [BeZ98]. It should
be mentioned that one may treat the same question from a CLT and not
LDP point of view, as is done in [DT77].

Large deviations techniques have been used extensively in recent years
in connection with statistical mechanics and interacting particles systems.
For an introduction to the LDP for classical statistical mechanics and spin
models, see [ElI85], whereas for a sample of more recent publications, see
[KuT84, Dur85, CS87, DV87, Leo87, BCG88, DusS88, LS88, Ore88, Deus9,
DV89, BeB90, CD90, KO90, Pap90, StZg92, BeG95, SchS95] and references
therein. A particularly interesting application of large deviations techniques
is in the construction of refined large deviations at the surface level; see, for
a sample of results, [Sch87, Pfi91, DKS92, 1095, Pis96].






Appendix

Good references for the material in the appendices are [Roc70] for Appendix
A, [DunS58] for Appendices B and C, [Par67] for Appendix D, and [KS88]
for Appendix E.

A Convex Analysis Considerations in IR?

This appendix completes the convexity analysis preliminaries needed in the
proof of the Gértner—Ellis theorem in Section 2.3, culminating with the
proof of the two lemmas on which the proof of Lemma 2.3.12 is based.

First, we recall properties of the relative interior of a set and some
continuity results concerning convex functions. Let C' C R? be a non-
empty, convex set. Then riC' is non-empty, and

reCyeriC=(1—-a)r+ayeriC, Yae (0,1]. (A1)

Let f:R% — (—00,00] be a convex function and denote its domain by Dj.
Then f is continuous in ri Dy, i.e., for every sequence x,, — x with z,,2 €
riDy, f(zn) — f(z). Moreover, f is Lipschitz continuous on compact
subsets of riDy. Finally, let =,y € Dy; then

lim f((1 - )z + ay) < f(z).

Lemma A.2 If f : RY — [0,00] is a convex, lower semicontinuous func-
tion, with infy\cpa f(\) = 0 and 0 € 1i Dy~ then f(n) = 0 for some n € R™.

Proof: Note that f*(0) = —infycga f(A) = 0. Define the function

(6 (6
s 50 = g £ (83

where the convexity of f* results with a monotonicity in §, which in turn
implies the preceding equality (and that the preceding limit exists). The
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function g(+) is the pointwise limit of convex functions and hence is convex.

Further, g(ay) = ag(y) for all @ > 0 and, in particular, g(0) = 0. As

0 € riDy-, either f*(dy) = oo for all § > 0, in which case g(y) = oo, or

f*(—ey) < oo for some € > 0. In the latter case, by the convexity of f*,
f[r0y) | [fr(=ey)

+ >0, V6>0.
1) €

Thus, counsidering the limit 6 \, 0, it follows that g(y) > —oo for every
y € IRY. Moreover, since 0 € ri Dy+, by (A.3), also 0 € riDy. Hence, since
9(y) = lylg(y/ly|), it follows from (A.1) that riD, = D,. Consequently, by
the continuity of g on riDy, liminf, .o g(y) > 0. In particular, the convex set
E2{(y,€) : £ > g(y)} € R? x IR is non-empty (for example, (0,0) € &), and
(0,—1) € £. Therefore, there exists a hyperplane in R? x IR that strictly
separates the point (0, —1) and the set £. (This is a particular instance
of the Hahn—Banach theorem (Theorem B.6).) Specifically, there exist a
A eR? and a p € IR such that, for all (y,£) € &,

A 0)y+p =p > (\y) —Ep. (A.4)

Considering y = 0, it is clear that p > 0. With n = A/p and choosing
¢ = g(y), the inequality (A.4) implies that 1 > [(1,y) — g(y)] for all y € RY.
Since g(ay) = ag(y) foralla > 0,y € RY, it follows by considering a — oo,
while y is fixed, that g(y) > (n, y) for all y € IR?. Consequently, by (A.3),
also f*(y) > (n,y) for all y € RY. Since f is a convex, lower semicontinuous
function such that f(-) > —oo everywhere,

fm) = sup {(n,y) — (v}

yeR?

(See the duality lemma (Lemma 4.5.8) or [Roc70], Theorem 12.2, for a
proof.) Thus, necessarily f(n) = 0. U]

Lemma A.5 [Suggested by A. Ioffe] Let f be an essentially smooth,
conwvez function. If £(0) = 0 and f*(z) = 0 for some x € R?, then 0 € D5.

Proof: Since f(0) =0, it follows by convexity of f that
F(EX) < tf(N), vte 0,1, YAeR?.
Moreover, since f*(x) =0,
FEN) > (N x) > —t|A||z| -

Because f is essentially smooth, Df contains a closed ball, e.g., Fz,r, r >0,
in which f is differentiable. Hence,

M= sup {f(N)V[\z]} <oo.
2B,
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Note that t\ € Etz,tr iff A e szr, and so by the preceding inequalities, for
any ¢ € (0,1],
sup [f(0)] <tM .
0EB:. tr

For any 0 € By, 4, 0 # tz, by the convexity of f,

60—tz 2tM
70) — 5t2) < P ) - s < g ey
r tr
where y =tz + #(0 —t2) € Biagr-
By a similar convexity argument, also f(tz) — f(6) < 224|9 — tz|. Thus,

2M _
If(0) = f(tz)| < T|9 —tz| VO € By .

Observe that tz € D% because of the convexity of Dy. Hence, by assump-
tion, Vf(tz) exists, and by the preceding inequality, |V f(tz)| < 2M/r.
Since f is steep, it follows by considering ¢ — 0, in which case tz — 0, that
0 € D}. O

B Topological Preliminaries

B.1 Generalities

A family 7 of subsets of a set X is a topology if ) € 7, if X € 7, if any
union of sets of 7 belongs to 7, and if any finite intersection of elements
of 7 belongs to 7. A topological space is denoted (X, 7), and this notation
is abbreviated to X if the topology is obvious from the context. Sets that
belong to 7 are called open sets. Complements of open sets are closed sets.
An open set containing a point z € X is a neighborhood of x. Likewise, an
open set containing a subset A C X is a neighborhood of A. The interior
of a subset A C X, denoted A?, is the union of the open subsets of A. The
closure of A, denoted A, is the intersection of all closed sets containing A. A
point p is called an accumulation point of a set A C X if every neighborhood
of p contains at least one point in A. The closure of A is the union of its
accumulation points.

A base for the topology 7 is a collection of sets A C 7 such that any set
from 7 is the union of sets in A. If 7, and 75 are two topologies on X, 11 is
called stronger (or finer) than 79, and 75 is called weaker (or coarser) than
T if 79 C 7.

A topological space is Hausdorff if single points are closed and every
two distinct points z,y € X have disjoint neighborhoods. It is regular if,
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in addition, any closed set ' C X and any point ¢ F possess disjoint
neighborhoods. It is normal if, in addition, any two disjoint closed sets
F1, Fs possess disjoint neighborhoods.

If (X,71) and (Y, 72) are topological spaces, a function f : X — ) is
a bijection if it is one-to-one and onto. It is continuous if f~1(A) € 7
for any A € 1. This implies also that the inverse image of a closed set is
closed. Continuity is preserved under compositions, i.e., if f: X — ) and
g :Y — Z are continuous, then go f : X — Z is continuous. If both f and
f~! are continuous, then f is a homeomorphism, and spaces X, ) are called
homeomorphic if there exists a homeomorphism f: X — ).

A function f: X — IR is lower semicontinuous (upper semicontinuous)
if its level sets {x € X : f(x) < a} (respectively, {x € X : f(x) > a} )
are closed sets. Clearly, every continuous function is lower (upper) semicon-
tinuous and the pointwise supremum of a family of lower semicontinuous
functions is lower semicontinuous.

Theorem B.1 A lower (upper) semicontinuous function f achieves its
minimum (respectively, mazimum) over any compact set K.

A Hausdorff topological space is completely reqular if for any closed set
F C X and any point = ¢ F, there exists a continuous function f : X —
[0,1] such that f(z) =1 and f(y) =0for all y € F.

A cover of a set A C X is a collection of open sets whose union contains
A. A set is compact if every cover of it has a finite subset that is also a cover.
A continuous image of a compact set is compact. A continuous bijection
between compact spaces is a homeomorphism. Every compact subset of a
Hausdorff topological space is closed. A set is pre-compact if its closure is
compact.

Let (X,7) be a topological space, and let A C X. The relative (or
induced) topology on A is the collection of sets A() 7. The Hausdorff, nor-
mality, and regularity properties are preserved under the relative topology.
Furthermore, the compactness is preserved, i.e., B C A is compact in the
relative topology iff it is compact in the original topology 7. Note, however,
that the “closedness” property is not preserved.

A nonnegative real function d : X x X' — R is called a metricif d(x,y) =
0 z =y, dzvy = dy,z), and d(z,y) < d(z,z) + d(z,y). The last
property is referred to as the t¢riangle inequality. The set B,s = {y :
d(x,y) < ¢} is called the ball of center z and radius 6. The metric topology
of X is the weakest topology which contains all balls. The set X equipped
with the metric topology is a metric space (X, d). A topological space whose
topology is the same as some metric topology is called metrizable. Every
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metrizable space is normal. Every regular space that possesses a countable
base is metrizable.

A sequence z, € X converges to x € X (denoted z, — x) if every
neighborhood of x contains all but a finite number of elements of the se-
quence {x,}. If X,) are metric spaces, then f : X — ) is continuous iff
f(x,) — f(z) for any convergent sequence z, — x. A subset A C X of
a topological space is sequentially compact if every sequence of points in A
has a subsequence converging to a point in X.

Theorem B.2 A subset of a metric space is compact iff it is closed and
sequentially compact.

A set A C X is dense if its closure is X'. A topological space is separable
if it contains a countable dense set. Any topological space that possesses a
countable base is separable, whereas any separable metric space possesses
a countable base.

Even if a space is not metric, the notion of convergence on a sequence
may be extended to convergence on filters such that compactness, “closed-
ness,” etc. may be checked by convergence. Filters are not used in this
book. The interested reader is referred to [DunS58] or [Bou87] for details.

Let J be an arbitrary set. Let X be the Cartesian product of topological
spaces Xj, i.e., = [, &;. The product topology on X is the topology
generated by the base [Z[ U;, where U; are open and equal to X; except
for a finite number of values of . T hlS topology is the weakest one which
makes all projections p; : X — &} continuous. The Hausdorff property is
preserved under products, and any countable product of metric spaces (with
metric d, (-, -)) is metrizable, with the metric on X’ given by

o0
Z i pnx pny)
— 2on n(Pn, Pny)”

Theorem B.3 (Tychonoff) A product of compact spaces is compact.

Let (J, <) be a partially ordered right-filtering set, i.e., for every i, j € J,
there exists a k € J with ¢ < k and j < k. The projective system of
Hausdorff topological spaces Y; consists of these spaces and for each ¢ < 7,
a continuous map p;; : V; — Y, satisfying the consistency conditions
Dik = Dij © pjr if ¢ < j < K, where p;; is the identity map on Y;. The
projective limit X' of the system ()}, p;;), denoted X = Jim};, is the subset
of the topological product space ) = Il;c;));, consisting of the elements
x = (y;)jes, which, for all ¢ < j, satisfy the consistency conditions y; =
pi;(y;). The topology on X is the topology induced by the product topology
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on Y. The canonical projections p; : X — Y, are the restrictions of the
coordinate projections from Y to );, and are continuous. X is a closed
subset of Y and is Hausdorff. The collection {p{l(Uj) : U; C Y; is open}
is a base for the topology on X.

The notion of projective limits is inherited by closed sets. Thus, a
closed set F' C X is the projective limit of F; C ); (denoted: F' = lim F}),
if p;;(F;) C F; for all i < j and F = ﬂp}l(Fj).

JjeJ

Theorem B.4 A projective limit of non-empty compact sets is non-empty.

B.2 Topological Vector Spaces and Weak Topologies

A vector space over the reals is a set X’ that is closed under the operations of
addition and multiplication by scalars, i.e., if x,y € X, then z +y € X and
ar € X for all a € IR. All vector spaces in this book are over the reals. A
topological vector space is a vector space equipped with a Hausdorff topology
that makes the vector space operations continuous. The conver hull of a
set A, denoted co(A), is the intersection of all convex sets containing A.
The closure of co(A) is denoted ©6(A). co({z1,...,zn}) is compact, and,
if K; are compact, convex sets, then the set co(UY_ | K;) is closed. A locally
convez topological vector space is a vector space that possesses a convex
base for its topology.

Theorem B.5 FEuvery (Hausdorff) topological vector space is reqular.

A linear functional on the vector space X is a function f : X — IR that
satisfies f(axz + By) = af(x) + Bf(y) for any scalars o, € R and any
z,y € X. The algebraic dual of X, denoted X”, is the collection of all linear
functionals on X. The topological dual of X, denoted X, is the collection of
all continuous linear functionals on the topological vector space X. Both the
algebraic dual and the topological dual are vector spaces. Note that whereas
the algebraic dual may be defined for any vector space, the topological dual
may be defined only for a topological vector space. The product of two
topological vector spaces is a topological vector space, and is locally convex
if each of the coordinate spaces is locally convex. The topological dual of
the product space is the product of the topological duals of the coordinate
spaces. A set H C X’ is called separating if for any point x € X, x # 0, one
may find an h € H such that h(z) # 0. It follows from its definition that
X’ is separating.

Theorem B.6 (Hahn—Banach) Suppose A and B are two disjoint, non-
empty, closed, convex sets in the locally convex topological vector space X.
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If A is compact, then there exists an f € X* and scalars a, 3 € IR such
that, for allxz € A, y € B,

flx) <a<B<fy). (B.7)

It follows in particular that if X is locally convex, then X'* is separating.
Now let H be a separating family of linear functionals on X'. The H-topology
of X is the weakest (coarsest) one that makes all elements of H continuous.
Two particular cases are of interest:

(a) If H = X', then the X*-topology on X obtained in this way is called the
weak topology of X. Tt is always weaker (coarser) than the original topology
on X.

(b) Let X be a topological vector space (not necessarily locally convex).
Every z € X defines a linear functionals f, on X* by the formula f,(z*) =
2*(x). The set of all such functionals is separating in X*. The X-topology
of X* obtained in this way is referred to as the weak™ topology of X'*.

Theorem B.8 Suppose X is a vector space and Y C X' is a separating
vector space. Then the Y-topology makes X into a locally convex topological
vector space with X* =Y.

It follows in particular that there may be different topological vector spaces
with the same topological dual. Such examples arise when the original
topology on X is strictly finer than the weak topology.

Theorem B.9 Let X be a locally convex topological vector space. A convex
subset of X is weakly closed iff it is originally closed.

Theorem B.10 (Banach—Alaoglu) Let V' be a neighborhood of 0 in the
topological vector space X. Let K = {a* € X* : |z*(z)] <1, Va € V}.
Then K is weak™ compact.

B.3 Banach and Polish Spaces

A norm || - || on a vector space X is a metric d(z,y) = ||z — y|| that
satisfies the scaling property |la(x — y)|| = ||z — y|| for all & > 0. The
metric topology then yields a topological vector space structure on X', which
is referred to as a normed space. The standard norm on the topological
dual of a normed space X is [|z*||x+ = supjy <y [7(2)], and then [|z|| =
SUD)|z+|| 4o <1 27 (@), for all z € X.

A Cauchy sequence in a metric space X is a sequence x,, € X such
that for every e > 0, there exists an N(e) such that d(z,,z.,) < € for any
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Figure B.1: Dependencies between topological spaces.

n > N(e) and m > N(e). If every Cauchy sequence in X converges to a
point in X', the metric in X is called complete. Note that completeness is
not preserved under homeomorphism. A complete separable metric space is
called a Polish space. In particular, a compact metric space is Polish, and
an open subset of a Polish space (equipped with the induced topology) is
homeomorphic to a Polish space.

A complete normed space is called a Banach space. The natural topology
on a Banach space is the topology defined by its norm.

A set B in a topological vector space X' is bounded if, given any neigh-
borhood V' of the origin in X, there exists an € > 0 such that {az : © €
B,|a| < e} C V. In particular, a set B in a normed space is bounded iff
sup,ep ||z|] < o0o. A set B in a metric space X is totally bounded if, for
every § > 0, it is possible to cover B by a finite number of balls of radius
0 centered in B. A totally bounded subset of a complete metric space is
pre-compact.

Unlike in the Euclidean setup, balls need not be convex in a metric space.
However, in normed spaces, all balls are convex. Actually, the following
partial converse holds.

Theorem B.11 A topological vector space is normable, i.e., a norm may
be defined on it that is compatible with its topology, iff its origin has a convex
bounded neighborhood.
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Weak topologies may be defined on Banach spaces and their topological
duals. A striking property of the weak topology of Banach spaces is the
fact that compactness, apart from closure, may be checked using sequences.

Theorem B.12 (Eberlein—Smulian) Let X be a Banach space. In the
weak topology of X, a set is sequentially compact iff it is pre-compact.

B.4 Mazur’s Theorem

In this section, the statement and proof of Mazur’s theorem as used in
Section 6.1 are provided. Since this particular variant of Mazur’s theorem
is not readily available in standard textbooks, a complete proof is presented.

Theorem B.13 (Mazur) Let X be a Hausdorff topological vector space,
and let £, be a closed, convex subset of X such that (£,d) is a complete
metric space, whose metric topology is compatible with the topology induced
by X. Further assume that for all a € [0,1], x1,x2,y1,Yy2 € &,

dlazy + (1 — a)xg,ayr + (1 — @)y2) < max{d(x1,y1),d(x2,y2)}. (B.14)

Then the closed convexr hull of every compact subset of £ is compact.

Remark: The proof is adapted from Theorem V.2.6 in [DunS58], where
X = & is a Banach space. A related proof may be found in [DeuS89b],
Lemma 3.1.1.

Proof: Fix a compact K C £ and § > 0. By compactness, K C UY,B,, s
for some z; € K and finite N. By (B.14), balls in £ are convex. Hence, if
y € co(UN, B, 5), then y = vazl a;y;, for some a; > 0 with vazl a; =1
and y; € By, 5. Thus, again by (B.14),

N
Zazyuzazxz ma (yzvxz) <4

Consequently,

N

co(K) € co( Ba,) € (col{ar . v })’

By the compactness of co({z1,...,xn}) in &, the set (co({z1,... ,xN}))‘S
can be covered by a finite number of balls of radius 25. Thus, by the
arbitrariness of § > 0, it follows that co(K) is a totally bounded subset of
€. By the completeness of £, co(K) is pre-compact, and ¢6(K) = co(K) is
compact, since £ is a closed subset of X'. |
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C Integration and Function Spaces

C.1 Additive Set Functions

Let B be a family of sets. A set function u on B is a function that assigns an
extended real value (possibly co or —co, but not both) to each set b € B. A
positive set function is a set function that assigns only nonnegative values to
sets b € B. Similarly, a finite set function assigns only finite values to sets,
and a bounded set function has a bounded range. Hereafter, unless specifi-
cally mentioned otherwise, all set functions are either positive or bounded.
A set function is additive if B contains (), if u(@) = 0, and if for any finite
family of disjoint sets by,...,b, € B, u(U;_, b)) = Y i, u(b;) whenever
Ui, bi € B. 1t is countably additive if the union in the preceding definition
may be taken over a countable number of disjoint sets b;.

Associated with the notion of an additive set function is the notion of
field; namely, let X be some space, then a family of subsets B of X is a
field if ) € B, if the complement of any element of B (with respect to X)
belongs to B and if the union of two elements of B belongs to B. The
total variation of a set function p with respect to the field B is defined
as v(p) = sup y_r |p(b;)|, where the supremum is taken over all finite
collections of disjoint elements of B. For any simple function of the form
f(z) = >, a;ily,(z), where b; are disjoint elements of B and a; are ar-
bitrary constants, one may define the integral of f with respect to the set
function p as [ fdp =37, a;u(b;). Every additive set function defines an
integral over the class of real valued functions H that are obtained by mono-
tone limits of simple functions. This integral is a linear functional on H.

A o-field is a field that is closed under countable unions. A o-additive
set function y is a countably additive set function on a o-field B. o-additive
set functions are also called measures, and the triplet (X, B, u) is called a
measure space, with the sets in B called measurable sets. As before, integrals
with respect to p are defined for monotone limits of simple functions, i.e.,
for measurable functions. A measure is bounded iff it is finite. For any
measure space (X, B, u) there exists B € B such that both u(- N B) and
—u(- N B€) are positive measures. The measure py(-) = p(- N B) is then
called the positive part of u(-). A measure v is absolutely continuous with
respect to a positive measure p if both are defined on the same o-field B
and v(A) = 0 for every A € B such that p(A) = 0. Two measures that are
mutually absolutely continuous are called equivalent.

For every given space X and family of subsets B C X, there exist
a smallest field (and a smallest o-field) that contain B, also called the
field (respectively, o-field) generated by B. If B is taken as the set of all
closed subsets of the topological Hausdorff space X', the resulting o-field is
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the Borel o-field of X, denoted By . Functions that are measurable with re-
spect to the Borel o-field are called Borel functions, and form a convenient
family of functions suitable for integration. An alternative characterization
of Borel functions is as functions f such that f~!(A) belongs to the Borel
o-field for any Borel measurable subset A of IR. Similarly, amap f: X — )
between the measure spaces (X, B, ) and (Y, B ,v) is a measurable map if
fY(A) € B for every A € B'. All lower (upper) semicontinuous functions
are Borel measurable. The space of all bounded, real valued, Borel functions
on a topological space X is denoted B(X'). This space, when equipped with
the supremum norm ||f|| = sup,cx | f(x)], is a Banach space.

Theorem C.1 (Hahn) Every countably additive, positive (bounded) set
function on a field B possesses a unique extension to a o-additive, positive
(respectively, bounded), set function on the smallest o-field containing B.

Another useful characterization of countably additive set functions is the
following.

Theorem C.2 Let u be an additive set function that is defined on the Borel
o-field of the Hausdorff topological space X. If, for any sequence of sets E,
that decrease to the empty set, u(E,) — 0, then p is countably additive.

Let p be an additive set function defined on some field B of subsets of a
Hausdorff topological space X. pu is regular if for each b € B and each € > 0,
there is a set A € B with A C b and a set C € B with b C C° such that
|u(D)| < € for each D C C\A, D € B.

Theorem C.3 Let X be a Hausdorff topological space. Then B(X)* may
be represented by the space of all bounded additive set functions on the Borel
o-field of X.

The space of bounded continuous functions on a Hausdorff topological space
is denoted Cp(X).

Theorem C.4 Let X be a normal topological space. Then Cy(X)* may be
represented by the space of all reqular, bounded additive set functions on the
field generated by the closed subsets of X .

Theorem C.5 FEvery bounded measure on the Borel o-field of a metric
space is regular.

A bounded regular measure p on the Borel o-field of X is uniquely deter-
mined by the values it assigns to the closed subsets of X', and when X is
metrizable, it is also uniquely determined by the integrals { f fdu}sec,x)-
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Let 1 be a positive measure on the Borel o-field of X. A Borel function is
w integrable if fX |fldp < oo. The space of functions whose pth power is
integrable is denoted L,(X,p), or simply L,(X), L,(u), or even L, if no
confusion as to the space X or the measure p arises. To be precise, L, is the
space of equivalence classes of functions whose pth power is u integrable,
where the equivalence is with respect to the relation [, [f — g[Pdu = 0. It
is a fact that two functions f, g are in the same equivalence class, regardless
of p, if they differ on a set of zero p measure. We denote this fact by
f = g (a.e.) (almost everywhere) or, when p is a probability measure, by
f =g (a.s.) (almost surely).

Theorem C.6 L,, 1 < p < oo are Banach spaces when equipped with the
norm || f|l, = ([ |fP|dp)'/P. Moreover, (L,)* = L,, where 1 < p < oo and
q is the conjugate of p, i.e., 1/p+1/q=1.

If X is metrizable, then Cy,(X) is a dense subset of L, (X, ) for every finite
measure g, and for all 1 < p < co. Similarly, if X' is Polish and p is finite,
then Cy(X), the space of uniformly continuous bounded functions on X, is
dense in L, (X, p) for 1 < p < 0.

The space Loo (X, u) denotes the space of equivalence classes in B(X),
where two functions are equivalent if they are equal a.e (u). Lo, when
equipped with the essential supremum norm, is a Banach space.

A set K C Li(p) is uniformly integrable if, for any ¢ > 0, one may find
a constant ¢ such that fx Lf1>epl fldu < e for all f € K.

Theorem C.7 Let i be a finite measure. Then Li(u) = Loo(1t). Moreover,
Ly () is weakly complete, and a subset K of Lq(u) is weakly sequentially
compact if it is bounded and uniformly integrable.

A compactness criterion in Cp(X) can be established if X" is compact. A set
K C Cy(X) is equicontinuous if, for all € > 0 and all z € X, there exists a
neighborhood N (z) of z such that

sup sup |f(z) = f(y)| <e
fEK yeN(x)

Theorem C.8 (Arzela—Ascoli) Assume X is compact. Then K C Cp(X)
1s pre-compact iff it is bounded and equicontinuous.

Finally, the following theorems are elementary.
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Theorem C.9 (Radon—Nikodym) Let p be a finite measure. The fol-
lowing statements are equivalent:

(1) v is absolutely continuous with respect to .

(2) There is a unique h € Li(p) such that v(E) = [, hdu for every mea-
surable set E.

(3) To every e > 0, there corresponds a 6 > 0 such that [v(E)| < € as soon
as p(E) < 4.

The function h that occurs in (2) is called the Radon-Nikodym derivative
of v with respect to u, and is denoted dv/du.

Theorem C.10 (Lebesgue’s dominated convergence) Let {f,} be a
sequence in Ly(p), 1 < p < oco. Assume that f, converges a.e. (p) to
a function f. Suppose that for some g € Ly(u), |fnl < |g| a.e.. Then
f € Ly(n) and {fn} converges to f in L,.

Theorem C.11 (Monotone convergence theorem) Let {f,} be a se-
quence of nonnegative, monotonically increasing (in n) Borel functions,
which converges a.e. to some function f. Then, regardless of the finite-
ness of both sides of the equality,

lim fndu:/ fdu.

Theorem C.12 (Fatou) Let {f,} be a sequence of nonnegative Borel func-
tions. Then

/ (liminf f,)du < hmlnf/ frndp.
x

n—00

A sequence of sets E; € RY shrinks nicely to x if there exists o > 0 such
that each E; lies in a ball B, ,,, r; — 0 and m(E;) > am(B,,,), where m
denotes Lebesgue’s measure on le, i.e., the countably additive extension
of volume to the Borel o-field.

Theorem C.13 (Lebesgue) Let f € Ll(IRd,m). Then for almost all x,
li dy)=0
i / () — F@)m(dy) =

for every sequence {E;} that shrinks nicely to x.
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D Probability Measures on Polish Spaces

D.1 Generalities

The following indicates why Polish spaces are convenient when handling
measurability issues. Throughout, unless explicitly stated otherwise, Polish
spaces are equipped with their Borel o-fields.

Theorem D.1 (Kuratowski) Let X1, be Polish spaces, and let f :
1 — 3o be a measurable, one-to-one map. Let E1 C 1 be a Borel set.
Then f(E1) is a Borel set in ¥o.

A probability measure on the Borel o-field By, of a Hausdorff topological
space ¥ is a countably additive, positive set function p with p(X) = 1. The
space of (Borel) probability measures on ¥ is denoted M7 (X). A probability
measure is regular if it is regular as an additive set function. When X
is separable, the structure of M;(X) becomes simpler, and conditioning
becomes easier to handle; namely, let 3,¥; be two separable Hausdorff
spaces, and let p be a probability measure on (X,Bx). Let 7 : ¥ — X3
be measurable, and let ¥ = p o 7~! be the measure on By, defined by

v(Ey) = p(r~H(Ey)).

Definition D.2 A regular conditional probability distribution given m (re-
ferred to as r.c.p.d.) is a mapping o1 € X1 — pu € My(X) such that:
(1) There exists a set N € By, with v(N) =0, and for each o1 € ¥1\N,

p({o:m(o) # o1}) = 0.

(2) For any set E € By, the map o1 — p°*(E) is By, measurable and
W(E) = [ (Bpwidon)
PN
It is property (2) that allows for the decomposition of measures. In Polish
spaces, the existence of an r.c.p.d. follows from:

Theorem D.3 Let X, % be Polish spaces, p € My(X), and m: X — X1 a
measurable map. Then there exists an r.c.p.d. u°'. Moreover, it is unique
in the sense that any other r.c.p.d. @°* satisfies

v({or: 77 #p7t}) =0 .

Another useful property of separable spaces is their behavior under prod-
ucts.
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Theorem D.4 Let N be either finite or N = oo.
N
(@) T, By, < Brps o, -
i=1""

(b) If 3; are separable, then Hf;l By, = BHN

DI
i=1 "

Additional properties of r.c.p.d. when products of Polish spaces are involved
are collected in Appendix D.3 below.

We now turn our attention to the particular case where ¥ is metric (and,
whenever needed, Polish).

Theorem D.5 Let ¥ be a metric space. Then any p € M7 (X) is regular.

Theorem D.6 Let 3 be Polish, and let u € Mi(X). Then there exists a
unique closed set C,, such that u(C,) =1 and, if D is any other closed set
with (D) =1, then C,, C D. Finally,

Cpo={oeXl:0eU° = puU°)>0}.

The set C), of Theorem D.6 is called the support of u.

A probability measure p on the metric space X is tight if for each n > 0,
there exists a compact set K, C X such that p(K;) < n. A family of
probability measures {j,} on the metric space ¥ is called a tight family if
the set K, may be chosen independently of a.

Theorem D.7 Fach probability measure on a Polish space ¥ is tight.

D.2 Weak Topology

Whenever ¥ is Polish, a topology may be defined on M;(X) that possesses
nice properties; namely, define the weak topology on M7 (%) as the topology
generated by the sets

Uss = v € Mi(2):| [ oav—a| <5},
>

where ¢ € Cy(X2), 6 > 0 and z € R.
Hereafter, M;(X) always denotes M;(X) equipped with the weak topol-
ogy. The following are some basic properties of this topological space.

Theorem D.8 Let ¥ be Polish.
(1) My(X) is Polish.
(2) A metric compatible with the weak topology is the Lévy metric:

d(p,v) =inf{6: w(F) <v(F°)4+6 YFCYX closed}.
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(3) My (%) is compact iff ¥ is compact.
(4) Let E C X be a dense countable subset of . The set of all probability
measures whose supports are finite subsets of E is dense in M;(X).

(5) Another metric compatible with the weak topology is the Lipschitz bound-
ed metric:

doo(uv) = sup | /E fdv — /E fapl

feFrLu

where Fry is the class of Lipschitz continuous functions f : 3 — 1R,
with Lipschitz constant at most 1 and uniform bound 1.

M;(X) possesses a useful criterion for compactness.

Theorem D.9 (Prohorov) Let ¥ be Polish, and let T C M{(X). Then T
is compact iff T is tight.

Since M;(X) is Polish, convergence may be decided by sequences. The
following lists some useful properties of converging sequences in M7 (X).

Theorem D.10 (Portmanteau theorem) Let X be Polish. The follow-
ing statements are equivalent:
(1) pn, = p as n — co.

n—oo

(8) VF C X closed, limsup u,(F) < u(F).

(4) VG C ¥ open, liminf p,(G) > pu(G).

(2) ¥g bounded and uniformly continuous, lim gdy, = / gdu.
b

(5) YA € Bs, which is a continuity set, i.e., such that u(A\A°) = 0
limy, oo pn(A) = p(A).

7

A collection of functions G C B(X) is called convergence determining for
My (%) if

n—00

lim gd,un:/gdu, VgeG = pin ;=2 M-
i 5

For ¥ Polish, there exists a countable convergence determining collection of
functions for M;(X) and the collection {f(x)g(y)}f 4ec,(z) is convergence
determining for M (X?).

Theorem D.11 Let X be Polish. If K is a set of continuous, uniformly
bounded functions on X that are equicontinuous on compact subsets of 3,
then p, — p implies that

lim sup sup{|/ Qﬁdun*/ ¢dﬂ|} =0.
n—oo ¢ek ) P
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The following theorem is the analog of Fatou’s lemma for measures. It is
proved from Fatou’s lemma either directly or by using the Skorohod repre-
sentation theorem.

Theorem D.12 Let ¥ be Polish. Let f : ¥ — [0,00] be a lower semicon-
tinuous function, and assume p, — p. Then

n—oo

lim inf fdun / fdp.
by

D.3 Product Space and
Relative Entropy Decompositions

A particularly important situation requiring measure decompositions is as
follows. Let ¥ = X1 X X5 where Y; are Polish spaces equipped with their
Borel o-field. Throughout, we let o = (01, 02) denote a generic point in ¥,
and use 7 : ¥ — 3 with 7(0) = o1. Then, 7 is measurable by Theorem D.4.
With p € M;(¥), by Theorem D.3, the r.c.p.d. of p given m denoted p* ()
exists, with p; = por=! € M;(21). Because u ({z € X : w(z) # 01}) =0,
one has for any A € By,

p7 (A) = p7 ({oz2 : (01,02) € A}),

and hence p?'(+) can be considered also as a measure on Y. Further, for
any g : % — IR,

/ w(do) /21/ ot (do)p (doy) .

The relative entropy of v € M7(X) with respect to p € My (%) is

Js flog fdu if éﬂ exists
A= { 00 0therw1se.

The following decomposition of the relative entropy functional in the par-
ticular case ¥ = X X Yo discussed above is used extensively in Sections
2.4.2 and 6.6. Its proof is reproduced here for completeness.

Theorem D.13 With ¥ = ¥ x ¥ and X; Polish, let puy,v1 denote the
restrictions of p,v € My1(X) to Xy, with pu® (-) and v°'(-) the r.c.p.d. cor-
responding to the projection map w : X — X1. Then, the map

o1 H(zﬂl(.)w(-)) .31 — [0, o] (D.14)
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is measurable, and
i) = Hoalm) + [ (7 O () ) (). (D.15)

Proof: The function H(+]) : M1(X) x M;(X) — [0, 00] is lower semicontin-
uous since

Hlw = sup { [ odv—log [ cdn)
peChL(X) b)) b

(see for example, Lemma 6.2.13). With M; (%) Polish, Definition D.2 implies
that o1 — v71(:) and o7 — p°(:) are both measurable maps from ¥; to
M;(X). The measurability of the map in (D.14) follows.

Suppose that the right side of (D.15) is finite. Then g=dvy /dpu; exists
and f(0)2dv°t /du (o) exists for any o € X1 and some Borel set ¥ such

that 11 (1) = 1. If I' C ¥ is such that p(I") = 0, then by Definition D.2,
pu (') = 0 for all o1 ¢ B, some B C ¥y with p1(B) = 0. Since dvy/du;
exists, also v1(B) = 0, and for any o1 € X1 N B¢, v°1(T') = 0, leading to

y(T) = /,: V7 (D) (doy) = / V7 (DY (doy) = 0,

¥1NBe

that is, p=dv/du exists. In particular, if dv/dp does not exist, then both
sides of (D.15) are infinite. Hence, we may and will assume that p2dv/du
exists, implying that g2dv /du; exists too.

Fix A; € Bs,, i = 1,2 and A2A; x A,. Then,

Z/(A):I/(Al X Ag) = /Z ot (Al X AQ)Vl(dUl)

= [ tieaypn G x Ao = [0 (5% Aa)glonn (o).
21 Al

On the other hand,

o) = [ poutan) = [ (f » ploy (da) ) ).

Thus, for each such As, there exists a pi-null set I'4, such that, for all
01 g FA27

v (S x Adglon) = [ ploln” (do). (D.16)
31X Ag
Let T' C X be such that p;(T") = 0 and, for any As in the countable base

of 3o, and all o1 ¢ T, (D.16) holds. Since (D.16) is preserved under both
countable unions and monotone limits of Ay it thus holds for any Borel



E. STOCHASTIC ANALYSIS 359

set Ay and all o1 ¢ T'. Enlarging T' if necessary, still with pq(T') = 0, one
concludes that, for all o1 ¢ I, for any A; € By,, and all Ay € By,

vt (A1 x Az)g(01) =loyea, v (X1 X Az)g(o1)
“lnea [ plowm o) = [ ploy(do),
31X Az A1 x Az

Letting I' = T'U {g = 0}, by Theorem D.4 suffices to consider such product
sets in order to conclude that for o1 ¢ I', f(0)2dv?' /du” (o) exists and
satisfies f(o) = p(0)/g(o1). Hence, using the fact that v1(I') =0,

H(v|p) = /Elog(p(a))y(da) = /Em{a:a oy log p(o)v(do)
- /zm{a:«nef} (logg(al) +log f(a)) v(do)
= /Em{g;glgf} log g(o1)v(do) +/Zlogf(a)u(da)
= /El logg(ol)ul(dal)—i-/Zl V1(d01)/210gf(0)V01(d0)
= Hlw) + [ (7Ol O)nldo).

P

E Stochastic Analysis

It is assumed that the reader has a working knowledge of It6’s theory of
stochastic integration, and therefore an account of it is not presented here.
In particular, we will be using the facts that a stochastic integral of the
form M; = f(f osdws, where {wy, t > 0} is a Brownian motion and oy
is square integrable, is a continuous martingale with increasing process
(M) = f(f o2ds. An excellent modern account of the theory and the main
reference for the results quoted here is [KS88].

Let {F;, 0 <t < oo} be an increasing family of o-fields.

Theorem E.1 (Doob’s optional sampling) Let M; be an F; continuo-
us martingale, and let 7 be a bounded stopping time. Then E(M.) =
E(My).
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Theorem E.2 (Time change for martingales) Let M; be an F; con-
tinuous martingale. Let (M), denote the increasing process associated with
M. For each 0 < s < (M)« define

7(s) =inf{t > 0: (M); > s},

and let 7(s) = oo for s > (M). Define wsﬁMT(s),Qs = Fr(s)- Then {ws}
is a G adapted Brownian motion (up to (M) ), and a.s.

My =wny,; 0<t<oo.

t?

Theorem E.3 (Burkholder—Davis—Gundy maximal inequality)

Let My be an F; continuous martingale, with increasing process (M ). Then,
for every m > 0, there exist universal constants k,,,K,,> 0 such that, for
every stopping time T,

o E((M)7) < B[ (sup (M) | < KB (M)7) .

i
0<t<rt
Let w; be a one-dimensional Brownian motion.

Theorem E.4 (Désiré André) For any b > 0,

P( sup wy >b) =2P(w; >b).
0<t<1

Theorem E.5 (It6) Let x. be a semi-martingale admitting the decomposi-
tion ry = fg bsds + fg osdws, with b, 0. adapted square integrable processes.
Let f(-) be a C? function (i.e., possesses continuous derivatives up to second
order). Then

t t t
f(xe) = f(zo) +/0 [ (xs)bsds +/0 f'(xs)osdws + % /0 f"(xs)aids.

A fundamental tool in the analysis of deterministic and stochastic dif-
ferential equations is the following.

Lemma E.6 (Gronwall) Let g(t) > 0 be a nonnegative, continuous func-
tion satisfying

t
o(t) <a(t)+5 [ g(s)ds.

0
where 0 <t <T, a € L1([0,T]) and 3 > 0. Then

t
g(t) < aft) +5/ a(s)e’ =) ds, 0<t<T.
0
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The following existence result is the basis for our treatment of diffusion
processes in Section 5.6. Let w; be a d-dimensional Brownian motion of law
P, adapted to the filtration F;, which is augmented with its P null sets as
usual and thus satisfies the “standard conditions.” Let f(¢t,z) : [0,00) x
R? —» R? and o(t,z) : [0,00) x RY — IR™? be jointly measurable, and
satisfy the uniform Lipschitz type growth condition

[f(t,2) = [y + ot z) —o(t,y)| < K|z —y|
and
[f(t )+ |o(t,2)? < K(1+ |2]?)

for some K > 0. where | - | denotes both the Euclidean norm in IR? and the
matrix norm.

Theorem E.7 (Strong existence) The stochastic differential equation
dXt = f(t, Xt) dt + ('J'(t7 Xt) dwt, XO = Xo (E8)

possesses a unique strong solution, i.e., there exists a unique Fi adapted
stochastic process X; such that
> ()> =0.

Remark: This solution is referred to as the strong solution of (E.8). There
is another concept of solutions to (E.8), called weak solutions, which involve
only the construction of the probability law associated with (E.8) and avoid
the path picture of the strong solutions. Weak solutions are not used in this
book.

t t
P ( sup ‘Xt — T — / f(s,Xs)ds — / o(s, Xs) dws
0 0

0<t<o0o

This solution is a strong Markov process.
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Ck
[0

almost surely, almost everywhere

product measure

product topological spaces and product o-fields
composition of measure and a measurable map
probability measures

the empty set

(pointwise) minimum, maximum

convergence in probability

indicator on A and on {a}

closure, interior and complement of A

set difference

contained in (not necessarily properly)

metric and distance from point x to a set A

metric space

closed, open, compact sets

first and second derivatives, gradient of f

image of A under f

inverse image of f

composition of functions

generic rate function

logarithm, natural base

zero mean, identity covariance standard multivariate normal
order of

probability and expectation, respectively

real line, d-dimensional Euclidean space, (d positive integer)
integer part of ¢

trace of a matrix

transpose of the vector (matrix) v

set consisting of the point x

positive integers

scalar product in IR?; duality between X and X’
integral of f with respect to p

functions with continuous derivatives up to order k
infinitely differentiable functions
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